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Lesson Outcomes

Upon completion of this lesson, students should be able to:

* Solve surface integrals using Divergence Theorem

[@lekcle]
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In this section we are going to relate surface
integrals to triple integrals.
The theorem is called Divergence Theorem
also known as

Gauss’ Theorem

[©ree]
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The history of Divergence Theorem

= 1760: Joseph-Louis Lagrange introduced the notion of surface integrals.

= 1762: Lagrange employed surface integrals in his work on fluid mechanics. He

discovered the divergence theorem.

= 1813: Carl Friedrich Gauss used surface integrals while working on the gravitational

attraction of an elliptical spheroid, when he proved special cases of the divergence

theorem.

[©ree]
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From Stokes’ theorem to divergence theorem

[@lekcle]

This is all about a surface in space.

But unlike, Stokes' theorem, the divergence theorem only applies to closed
surfaces, meaning surfaces without a boundary.

For example, a hemisphere is not a closed surface, it has a circle as its
boundary, hence divergence theorem cannot be applied.

However, if we add on the disk on the bottom of this hemisphere, and
consider the disk and the hemisphere is now a single closed surface.

In this case, given some vector field, the divergence theorem can be used
on this two-part surface.
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From Stokes’ theorem to divergence theorem

* It allows us to be able to deal with three-dimensional volume enclosed by
surfaces, where the theorem can be applied for.

* The similarity of divergence theorem to Stokes’ theorem that it relates the
integral of a derivative of a function over a region to the integral of the
original function F over the boundary of the region.

[©ree]
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Usefulness of divergence theorem

* Both surface integrals and triple integrals can be very tedious to compute.

 However the divergence theorem gives a tool for translating back and forth
between them, and it can help turn a particularly difficult surface integral into an

easier volume integral.

* This is especially effective if the volume V' is some familiar shape (like sphere,
cone, paraboloid) and if the divergence turns out to be a simple function.

[©ree]



m" OpenCourseWare | ocw.utem.edu.my
i 8 Universiti Teknikal Malaysia Melaka

Usefulness of divergence theorem

* It is also a powerful theoretical tool, especially for physics.

* For example: In electrodynamics, it can express various fundamental rules like
Gauss's law either in terms of divergence, or in terms of a surface integral.

* Sometimes a situation is easier to think about locally, e.g. what individual charges
at individual points in space are generating an electric field. But other times you
want a more global view, perhaps asking how an electric field passes through an

entire surface.

[©ree]
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Divergence Theorem

* Think of the divergence of a vector field as the extent to which it behaves like a sink

or a source.

* To what extent is there more exiting a region then entering it

* Thus, the expansion of a fluid flowing with a velocity field of F is captured by the
divergence of F.

* The divergence is a scalar which at a given point it is a single number that

represents how much of the flow is expanding at that point.

[©ree]
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Divergence Theorem — Definition

Suppose G is bounded by a closed surface S and n is a unit normal vector
outward from G. If F(x,y,z) = f(x,y,2)i+ g(x,y,z)j + h(x,y,z)K is a vector
field which f(x,v,z),9(x,y,z), h(x,y,z) have continuous partial derivatives in

G, then
[[-mas = ([ r-rav
S G
where V - F (sometimes written as div F) /) + o9 + a—h.
dx Oy 0z

[©ree] o
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Note: The theorem gives a relationship between a triple integral over
a solid region G and a surface integral over the surface S of . Surface

S is closed that it forms the complete boundary of the solid G.

[@lekcle]

11




W OpenCourseWare | ocw.utem.edu.my
1'8 Universiti Teknikal Malaysia Melaka
Example 14.1:

Let S be the hemisphere z = /4 —x2 —y2 oriented by outward normal and let
F(x,y,z) = 2yj. Use Divergence Theorem to evaluate

f (F-n)dS.

S

Solution:

v

/ y

[@lekcle]
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Solution:

Let G be the spherical solid enclosed by S and

7o F= (it it LKk) 2y
“\ox' Tyl ez )

0
=—(2y) = 2.
Oy( y)
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Solution:
Hence,
ff@.ﬁ)ds:ﬂjv.w:zﬂ dv
S G G
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Example 14.2:

Use the Divergence theorem to evaluate ffS (F - n)dS, where F is the vector field F =

2xi + yj + zK and S is the portion of the paraboloid z = 1 + x? + y? bounded by
planes z = 1 and z = 5 and n is the outward unit.

Solution:

[@lekcle]
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Solution:
The divergence of F is

o, 0d. . 0 .
\7-F—(51+@]+£k>-(2x1+y]+zk)
0

d d
=a(2x)+@(}’) +£(Z)

=2+1+1=4
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Solution:
Hence,
jfa:.ﬁ)ds:mv.pdv=4fffdv
S
27r 2 21T 2
f j f dzrdrdf = 4j f[z 2 Tdrdd
1+712
2T
= 4] f (4r — r3)drdo =4f [272 ——]0 do
0o Jo 4
0
2T
= 4[ 4d0 = 16[0]5"= 32m
0

[@lekcle]
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Example 14.3:
Calculate the flux of F = xi — yj + z?K of the surface S which is a paraboloid of
z=1—-(x*+y%); x*+y?<1
Solution:
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Solution:

Let G be the spherical solid enclosed by S and

V-F= a'+a'+ak (xi — yj + z°K)
“\ox Tyl T )T
0 0 0
— - _ 2
—ax(x) ay(y)+az(z)
=1—-142z=2z.

[@lekcle]
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Solution:
([ mas = ([ 7-rav =2 [[] s
S G G
2w 11-r? 2m 1 27 _p2
=2fff Zrdzdrd9=2jf[ ] rdrd@
0

0
2

fznj (1 —1?)? rdrd@-jnj (r —2r3+1r°)drdf

[ e

[©lekce] 0
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Example 14.4:
Verify the divergence theorem for vector field F=(x —y)i+ (x+2)j+ (z—y)k

and surface S that consists of cone z = \/xz + y2,0 < z < 2, and the circular top of
the cone (see the following figure). Assume this surface is positively oriented.

Solution:

[@lekcle]
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Solution:
Let G be the solid cone enclosed by S. To verify the theorem, we need to show that

ffo s = [ -var

by calculating each integral separately.

[Jr-sar

Let’s solve the triple integral

[@lekcle]
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Solution:
To compute the triple integral, we determine V - F;

\7°F=<il+i]+ 0 )-((x—y)i+(x+z)j+(z—y)k)

dx 0y 0z
—14+41=2
2TT 2TT
ﬂfV-FdV=2 jde—Zf jfrdzdrdH—Zf jrz dr dé
G
27‘[ 2TT 8
=2 f(Zr—rz)drdQ—ZJ r ——‘ d9—2] 4 —=do
) ) ) 3
=2 rzn4c10—89|2n—16
o) 3% 737, T3

[©lekce]
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Solution:

Now to compute the flux integral, first note that S is piecewise smooth. Therefore, the
flux integral breaks into two pieces: one flux integral across the circular top of the cone
S1 and one flux integral across the surface of the cone S,.

&
N
v

@roEkel g
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Solution:
Let’s start by calculating the flux across the circular top of the cone.
S1:z = 2 (point upwards towards z-positive)

n=Vp=Kk

F-(Vp) = ((x =)+ x+2j+E-yk) - K =z-y

HS ﬁ.d§=ﬂs ﬁ.ﬁds=UR ﬁ.(qu)dAsz (z — y)dA

1
2T 2 7"3

= [ [F(2—rsin@)rdrdd = [ "r? —sin613d6 = [ "4 —-sing db
3 0 0 3
=49—§c059|0 = 8m

[©lekce]
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Solution:

S,z = \/xz + y2. The unit normal vector n, is oriented downwards. A
parameterization of this surface is
f(r,0) =rcosfi+rsinfj+rk
The tangent vectors are
f.(r,0) =cosfi+sinfj+Kk
fo(r,0) = —rsinfi+rcosfj
The cross product of the tangent vectors
[ )i k
—(f. xXfg) =—| cos@ sin@ 1| =rcosf@i+rsinfj—rk
—rsinf@ rcosf O
Note that, we must take the negative signs on the x and y components to induce
the negative (or inward) orientation of the cone.

[©ree]
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Solution:

F(f(r,0))- (f. x fy)
= ((rcos8 —rsin@)i+ (rcos +7)j+ (r —rsin0)K) - (rcos@i+rsinfj—rk)
=71%c0s%0 + 2r?sin0 — r*

2T 2
ff F.-dS = ff F(f(r,0)) - (f. x fy) dA = f f (r? cos? 0 + 2r? sin 0 — r?)drd6
£ . o Jo
21 /.3 3

T (r , 2r3 r3\ |2 8 “"cos28 + 1 |
=f —0S“ 0 + —sinf — — ‘ d9=—f + 2sin0@ — 1d6
0 3 3 3 /1o 3J, 2

8[sin20 6 Togl 1 177 8
== +—-—2cosf6 -0 =——§9 =—37

31 4 2

L I . 8 16
U F-dS=H F-nd5+jf F-ndS =8nmr——nm=—m
©o89 s 51 5, 33
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L I 8 16
H F-dS=ff F-ndS+ff ndS =8m——m=—n
S S S 3 3

1 2

Therefore, it verifies the Divergence Theorem.

ffi-mas= [ -var

Solution:

[@lekcle]
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Exercise 14.1:

Use the Divergence theorem to evaluate ffS (F - fi)dS, where F is the vector field

_

F = 4xzi + xyz? j + 3zK and S is the entire surface of the solid G bounded by the
cone z = \/x2 + y2 and the plane z = 4 and n is the outward unit.

[Ans:32071]

[@lekcle]
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Exercise 14.2:

Use the Divergence theorem to evaluate ffS (F - fi)dS, where F is the vector field

—_

F=xi+vyj+zKk and S is the entire surface of the finite cylinderx? + y2 = 4,0 <
z < 8 and n is the outward unit.

[Ans:967T]

[@lekcle]
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Exercise 14.3:

Verify the Divergence Theorem in the case that F is the vector field F = 2i + 2 j+ 2K
and S is the cube that is cut from the first octant by the planes x = 2,y = 2 and
zZ = 2.

[@lekcle]
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THANK YOU
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