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Lesson Outcomes

Upon completion of this lesson, students should be able to:

* Solve surface integrals and line integral using Stoke’s Theorem

[@lekcle]



I [? OpenCourseWare | ocw.utem.edu.my
i 8 Universiti Teknikal Malaysia Melaka

The surface S and the curve C

Around the edge of this surface we have a curve C. This curve is called the boundary
curve. The orientation of the surface S will induce the positive orientation of C.

[©lekce]
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Oriented surface with unit normal vector n.

To get the positive orientation of C think of yourself as walking along the curve. While
you are walking along the curve if your head is pointing in the same direction as the unit
normal vectors while the surface is on the left then you are walking in the positive
direction on C.

ZA

[©lekce]
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Stokes’ Theorem

A theorem that is a higher dimensional version of Green’s Theorem. In Green’s
Theorem we relate a line integral to a double integral over some region (surface

integral).

[©lekce]
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The history of Stokes’ Theorem

 The theorem is named after the Irish mathematical physicist Sir George Stokes (1819—
1903).

 What we call Stokes’ Theorem was actually discovered by the Sir William Thomson, a
Scottish physicist also known as Lord Kevin (1824—-1907).

e Stokes learned of it in a letter from Thomson in 1850

[©ree]
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The idea behind Stokes’ Theorem

* The integral of the normal component of V X F over the surface S equals the line
integral of the vector field around C, the boundary of S.

* We note that the particular shape of S is unimportant.

* Thus the surface integral over S is determined entirely by the line integral along its
boundary.

[©ree]
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The idea behind Stokes’ Theorem

* For example, the surface integrals of (|7 X ﬁ) - 1 over each of surfaces which has has
the same boundary C are the same.

7 n

A A

v
v
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Stokes’ Theorem — Definition

Let S be an oriented smooth surface that is bounded by a simple, closed, smooth
boundary curve C with positive orientation. Also let F be a vector field then,

jF jf curlF - dS = jf(VxF) nds

F (x V,Z) = (x v, z)i + g(x, y,z)] + h(x,y,z)K

D H

Positive direction of C Negative direction of C

[©lekce] :

The curve C bounded by the surface S.
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Stokes’ Theorem — Surface Integral

e Recall that a surface integral of a vector field is the integral of the component
of the vector field perpendicular to the surface.

» Stokes’ Theorem says the surface integral of curlF over a surface S

(ffS curlF - d§) is the circulation of F around the boundary of the surface

(fc F- dr).
* Once we have Stokes’ Theorem, we can see that the surface integral

curlF=V x Fis a special integral. The integral cannot change if we can change
the surface S to any surface as long as the boundary of S is still the curve C.

[©ree]
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Example 13.1:
If S is the portion of the paraboloid z = 1 — x? — y? for which z > 0 and F(x, y, z) =

zi + 2xj + 4ykK

Solution:
First, determine the outward normal vector (upward normal)
z=1-—x%—-9y%
Thus, the potential
¢(x,y,2) =z— (1 —x*—y?)
Then, determine the gradient of the potential

— 0 . 0 . 0
nds =Ve¢ = [£l+5]+£k]-(z—(l—x2—y2))
= 2xi+ 2yj+ K

[@lekcle]
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Solution:

Next, determine the curl of F by

VXF=

Use the Stoke’s Theorem

C

[@lekcle]
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dx Jdy 0z
z 2x 4y

=4i+j+2k

Jﬁ-d?=f (V x F) - fids
S
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Solution:

O—
"11|,

2t 1

= j (8x + 2y +2)dA = f f(8r cos 8 + 2rsin 6 + 2)rdrd6

0
2T

8r3 273 !
=j ——cosO +—sinf +r?| do
3 3 0

0
2T

= 8 6 2 i 6+1)do
—j 3cos +351n +
0

) 9+92n— Lyt i=2
—3SIII 3COS . = 3 T 3— T

[@lekcle]

j(V x F) - ndS = j (4i +j + 2k) - (2xi + 2yj + k)dA

y

1

R
W

The region R is a
circle radius 1

LA 4
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Example 13.2:

Verify Stokes’” Theorem if F is the vector field F = 4yi — 2xj — 2z°k and S is the
portion of the paraboloid z = 1 + x% 4+ y* bounded by planes z = 1 and z = 5. Take n
to be the outward unit normal vector to S.

Solution:

[@lekcle]
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Solution:
The curve C is a circle x? + y2 = 4 on z = 5, which has parametrization x = 2cost,
y=2sint,z=5(0<t < 2m)andso
dx = —2sintdt,dy = 2costdt,dz = 0.
Thus the line integral

jé F-dr = jé (4yi — 2xj — 2z°K) - (dxi + dyj + dzKk)
C C

= ¢ 4ydx —2xdy — 2z°dz

= fozn 4(2sint)(—2sint) —4cost (2cost)dt
= —8 fozn 2sint + cos?tdt

= —8 fozn sin?t + 1dt

clocogt J;73— cos2tdt = —4 3¢t —

= —24m

sin 2t]2”
0
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Solution:
S1:z = 5 (point upwards towards z-positive)
n=vep=k
F- (Vo) = (4yi — 2xj — 222K) - (K) = —222

ﬂ ﬁ-d§=ﬁ ﬁ-ﬁdszﬂ ﬁ-(v¢)dA=jf —222dA
S S1 R4 Ry

2 1 2 :
=[] —1grdrd6 = [, —5r%sin6 |§d6
= —5cos @ |§" =

[@lekcle]
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Solution:
S>:z = 1 + x? + y?. The unit normal vector n, is oriented downwards, however C is

traversed in the counterclockwise direction viewed from above and thus corresponds to
taking inward normal n, to the parabola (which has a positive z-component).
z=1+x*+v% o¢O,y,z)=z— 1+ x%+7y?)

. 0 0 d
n=—|7qb=—(—i+—j+—k>(z—(1+x2+y2))=2xi+2yi—k

dx dy 0z
i K
R d d 0
VXF = Ix @ 3 | = —o6k
4y —2x —2z*

[©lekce]
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Solution:
VxF- (Vo) = (6K)-(2xi+ 2yj— k) = —6
H V X ﬁ-ﬁzdS = —6 ﬂ dA = :6(77(2)22 = —241
S2 R Area of a circle
r=2
Thus,

ﬁ ﬁ-d§=ﬂ ﬁ-ﬁds+U F-ndS =0 — 241w = —241
S S1 S>

Therefore, it verifies the Stokes’ theorem.

f ﬁ-dr=ﬂ F-ds
C S

[©lekce]
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Example 13.3 (Calculating a surface Integral):

Calculate surface integral ffS curlF - dS, where F = zi + xj + yK and S is the part of
the sphere x% + y% + z? = 25 inside the cylinder x? + y% = 16 above the xy —plane.

Solution: Z.
x?+y%+2z%2=25

e

-
C
< -y
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Solution:
The curve C can be parametrized as

r(t) = 4costi+ 4sintj+ 3Kk
r'(t) = —sinti+ costj
Note that: the curve C touches both surfaces at z = 3

Thus,
Converting the F = —vy1 + xj + zK as a function of t, we obtain

ﬁ(F(t)) = —4sinti+ 4costj+ 3Kk

[@lekcle]
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Solution:

Using Stokes’ Theorem,

2m
lf curlF - dS = f F-drzl F(T(t)) - ' (t)dt

2T

= f (—4sinti+4costj+ 3K)-(—sinti+ costj)dt

2T

= f (4sin”t + 4 cos® t)dt = 4(2m) = 8
0

[@lekcle]
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Example 13.4 (Calculating a line Integral):

Evaluate the line integral _CﬁC F-drwhenF = zi — yj + xyK and C is the triangle
defined by (1,0,0), (0,1,0) and (0,0,1).

Solution:
PlaneS: z=1—-—x—y

z=1—x—y
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Example 13.4 (Calculating a I|ne Integral):

Evaluate the line integral gﬁ . dr when F = zi — yj + xyK and C is the triangle
defined by (1,0,0), (0,1,0) and (0,0,1).

Solution:
PlaneS: z=1—-—x—y
Thus, the potential
qb(x,y,z) — Z— (1 —X _y)
Then, determine the gradient of the potential
ndS =V¢ = [;—xi+%j +%k] (z—=(1=x-1y))
=xi+yj+Kk

[@lekcle]
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Solution:
i j Kk
rxi=|2 9 9 = xi — (x — 1)j
dx 0dy 0z
z -y xy
ﬂ(Vxﬁ)-ﬁdS=ﬁ(xi—(x—1)i)-(xi+yi+k)dA
S R
11-x 1 5 2ql—x
2 2 Xy y
jj X —y(x—l)dydx=J[x y—7+7 dx
0 0 0 0

[@lekcle]
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Solution:

1-x

/]

1 x 2 2 1—x
x* (x—l)dydx—f[xzy— ;, +y] dx
0 O

x(1—-x)% (1—x)?
sz(l—x)— ( )+( )dx
2 2
0
X X x? x3+x4+(1—x)31_ 1
13 4 4 6 8 -6 | 24

[@lekcle]



I 'T? OpenCourseWare | ocw.utem.edu.my
i 8 Universiti Teknikal Malaysia Melaka

Exercise 13.1:

By using Stoke’s theorem, evaluate ¢. F - dr for the vector F = xzi + xyj + 3yzKk and
C

the curve C which is the perimeter of a closed triangle in the first octant with vertices
(3,0,0), (0,3,0), and (0,0,6) in the counterclockwise direction, when viewed from the
positive z-axis.

[Ans:67%]

[©lekce]
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Exercise 13.2:

By using Stoke’s theorem, evaluate gﬁc F - dr for the vector F = xzi + xy?j + 3xzk and

the curve C which is the intersection of the plane z + x = 3 and the cylinder x? + y? =
4, in the counterclockwise direction, when viewed from the positive z-axis.

[Ans:41T]

[@lekcle]
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Exercise 13.3:

By using Stoke’s theorem, evaluate ff, curlF - dS for the vector F = yi + xj + yx3k
and S is hemisphere of radius 4, in the counterclockwise direction, when viewed from
the positive z-axis.

[Ans:—32m]

[@lekcle]
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THANK YOU




	Slide 1: BEKG 2433 ENGINEERING MATHEMATICS 2
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30

