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Lesson Outcomes

Upon completion of this lesson, students should be able to:
* write the parametric surfaces
e evaluate surface integrals.

* solve the flux of the vector field.
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Parametric Surfaces

A position vector on one dimensional space from some interval a < t < b, can be written as
parameterized of some open region containing curve in three dimensional spaces as
r(it) =x@)i+y)j+ z(t)k.
Let S be a surface and let R be its projection on the two dimensional plane, where the
parametric equations for any points (u, v) in the surfaces, can be written explicitly as
x=x(uv),y=yUu,v),z=zwW,v).
Then the parametric surfaces or parametric representation is given by
r(u,v) =x(w,v)i+yu,v)j+ z(u,v)k.
The resulting set of vectors will be the position vectors for the points of the surface S.

@il
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Surfaces Integrals

For evaluating a surface integral from the given parameterization we will need the vector

partial derivatives, r,, X r, where

ox(uw). ., dy(uwv) . . 0z(uw)
ou L+ ou J T ou

r,(u,v) = k

and r,(u,v) =

Let S be a surface with equation z = f(x,y) and let R be its projection on the xy —plane.
If z = f(u, v) and the parametric representation can be written as

r(u,v) =x(w,v)i+yu,v)j+ f(u,v)k.
Thus, the surface integral on S, is given by

ffs g(x,y,2)dS = JfR g(r(w,v))|lry x 1y, dA
@‘@m% where ||, X 1| = \/(Z_{L)Z N (g_i)z 1
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Example 12.1:

Write the parametric representations for each of the following surfaces

1. The cylindrical solid bounded by x? + z? = 49 the xz —plane and plane y = 2.
2. The sphere x? + y? + z2 =1,

3. The elliptic paraboloid x = 2y? + 4z% — 9.

Solution:

1. Let parametric representation x = 7cosf,y =yandz = 7sinf for0 <y < 2 and
0 <60 < 2m, suchthatr(y,0) =7cosOi+yj+ 7sinfk

2. Let the parametric representation x = sin¢g cos8,y = sin¢ sin 8 and z = cos ¢ for
0<¢p<mand0 <60 < 2m, suchthatr(¢p,8) =sin¢pcosfi+ singsinbj
+ cos ¢ k.

3. Sincex = 2y% +4z% —9,thenr(y,z) = 2y? + 4z*> — 9i + yj + zk .

@il
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Example 12.2:

Evaluate the surface integral [[. x* dS where S is the unit sphere x* + y* + z* = a*

when a = 1.

Solution:

Let the parametric representation x = sin¢ cosf ,y = sin¢ sin 8 and z = cos ¢ for
0< ¢ <mand 0 < 0 < 2mx, such that

r(¢,0) =singpcosOi+singdsinfj+cospk.

From, r4 = cos¢pcosOi+cospsinfj+singpk andrg = —singsinb i

+ sin ¢ cos 6 j, we can obtain

i j k
ry Xrg =|[cos¢cost cos¢psinf sing
—singsinf sing cos o 0

= (0 — sin®¢ cos 8)i — (0 + sin®¢ sin 8)j + (cos ¢ sin ¢ cos?¢ + cos ¢ sin ¢ sin®¢)k
= —sin“¢ cos i — sin“¢psin G j + cos psinp k
@0k




l L OpenCourseWare | ocw.utem.edu.my
\'H Universiti Teknikal Malaysia Melaka

Solution:
Hence, ry X rg = —sin“¢ cos 8 i — sin®¢ sin 6 j + cos ¢ sin ¢ k and

= \/ (—sin2¢ cos 8)2+(—sin2¢ sin 8)2+(cos ¢ sin )2
= \/sin*¢(cos 0)2 + sin*¢ (sin 8)2 + cos2¢psinZ¢

= \/sinch (sin’¢ + cos?¢) =sing.
ﬁ x2dS = ﬁ g(r(¢,0)||rs x rel| dA = jf (sin¢ cos 0)?%||ry x 1g|| dA

[rg x 1o

27'[ T
1 T
f j(smqb cos 0)?sin¢ d¢ df = f (1 + cos 260) [—cos b + —cos3¢] do
0 0
271' o7
_ 2 b cos20d0 = o+ Ssinze| ="
== coS > 5 Sin =3

[©leclo 0
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Surfaces Integrals

Let S be a surface with equation z = f(x,y) and let R be its projection on the xy —plane.
If f has continuous first partial derivatives on R and g(x, y, z) is continuous on S, then

0z ° 0z 2
US g(x,y,Z)dS=ﬂS g(x,y,f(x,y))V (&) +<@> +1dA

Example 12.3:

Evaluate the surface integral ffS xz dS where S is part of the plane x + y + z = 1 that lies in

the first octant.

Solution:

Rewrite the S plane z = f(x,y) = 1 — y — x in the first octant. Hence, % - t1andZ = -1,

dx dy
©o89
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Solution:

HS deS:ff x(1 =y =)y (D2 + (-1)% + 1dA
R

11—x

=\/§Ojoj (x —xy — x*)dy dx
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Surfaces Integrals

Example 12.4:

Evaluate the surface integral ffS x dS where S the surface z = x* + 4y, plane 0 < x < 1 and

plane 0 <y < 2.

Solution:

0z 0z

S is the surface z = x? + 4y. Hence, — = 2x and — = 4.
dx dy

ﬂs de=ﬂS x\/(zx)2+(4)2+1d‘4=jfx\/17+4x2dydx

1

21
1
fo\/17+4x2dx = fz\/ﬂdu=
17

@il J

1(21v21 - 17V17)
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Parametric Surfaces: Extended Theorem

Let S be a surface with equation y = [ (x,z) and let R be its projection on the xz —plane.
If f has continuous first partial derivatives on R and f (x, y, z) is continuous on S, then

) dy 2 dy 2
ﬂs g(x,y,z)dS—jjS g(x,f(x,z),z)\ <§> +<£> +1dA

Let S be a surface with equation and let R be its projection on the vz —plane.
If f has continuous first partial derivatives on R and f (x, y, z) is continuous on S, then

ﬂs g(x,y,Z)dS=ffS g( 'y'Z)V(Z_;C,>2+(Z—)ZC)2+1dA

@il
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Alternative Solution Example 12.3:
The equation of plane can be writtenasy = f(x,z) =1 —x —zand g(x,y,z) = xz.

0 0
Hence, e = —1 and = 4 = —1.
" 0x 0z

ﬂ xzd5=ﬂ xzy/(=1)2 + (=1)2 + 1 dA
S

11-x

—\/_jJ xzdzdx_\/_““]”

——f(x—Zx + x3)dx

1

_\/§[x2 2x3  x* _\/§

X T2

2 (2 3
[@lekcle] 0
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Example 12.5:
Evaluate the surface integral

ﬂ y?z2dS
s

where S is part of the cone z = \/xz + y?, between the planez = 2 and z = 1.

Solution:

The equation of plane can be written as z = \/x2 + y2 and g(x,y, z) = y?z2.
Hence,

0z

N

@il

__x 9z _ _y az\* | (9z\* . _ xz(y)z_
dx Jx2+y2 "oy - Jx2+y2 and\/(ax) t (ay) +1= (,/x2+y2) + Jx2+y2 +1= \/§
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Solution:

ﬂs y222d5=\/§ﬂR y2(x? +y2)dA

Let R be the projection of the cone on xy —plane.

Based on the region, R, convert to polar coordinate,
21T 2

\/§ﬂ y2(x% + y?)dA =\/§f Jsinzerzrdrde
R
0 1

5
1- 26 —
0520 4 = 23

N

[@lecie]
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Areas Surface Integrals

Integrating function, g(x, y, z), over some surface, S in R3. The region S lie above some
region R that lies in the xy —plane.
Theorem : Suppose g is defined and continuous on surface S. The surface integral

ofg(x,y, z) over S is denoted by:
ﬂ g(x,y,z)dS
S

Remarks: If g(x,y,z) = 1, it becomes surface area, A of S

A=ﬂ5 (1) dS

@il
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Example 12.6:

Evaluate the surface area, A where S is part of the cone z = \/xz + y?, between the plane
z=2andz = 1.

Solution:

The equation of plane can be written as z = \/xz + y?and g(x,y,z) = 1.
Hence,

X

2 2
0z X 0z 0z 2 _ y _
vl iy ere G [ o ) +(5) V(m) +H() 13

Hence,
2T

A=ﬂ dszf \/§dA=\/§ffrd0dr=3\/§n

@il
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Exercise 12.1:

1. Evaluate the surface integral ffS 3(y + 2z — 2) dS where S is part of the plane
2x + 3y + 6z = 12 that lies in the first octant.

2. Evaluate the surface integral ffS 3xy dS over the surface S of the sphere
x% 4+ y% 4+ z? = 1 in the positive octant.

3. Evaluate the surface integral [[. x dS where S the surface y = x* + 4z, and
plane0 <x <2,0<z < 2.

33V33-17v17
6

[Ans: 1.24 2.2 3, ]
8

@il
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Surface Integrals Involving Vector Valued Functions

fF(x,y,z) =f(x,y,2)i+ g(x,y,z)j + h(x,y, z)K, then has continuous components
on the oriented surface, S and given that n = n(x, y, z) is the Unit Normal Vector of the
orientation at the point (x, y, z), then

[[ eas | #onas

is called the flux integral of F over S or the surface integral of F - n over S or the surface
integral of the normal component of F over S.

@il
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Unit Normal Vector for surface functions

To compute the unit normal, n, to a surface S given by an equation z = f(x, y).
First, rewrite the equation of a surface S as,

z—fx,y) =G6xy,2),
which let the surface for the function
G(x,y,z) =z—f(x,y).
If G(x,y,z) = 0,then Unit Normal Vector to S at the point (x,y, z) is

VG
n=—-
VG
where the gradient VG = (—1 +— + — k) (z—f(x y)) = —g—xi —é} +%kand

aaa>

AN CAS . . _<
IVG]| = \/( ) + ( ) + 1, such that the Vector Differential Operator, Del, V= 3%’ 9y 92]

dx ady
©o89
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Surface Integrals Involving Vector Valued Functions:

Terminology unit normal vector

Terminology of surface integrals in 6 direction within 3 axis can be described mathematically,
as follows:

k

Vol
/ .
e Backward unit normal;
s Negative i component

Upward unit normal;
Positive k component

Right unit normal;

Left unit normal; e
Positive ] component

Negative j component

j

Forward unit normal;

Positive i component
[@reEe] i

Downward unit normal;
Negative k component

= = e e -
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Surface Integrals Involving Vector Valued Functions:

Example 12.7:

Suppose that S is the portion of the surface z = 1 — x? — y? above the xy —plane.

Let S be oriented by upward normal and given that
F(x,y,z) =xti+yj+ zk

Evaluate [f. F-ndS

Solution:
Rewrite G(x,y,2z) =z + x* + y* — 1,

va=(al+—]+ k) (z+x% +y? — 1) = 2xi + 2yj + kand
IVGIl = v/ (20)2 + (2y)2 + 1.

@il x
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VG
Compute n = ——. Hence,

[@lecie]

[

—

Js

)
R

-

R

VGl

2xi + 2yj + Kk
F-ndS = ﬁ A+ 29 JW+MA
R J@OZHEYE F 1

F-(in+2yi+k)dA=L
R

=ﬂ 2x% + 2y% + zdA =
R J

=ff 1+ x%4+vy2dA =
R

(xi+ yj+zK) - (2xi + 2yj + K) dA

fj 2x%+2y%+1—x%—y?dA
: 2T

1

3
ff(1+r2)rd9dr=§n
0 0
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Evaluating Surface Integrals

If the surface S is given by an equation of the form z = z(x, y) where z has continuous
first partial derivatives and if R is the projection of the surface on the xy —plane, Hence

0 0
F- —— i k | dA
HS s = ﬂ ( axl 6yl+az )d

if S is oriented by upward normal.

ﬂ F-ndS = ﬁ (—1+%]—%k>d/l

if S is oriented by downward normal.

@il
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Evaluating Surface Integrals

Example 12.8:
Let S be the sphere x* + y2 + z% = a? oriented by outward normal and given that

F(x,y,z) = zk
Evaluate [f. F-ndsS.

Solution:

On the upper hemisphere the outward unit
normal vector is upward while the lower
hemisphere it is downwards unit normal.

[@lekcle]
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Solution:

Since different formula for these normals apply on the two hemispheres, the
F-ndS+H F-ndS
S

surface integrals:
-U . H
S S1 2

where §; and S, is the upper and lower hemisphere, respectively.

Rewrite sphere expression x? + y% + z% = a“ to obtain
Z=i\/a2—x2—y2

which can be obtained into upper hemisphere expression

Z=\/a2—x2—y2,
and lower hemisphere expression

z=—\/a2—x2—y2.

[@lekcle]
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Solution: For upper hemisphere expression
G(x,y,2z) = z—+a? —x2 — y2,

d 9] 9] X y
- | — S — 2 _ 42 _ A2) = - .
VG <axl+0yl+azk)(z Jaz—x2—y ) \/az—xz—y21+\/a2—x2—y2]+k'

ﬁ F-nd5=jj (ZK) - i i+ 24 j+k)dA
S1 R \/az—xz—yz \/aZ_xZ_yZ

a 21

jj zdA = ﬂ Jaz —x2 —y2dA = jjr\/az—rzdedr

= fr\/az —7r2[0]8" dr = 2m [——(\/az — r2)3] = 2na”
0

@il



l I? OpenCourseWare | ocw.utem.edu.my
A 8 Universiti Teknikal Malaysia Melaka

Solution: For lower hemisphere expression
G(x,y,2z) = z++Ja? —x2 — y2,

d 9] 9] X y
— = = . 2_ 2_ 2 — = =
VG (ax1+ay]+azk)(z+\/a X y) \/az—xz—yzl-l_\/az—xz—yzl k.

2ma’
jj F'nd5=jj —ZdA=jj \/az—xz—yszz t
S R R 3

Hence, the surface integrals:

[ ronss=f 0

B . _4na3
3 3 3

2

F-nd5+ff F-ndS
S

1 2

@il
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Example 12.9:
Given that F(x,y,z) = z*k is the upper hemisphere given by z = \/1 — x% — y?

oriented by upward unit normal vector. Evaluate ffR F-ndsS.

Solution:
Apply upper hemisphere expression

G(x,y,2) =Z—\/1—x2 —y?,
Yy

ﬂs F.ndS:ﬂR (ZZk).<\/1—;—y2i+\/1—x2—y2i+k>dA

2T

1
3

=ff ZZdA=ﬂ 1—x2—y2dA=ffr(l—rz)dﬁdr=—n
K R 0 0 -

@il
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Exercise 12.2:

1. Evaluate [[. F-ndSwhere F(x,y,z) = 2xyi+ yz°j + xzk and S is the surface

oftheplane0 <y <2,0<z<3and0 < x < 1inthe first octant.
2. Let S be the parabolic cylinder y? = 8x in the first octant bounded by the planes

y = 4and z = 6 given that F(x,y,z) = 2yi — zj + x°k . Evaluate [[. F-nds.

3. Evaluate [, F-ndS where F(x,y,z) = (x +y*)i — 2xj + 2yzk and S be in the
first octant for the part of the plane2x +y + 2z — 6 = 0.

[Ans:1.33 2.132 3.81]

@il
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Flux

If F represents velocity of the fluid at any point on a closed surface S, then surface integral
ffS F - ndS represents the flux of F over S, that is a volume of the fluid flowing out from per

unit time.
Remarks: If [|_F -ndS = 0, then F is called a solenoidal vector point function.

Example 12.10:
Find the flux of F(x,y,z) = yzi + xzj + xyK over the surface of the sphere x? + y? + z2 =1
in the positive octant.

Solution: I’'m
Flux= [f.F -ndS

@il
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Solution: Rewrite G(x,y,z) = x*> + y? + z% — 1,
VG 2xi+2yj+2zk  2xi+ 2yj + 27K

n= -——-= = =xi+yj+zk
VG| JA4xZ +4y2 + 472 \[4(x% + y2 + z2)
Use dA as projection on xy —plane of dS = ﬁzfﬁ where ||n - K|| = z.

ﬂF ds ffF('+ i+ ko) X
‘n = (X1 Z
S ) - K|

dxdy
j f (yzi + xzj + xyK) - (xi + yj + zK)
1m/2
dxdy _
=ff 3xyz =ff 3xydxdy=3ff rsinf -rcosf -rdf dr
R Z R e

1m/2

—BJJ in20r3do d _3
—2 Sin r 7”—8

@il 00
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Exercise 12.3:

1. Find the flux of F(x,y,z) = 3yi + 2zj + x*yzK over the surface of y? = 5x in the
positive octant bounded by the planes x = 3 and z = 4.

2. Find the flux of F(x,y,z) = 18zi — 12j 4+ 3yk and surface is the part of the plane
2x + 3y + 6z = 12 in the first octant.

3. Evaluate f[[. V X F-ndS where F(x,y,z) = y?i + yj — xzKk over surface, S of the
upper half of the sphere x? + y2 + z2 = 21.

@G)@@ [Ans: 1. —42 2. 24 3. 0]



l I? OpenCourseWare | ocw.utem.edu.my
A 8 Universiti Teknikal Malaysia Melaka

Reference

1) Fehribach, J. D. (2020). Multivariable and Vector Calculus. In Multivariable and Vector
Calculus. De Gruyter.

2) Stroud, K. A., & Booth, D. J. (2020). Engineering mathematics. Bloomsbury Publishing.

3) Singh, R. R., & Bhatt, M. (2018). Mathematics-l. McGraw-Hill Education.

@il \



W OpenCourseWare | ocw.utem.edu.my
1'8 Universiti Teknikal Malaysia Melaka

THANK YOU

[@lekcle]
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