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Lesson Outcomes

Upon completion of this lesson, students should be able to:
e Calculate the divergence of vector fields.
* Calculate the curl of vector fields.

e State and evaluate the Green’s Theorem.
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Introduction Green’s Theorem

Green’s theorem gives us a way of evaluating the line integral of a smooth vector field, F
around a simple closed curve, C. Let R be a connected plane region whose boundary is a
simple, closed piecewise smooth curve C oriented counterclockwise or positive

orientation.
Here is a sketch of simple closed curve C and R be the region enclosed by the curve.

Y
A C
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Green’s Theorem

Let C is the closed curve and R be the region enclosed by the curve. If f(x,y) and
g(x,y) have continuous first partial derivatives on some open set containing R, then

dg 0
Jf(x,y)dx+g(x,y)dy=ﬂR (%—%) dA
C

Here is the alternate notations when working with the line integrals in which the curve C
assumption that satisfies the condition of Green’s Theorem

f [l y)dx + g(x,y)dy = ﬂ (9. —f,) dA
R
C
Remarks: dA = dxdy = dydx = rdrd6

@il
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Example 11.1:
Use the Green’s Theorem to evaluate
f x2%y dx + 3xdy
C A
over the triangular path for the Figure.
Solution:
The triangle formed by the linesy = 2x, x = 2and y = 0. > )
Since f(x,y) = x%?y and g(x,y) = 3x. Hence, apply the Green’s Theorem
2 2x
d(3x) Jd(x
f x%y dx + 3xdy = H ( ) _ 9 ) dA=jf(3—x2)dydx
C dy
0 0
= | (3 —x? 2xdx=f2x3—x2 dx = |3x*> ——| =4
a— f( ) [v13 (3 —x2) [ 7|
LAMEJ 0 0



? OpenCourseWare | ocw.utem.edu.my Y
1 B Universiti Teknikal Malaysia Melaka 1

Example 11.2:
Evaluate by using Green’s Theorem
j ydx + 4xdy, \
C

where C is the positively oriented circle x? + y? = 9.

N

Solution:
Since f(x,y) = yand g(x,y) = 4x. Hence, apply the Green’s Theorem

f ydx + 4xdy = ff (agix) — a;i?) dA

3 27
J f(4 — 1) rdrdf = [—] g@] =271
0

[@lekcle]
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Exercise 11.1:

1) Evaluate by using Green’s Theorem fc (x?y + 1) dx + x*dy, over the triangle with
formed by the linesy = 0, x = 1 and y = 2x the positive orientation.

2) Evaluate by using Green’s Theorem [. (e + 5x°) dx + (2 + xy)dy , over the
positively oriented triangle formed by the linesy =0,y =3 —xand y = 2x.

3) Find fc (1 — y3) dx + x3dy where C is the positively oriented circle of radius 2
centered at the origin.

[Ans:1) % 2)23) 2]
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Green’s Theorem : Work done by a force

This method allows us to evaluate either a line integral around a closed path C or a do
uble integral over the enclosed region, R. Thus, able to see a relationship between ce
rtain kinds of line integrals on closed curve and its double integrals.

If F(x,y) = f(x,y)i+ g(x,v)jis the force acting on a particle moving along the arc
KL of the curve C, then the line integral

fc F.dr = f;F dr = fc f(x,v)dx + g(x,v)dy
represents the work done in moving the particle from point K to point L.
Vector form of Green’s Theorem is given as

jF.dr:ff (VX F).kdxdy
R

C
where r = xi + yj K is the unit vector along z —axis.

@il
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Example 11.3:

Evaluate fc F.dr along the plane bounded by the points (0,0), (3,0) and (1,2) where

F(x,y) = 2y + x3)i + (4x + y?)j.

J
Solution:
Since f(x,y) = 2y + x> and g(x,y) = 4x + y?. By the Green’s Theorem
(1,2)
| 2y + x3) dx + (4x + y*)dy
C
2 3 :
_ fr d(4x + y*) B 02y + x°) A 5 AG.O)
Jr ox dy

= H (4 —2)dxdy =2 (Area of AOAB) = 6
R

[@lecie]
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Example 11.4:
Find the work done by the force field F(x, y) = (e”* — y3)i + (cos 2y + x3)j on a particle
that travels once around the unit circle x* + y* = 1 in the counterclockwise direction.

Solution:
Since f(x,y) = e’ —y3 and g(x,y) = cos 2y + x3. Hence, apply the Green’s Theorem

3 7X _ 13
f (7% — y3) dx + (cos 2y + x¥)dy = ff (6(C0523;+x ) 0d(e S y ))dA

2t 1

ﬂ (3x% + 3y%)dA = 3[ (x? +y2)dA = j f(rz) rdrdo

N

= 3 f —df = — Converted to polar coordinates

@il



l L OpenCourseWare | ocw.utem.edu.my
I Universiti Teknikal Malaysia Melaka

Example 11.5:
Consider the vector field F(x,y) = —yi + xj on the disk region R{(x,y):x? + y? < a} and

is curve C the boundary of R in positive direction. Evaluate gﬁc F.dr using the Green’s
Theorem.

Solution:
Since f(x,y) = —yand g(x,y) = x withf, = —1and g, = 1, respectively.
Hence, apply the Green’s Theorem

f(y)dx+xdy ﬂ (a(x) a(a_yy)>dA=fR (1= (1)) dA

2T

a
=f erdrdH = 2a°m
0 0

@il
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Utilizing Green’s Theorem
If the closed curve runs clockwise or in a negative orientation,

Y
A C

then allow us to switch the sign

0 0
[ Feoyrax+ gty = —jf (afj _ afyf) i
C

QOO0 Remarks: dA = dxdy = dydx = rdrd6
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'T? OpenCourseWare | ocw.utem.edu.my
AJ Universiti Teknikal Malaysia Melaka

Evaluate fc F.dr along C is the clockwise oriented boundary of the region bounded by

the parabolas x? = 4y and y? = 4x where F(x,y) = (5x — y)i + (3xy)j.

Solution:

Since f(x,y) = 5x —y and g(x,y) = 3xy. By the Green’s Theorem

[@lecie]

(5x —y)dx + (3xy)dy

rj (6(390’) G(Sx—y)> "y

dy
4 2+/x
[ [ Gy naxy =22
y xay = 15
0 x2
4
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Exercise 11.2:

1) Evaluate fc F.dr along C is the clockwise oriented boundary of the region bounded by
the triangle with formed by the linesy = 0, x = 1 and y = 2x where
F(x,y) = (x%?y + 1)i + x%j.
2) Evaluate fc F.dr along the plane bounded by the linesy =0,y =2xandy =3 — x

where
F(x,y) = (e* + 5x3)i + (2 + xy)j.
3) Find the work done by the force field F(x,y) = (e’* — y3)i + (x3)j on a particle that
travels once around the circle x% + y? = 2 in the counterclockwise direction.

[Ans:1) —22) —23) —6mr]
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Recall Vector Fields Operations

Expand the operation of a vector with ‘del’ operator where notation for gradient, V :

veliv L Lk
“ox "oyl oz

Divergence of vector field F(x, y, z):
0 0 0
V-F(x,y,2) = — (fCx,y,2)) + 3y (9(x,v,2)) + e (h(x,y,2))

A curl of vector field F(x, y, z):

i j k

0 0 0

V X F(X, YV, Z) — a @ E
M(x,y,z) N(x,y,z) P(x,y,z)

@il
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Curl of vector field, F

Recall the V operator defined as

Vv 0 -|-a +ak
=it s

If F(x,y,z) =f(x,y,2)i+g(x,y,2z)j + h(x,y,z)K, then the curl of F,
(denoted by V X F) can be written as:
i j K i j k|1 j
d d 0 d. o 0|3 4o
IF=VXF= — N
cur ox dy 0z y \9{ \8>7\0y
f g9 h f g™~ hisf g

dh 0 d dh d d
_(2h_99). (9f _ - g_9f\
dy 0z dz 0x dx 0dy

@il
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Example 11.7:

Calculate the curl of F if

Solution:

curl F =V X F =

_ (9(5y)
= (5

[@lecie]
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F(x,y,z) = 2zi+ 3xj + 5yk

i
0

k
0

dx 0dy 0z
2z 3x b5y

_‘37(;251 4 (agzzz) —?%)j +(

= 5i + 2j + 3k

d(3x)

1%

ox

)



Example 11.8:
Given that

Solution:
i j k
|F=VXF 0 o
b =VxE=19x 03y oz
yx? 2y3z 3z
_(2Ga" 0@2y*a)\ . (0Gx*) 0B2)\ ;| (0@’ 20y
~ \ 0y 0z 0z 7 ox dx
= —2y3i — x?Kk
— _9(—_1)3i _ 22k — 9i _
@oe) VXF‘(Z,_M) 2(—1)% — 22k = 2i — 4k
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F(x,vy,z) = yx%i+ 2y3zj + 3zk
Find the curl of F at the point (2,—1, ).

dy

2)) "
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Let F represents the velocity field of a flowing fluid and curl F is the tendency of particles
at the point (x, y, z) to rotate about the axis that points in the direction of curl F.

If F is , then curl F = 0, which its fluid is called irrotational.
Example 11.9:

Determine if vector F(x,y,z) = x?i + 3yj + (5z — 2)K is conservative?

Solution:
i j k
d 0 d
curl F = ox 3y 0_
x2 3y 5z—

(3(5242) 94y (x? oa(527g) (4y) a(x/)j
(0 (2

= 0i + 0j + Ok O
‘@ ®®@| Hence, F(x,y,z) = x?i + 3xj + (5z — 2)Kk is conservative since curl F = 0.
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Exercise 11.3:
1) Determine the curl of F if
F(x,y,z) = (x* —y)i + 4zj + x*k
2) Compute curl of F(x,y,z) = cos3xi+ (2y — y?)j + (z — 6x3)k at point (1, —m, 12).
3) Determine if vector F(x,y,z) = sinxi+ y3j + (3 + e °?)K is conservative?
4) Determine if vector

3x2y % x3y
F(x,y,z)=(2y4+ Z2> (8xy 2 + >]+( —Z—3>k

is conservative?

[Ans: 1) —4i — 2xj + K 2) 18 3) Yes, F is conservative.4) Not conservative since curl F # 0 ]

@il
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Divergence of vector field, F

Recall the V operator defined as

0 0 0
V= a i+ @] + — 3, k.
fF(x,y,z) = f(x,y,2)i+ g(x,y,z)) + h(x,y, z)K, then
the divergence of F, (denoted by V - F) can be written as:
af dg Oh

0 9 o\ o .
ox 3y 2z 9 T3y Tz

diVF=V-F=<

@il



'T? OpenCourseWare | ocw.utem.edu.my
A 8 Universiti Teknikal Malaysia Melaka

Example 11.10:

Determine the divergence of

i F(x,y,z) = 2xi + 3yj + 4zKk.

ii. F(x,v,2) = (xy3z%)i + (sinx + y>)j + (xyz)K at the point (2,1,0).

Solution:
0 0 dh
V-F= —f + J +
dx dy 0z
. v.p=22 008 00D 5 344=09
dx ady 0z
. 5 d(xy3z?) o(sinx+y3) d(xyz) 3 o 2
ii. V-F = T 5y t— —=yz + 3y“ + xy

V-Flz10 = (1)%(0)°+3(1)*+(2)(1) =5

[@lecie]
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Exercise 11.4:

1) Determine the divergence of

i F(x,y,z) =7xi+ yj + 2zKk.

i. F(x,y,z) = xyzi + 2xyzj — 3xyzKk.

i F(x,vy,z) = (xy3z — e?)i+ (2y* — sin 2)j + (e*¥?)k at the point (0,1,5).

2) Verify div (curl F) = 0 for the vector field F(x,y,z) = xzi + x3zj + yzk.

‘@ ®®®| [Ans: 1)i. 10 ii. yz + 2xz — 3xy iii. 9]
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Application of Green’s Theorem

Recall that the area, A of a region R with the following double integral

A=JfR dA

If closed curve C is the boundary of the region R; it allow us to use Green’s Theorem in reverse
to compute the region R by evaluating the following integrals

1
A=3€xdy=—3€ydx=§3€xdy—ydx

C C C

@il
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Properties of Curl and Divergence

Recall that a gradient vector with ¢ as a function of three variables grad ¢ and has continuous

: : : . de
second order partial derivatives is denoted as Vg = g i + —] +

The curl of its gradient is

VX (Vp) =

a¢lk

i j k
d d 0

0’ d’p\. (0°¢ 9%p).
ox dy 0z|= — i+ — j +
dp 99 B0 dydz 0zdy dz0x 0x0z
dx dy 0z

0°p  0%¢
dxdy 0dyox

)i

Since @ has continuous second order partial derivatives, where any form of multiple derivative

expression is

%9

ayaz

62

0z0y’

Hence, VX (Vp) = (0)i+ (0)j+ (0O)k =0

Thus, the curl of its gradient is the zero vector.

[@lekcle]
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Properties of Curl and Divergence

If a conservative vector field, F can be written as the gradient of a function, F = V.
The curl of any conservative vector field F is zero vector. VX (F) = 0

The divergence of a curl is dot product of the two vector:

0 0
> .(0,0,0) = (0)i + (0)j + (O)k = 0

V- (VxF) = <6x'6‘y'6‘z

Hence, the divergence of a curl is zero vector.

@il
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The relationship between the curl and the divergence is given by the following fact
div (curl F) = 0.
Example 11.11:

Verify div (curl F) = 0 for the vector field F(x,y,z) = yx?i + 2y3zj + 3zK.

Solution:
First compute the curl
i | k
0 0 0 . 5
curl F = x E £=—2y i—x“K
yx? 2y3z 3z

Now compute the divergence of it
d 0 0
Ox 0y’ 0z

div (curl F) = < > (=2y3,0,—x%) =0

@il
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Exercise 11.5:
1. fF(x,y,z) = x%i + xye*j + sinzk, find div (curl F) = 0.
2. Verify div (curl F) = 0 for the vector field F(x,y,z) = yx3i — 5y3zj + sinzKk.

[Ans: 1.0 2. 0]

[@lekcle]
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THANK YOU
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