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Lesson Outcomes

Upon completion of this lesson, students should be able to:

• Calculate the divergence of vector fields.

• Calculate the curl of vector fields.

• State and evaluate the Green’s Theorem.
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Introduction Green’s Theorem

Green’s theorem gives us a way of evaluating the line integral of a smooth vector field, 𝑭𝑭
around a simple closed curve, 𝐶𝐶. Let 𝑅𝑅 be a connected plane region whose boundary is a
simple, closed piecewise smooth curve 𝐶𝐶 oriented counterclockwise or positive
orientation.
Here is a sketch of simple closed curve 𝐶𝐶 and 𝑅𝑅 be the region enclosed by the curve.
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Green’s Theorem

Let 𝐶𝐶 is the closed curve and 𝑅𝑅 be the region enclosed by the curve. If 𝑓𝑓 𝑥𝑥,𝑦𝑦 and
𝑔𝑔 𝑥𝑥,𝑦𝑦 have continuous first partial derivatives on some open set containing 𝑅𝑅, then

�
𝐶𝐶

𝑓𝑓 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑥𝑥 + 𝑔𝑔 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑦𝑦 = �
𝑅𝑅

𝜕𝜕𝑔𝑔
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

𝑑𝑑𝑑𝑑

Here is the alternate notations when working with the line integrals in which the curve 𝐶𝐶
assumption that satisfies the condition of Green’s Theorem

�
𝐶𝐶

𝑓𝑓 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑥𝑥 + 𝑔𝑔 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑦𝑦 = �
𝑅𝑅

𝑔𝑔𝑥𝑥 − 𝑓𝑓𝑦𝑦 𝑑𝑑𝑑𝑑

Remarks: 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = 𝑑𝑑𝑦𝑦𝑑𝑑𝑥𝑥 = 𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃
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Example 11.1:
Use the Green’s Theorem to evaluate 

�
𝐶𝐶
𝑥𝑥2𝑦𝑦 𝑑𝑑𝑥𝑥 + 3𝑥𝑥𝑑𝑑𝑦𝑦

over the triangular path for the Figure.

Solution:
The triangle formed by the lines 𝑦𝑦 = 2𝑥𝑥, 𝑥𝑥 = 2 and 𝑦𝑦 = 0. 
Since 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑥𝑥2𝑦𝑦 and 𝑔𝑔 𝑥𝑥,𝑦𝑦 = 3𝑥𝑥. Hence, apply the Green’s Theorem

�
𝐶𝐶
𝑥𝑥2𝑦𝑦 𝑑𝑑𝑥𝑥 + 3𝑥𝑥𝑑𝑑𝑦𝑦 = �

𝑅𝑅

𝜕𝜕 3𝑥𝑥
𝜕𝜕𝑥𝑥

−
𝜕𝜕 𝑥𝑥2𝑦𝑦
𝜕𝜕𝑦𝑦

𝑑𝑑𝑑𝑑 = �
0

2

�
0

2𝑥𝑥

3 − 𝑥𝑥2 𝑑𝑑𝑦𝑦 𝑑𝑑𝑥𝑥

= �
0

2

3 − 𝑥𝑥2 𝑦𝑦 0
2𝑥𝑥𝑑𝑑𝑥𝑥 = �

0

2

2𝑥𝑥 3 − 𝑥𝑥2 𝑑𝑑𝑥𝑥 = 3𝑥𝑥2 −
𝑥𝑥4

2 0

2

= 4

y

x

(2,4)

2

𝐶𝐶
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Example 11.2:
Evaluate by using Green’s Theorem 

�
𝐶𝐶
𝑦𝑦 𝑑𝑑𝑥𝑥 + 4𝑥𝑥𝑑𝑑𝑦𝑦 ,

where 𝐶𝐶 is the positively oriented circle 𝑥𝑥2 + 𝑦𝑦2 = 9.

Solution:
Since 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑦𝑦 and 𝑔𝑔 𝑥𝑥,𝑦𝑦 = 4𝑥𝑥. Hence, apply the Green’s Theorem

�
𝐶𝐶
𝑦𝑦 𝑑𝑑𝑥𝑥 + 4𝑥𝑥𝑑𝑑𝑦𝑦 = �

𝑅𝑅

𝜕𝜕 4𝑥𝑥
𝜕𝜕𝑥𝑥

−
𝜕𝜕 𝑦𝑦
𝜕𝜕𝑦𝑦

𝑑𝑑𝑑𝑑

= �
0

2𝜋𝜋

�
0

3

4 − 1 𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃 = �
0

2𝜋𝜋
3𝑟𝑟2

2 0

3

𝑑𝑑𝜃𝜃 =
27
2
𝜃𝜃

0

2𝜋𝜋

= 27𝜋𝜋

y

x

-3

3

𝐶𝐶
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Exercise 11.1:

1) Evaluate by using Green’s Theorem ∫𝐶𝐶 𝑥𝑥2𝑦𝑦 + 1 𝑑𝑑𝑥𝑥 + 𝑥𝑥2𝑑𝑑𝑦𝑦 , over the triangle with 
formed by the lines 𝑦𝑦 = 0, 𝑥𝑥 = 1 and 𝑦𝑦 = 2𝑥𝑥 the positive orientation.

2) Evaluate by using Green’s Theorem ∫𝐶𝐶 𝑒𝑒𝑥𝑥 + 5𝑥𝑥3 𝑑𝑑𝑥𝑥 + 2 + 𝑥𝑥𝑦𝑦 𝑑𝑑𝑦𝑦 , over the 
positively oriented triangle formed by the lines 𝑦𝑦 = 0, 𝑦𝑦 = 3 − 𝑥𝑥 and 𝑦𝑦 = 2𝑥𝑥.

3) Find ∫𝐶𝐶 1 − 𝑦𝑦3 𝑑𝑑𝑥𝑥 + 𝑥𝑥3𝑑𝑑𝑦𝑦 where 𝐶𝐶 is the positively oriented circle of radius 2
centered at the origin.

[Ans:1) 5
6

2) 2 3) 2𝜋𝜋 ]
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Green’s Theorem : Work done by a force

This method allows us to evaluate either a line integral around a closed path 𝐶𝐶 or a do
uble integral over the enclosed region, 𝑅𝑅. Thus, able to see a relationship between  ce
rtain kinds of line integrals on closed curve and its double integrals. 
If 𝑭𝑭 𝑥𝑥,𝑦𝑦 = 𝑓𝑓 𝑥𝑥,𝑦𝑦 𝐢𝐢 + 𝑔𝑔 𝑥𝑥,𝑦𝑦 𝐣𝐣 is the force acting on a particle moving along the arc 
𝐾𝐾𝐾𝐾 of the curve 𝐶𝐶, then the line integral

∫𝐶𝐶 𝑭𝑭.𝑑𝑑𝒓𝒓 =∫𝐾𝐾
𝐿𝐿 𝑭𝑭.𝑑𝑑𝒓𝒓 =∫𝐶𝐶 𝑓𝑓 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑥𝑥 + 𝑔𝑔 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑦𝑦

represents the work done in moving the particle from point 𝐾𝐾 to point 𝐾𝐾.
Vector form of Green’s Theorem is given as

�
𝐶𝐶

𝑭𝑭.𝑑𝑑𝒓𝒓 =�
𝑅𝑅

∇ × 𝐅𝐅 .𝐤𝐤𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦

where 𝒓𝒓 = 𝑥𝑥𝐢𝐢 + 𝑦𝑦𝐣𝐣 ,𝐤𝐤 is the unit vector along 𝑧𝑧 −axis. 



OpenCourseWare | ocw.utem.edu.my
Universiti Teknikal Malaysia Melaka

Example 11.3:

Evaluate ∫𝐶𝐶 𝑭𝑭.𝑑𝑑𝒓𝒓 along the plane bounded by the points 0,0 , 3,0 and 1,2 where 
𝑭𝑭(𝑥𝑥,𝑦𝑦) = (2𝑦𝑦 + 𝑥𝑥3)𝐢𝐢 + 4𝑥𝑥 + 𝑦𝑦2 𝐣𝐣. 

Solution:
Since 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 2𝑦𝑦 + 𝑥𝑥3 and 𝑔𝑔 𝑥𝑥,𝑦𝑦 = 4𝑥𝑥 + 𝑦𝑦2. By the Green’s Theorem

�
𝐶𝐶

(2𝑦𝑦 + 𝑥𝑥3)𝑑𝑑𝑥𝑥 + 4𝑥𝑥 + 𝑦𝑦2 𝑑𝑑𝑦𝑦

= �
𝑅𝑅

𝜕𝜕 4𝑥𝑥 + 𝑦𝑦2

𝜕𝜕𝑥𝑥
−
𝜕𝜕 2𝑦𝑦 + 𝑥𝑥3

𝜕𝜕𝑦𝑦
𝑑𝑑𝑑𝑑

= �
𝑅𝑅

4 − 2 𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = 2 𝑑𝑑𝑟𝑟𝑒𝑒𝐴𝐴 𝑜𝑜𝑓𝑓 ∆𝑂𝑂𝑑𝑑𝑂𝑂 = 6

y

xO 𝑑𝑑(3,0)

𝑂𝑂(1,2)
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Example 11.4:
Find the work done by the force field 𝐅𝐅 𝑥𝑥,𝑦𝑦 = 𝑒𝑒7𝑥𝑥 − 𝑦𝑦3 𝐢𝐢 + cos 2𝑦𝑦 + 𝑥𝑥3 𝐣𝐣 on a particle 
that travels once around the unit circle 𝑥𝑥2 + 𝑦𝑦2 = 1 in the counterclockwise direction.

Solution:
Since 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑒𝑒7𝑥𝑥 − 𝑦𝑦3 and 𝑔𝑔 𝑥𝑥,𝑦𝑦 = cos 2𝑦𝑦 + 𝑥𝑥3. Hence, apply the Green’s Theorem

�
𝐶𝐶

𝑒𝑒7𝑥𝑥 − 𝑦𝑦3 𝑑𝑑𝑥𝑥 + cos 2𝑦𝑦 + 𝑥𝑥3 𝑑𝑑𝑦𝑦 = �
𝑅𝑅

𝜕𝜕 cos 2𝑦𝑦 + 𝑥𝑥3

𝜕𝜕𝑥𝑥
−
𝜕𝜕 𝑒𝑒7𝑥𝑥 − 𝑦𝑦3

𝜕𝜕𝑦𝑦
𝑑𝑑𝑑𝑑

= �
𝑅𝑅

3𝑥𝑥2 + 3𝑦𝑦2 𝑑𝑑𝑑𝑑 = 3�
𝑅𝑅

𝑥𝑥2 + 𝑦𝑦2 𝑑𝑑𝑑𝑑 = �
0

2𝜋𝜋

�
0

1

𝑟𝑟2 𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃

= 3�
0

2𝜋𝜋
1
4
𝑑𝑑𝜃𝜃 =

3𝜋𝜋
2

Converted to polar coordinates
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Example 11.5:
Consider the vector field 𝐅𝐅 𝑥𝑥,𝑦𝑦 = −𝑦𝑦𝐢𝐢 + 𝑥𝑥𝐣𝐣 on the disk region 𝑅𝑅 𝑥𝑥,𝑦𝑦 : 𝑥𝑥2 + 𝑦𝑦2 ≤ 𝐴𝐴 and 
is curve 𝐶𝐶 the boundary of 𝑅𝑅 in positive direction. Evaluate ∮𝐶𝐶 𝑭𝑭.𝑑𝑑𝒓𝒓 using the Green’s 
Theorem.

Solution:
Since 𝑓𝑓 𝑥𝑥,𝑦𝑦 = −𝑦𝑦 and 𝑔𝑔 𝑥𝑥,𝑦𝑦 = 𝑥𝑥 with𝑓𝑓𝑦𝑦 = −1 and 𝑔𝑔𝑥𝑥 = 1 , respectively. 
Hence, apply the Green’s Theorem

�
𝐶𝐶

−𝑦𝑦 𝑑𝑑𝑥𝑥 + 𝑥𝑥𝑑𝑑𝑦𝑦 = �
𝑅𝑅

𝜕𝜕 𝑥𝑥
𝜕𝜕𝑥𝑥

−
𝜕𝜕 −𝑦𝑦
𝜕𝜕𝑦𝑦

𝑑𝑑𝑑𝑑 = �
𝑅𝑅

1 − (−1) 𝑑𝑑𝑑𝑑

= �
0

2𝜋𝜋

�
0

𝑎𝑎

2 𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃 = 2𝐴𝐴2𝜋𝜋
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Utilizing Green’s Theorem
If the closed curve runs clockwise or in a negative orientation,

then allow us to switch the sign

�
𝐶𝐶

𝑓𝑓 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑥𝑥 + 𝑔𝑔 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑦𝑦 = −�
𝑅𝑅

𝜕𝜕𝑔𝑔
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

𝑑𝑑𝑑𝑑

Remarks: 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = 𝑑𝑑𝑦𝑦𝑑𝑑𝑥𝑥 = 𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃

y

x

𝑅𝑅
𝑅𝑅

𝑅𝑅 𝐶𝐶

𝐶𝐶

𝐶𝐶
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Example 11.6:

Evaluate ∫𝐶𝐶 𝑭𝑭.𝑑𝑑𝒓𝒓 along 𝐶𝐶 is the clockwise oriented boundary of the region bounded by 
the parabolas 𝑥𝑥2 = 4𝑦𝑦 and 𝑦𝑦2 = 4𝑥𝑥 where 𝑭𝑭(𝑥𝑥,𝑦𝑦) = (5𝑥𝑥 − 𝑦𝑦)𝐢𝐢 + 3𝑥𝑥𝑦𝑦 𝐣𝐣. 

Solution:
Since 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 5𝑥𝑥 − 𝑦𝑦 and 𝑔𝑔 𝑥𝑥,𝑦𝑦 = 3𝑥𝑥𝑦𝑦. By the Green’s Theorem

�
𝐶𝐶

(5𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑥𝑥 + 3𝑥𝑥𝑦𝑦 𝑑𝑑𝑦𝑦

= −�
𝑅𝑅

𝜕𝜕 3𝑥𝑥𝑦𝑦
𝜕𝜕𝑥𝑥

−
𝜕𝜕 5𝑥𝑥 − 𝑦𝑦

𝜕𝜕𝑦𝑦
𝑑𝑑𝑑𝑑

= −�
0

4

�
𝑥𝑥2
4

2 𝑥𝑥

3𝑦𝑦 + 1 𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = −
512
15

y

xO

𝐶𝐶(4,4)

𝑦𝑦2 = 4𝑥𝑥

𝑥𝑥2 = 4𝑦𝑦

𝑅𝑅
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Exercise 11.2:

1) Evaluate ∫𝐶𝐶 𝑭𝑭.𝑑𝑑𝒓𝒓 along 𝐶𝐶 is the clockwise oriented boundary of the region bounded by 
the triangle with formed by the lines 𝑦𝑦 = 0, 𝑥𝑥 = 1 and 𝑦𝑦 = 2𝑥𝑥 where 

𝑭𝑭(𝑥𝑥,𝑦𝑦) = 𝑥𝑥2𝑦𝑦 + 1 𝐢𝐢 + 𝑥𝑥2𝐣𝐣. 
2) Evaluate ∫𝐶𝐶 𝑭𝑭.𝑑𝑑𝒓𝒓 along the plane bounded by the lines 𝑦𝑦 = 0, 𝑦𝑦 = 2𝑥𝑥 and 𝑦𝑦 = 3 − 𝑥𝑥

where 
𝑭𝑭(𝑥𝑥,𝑦𝑦) = (𝑒𝑒𝑥𝑥 + 5𝑥𝑥3)𝐢𝐢 + 2 + 𝑥𝑥𝑦𝑦 𝐣𝐣. 

3) Find the work done by the force field 𝐅𝐅 𝑥𝑥,𝑦𝑦 = 𝑒𝑒7𝑥𝑥 − 𝑦𝑦3 𝐢𝐢 + 𝑥𝑥3 𝐣𝐣 on a particle that 
travels once around the circle 𝑥𝑥2 + 𝑦𝑦2 = 2 in the counterclockwise direction.

[Ans:1) −5
6

2) −2 3) −6𝜋𝜋 ]
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Recall Vector Fields Operations
Expand the operation of a vector with ‘del’ operator where notation for gradient, ∇ :

𝛁𝛁 =
𝜕𝜕
𝜕𝜕𝑥𝑥

𝐢𝐢 +
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐣𝐣 +
𝜕𝜕
𝜕𝜕𝑧𝑧
𝐤𝐤

Divergence of vector field 𝐅𝐅 𝑥𝑥,𝑦𝑦, 𝑧𝑧 :

𝛁𝛁 � 𝐅𝐅 𝑥𝑥,𝑦𝑦, 𝑧𝑧 =
𝜕𝜕
𝜕𝜕𝑥𝑥

𝑓𝑓 𝑥𝑥,𝑦𝑦, 𝑧𝑧 +
𝜕𝜕
𝜕𝜕𝑦𝑦

𝑔𝑔 𝑥𝑥,𝑦𝑦, 𝑧𝑧 +
𝜕𝜕
𝜕𝜕𝑧𝑧

ℎ 𝑥𝑥,𝑦𝑦, 𝑧𝑧

A curl of vector field 𝐅𝐅 𝑥𝑥,𝑦𝑦, 𝑧𝑧 :

𝛁𝛁 × 𝐅𝐅 𝑥𝑥,𝑦𝑦, 𝑧𝑧 =

𝒊𝒊 𝒋𝒋 𝒌𝒌
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝑀𝑀 𝑥𝑥,𝑦𝑦, 𝑧𝑧 𝑁𝑁 𝑥𝑥,𝑦𝑦, 𝑧𝑧 𝑃𝑃 𝑥𝑥,𝑦𝑦, 𝑧𝑧
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Curl of vector field, 𝐅𝐅

Recall the ∇ operator defined as

∇=
𝜕𝜕
𝜕𝜕𝑥𝑥

𝒊𝒊 +
𝜕𝜕
𝜕𝜕𝑦𝑦

𝒋𝒋 +
𝜕𝜕
𝜕𝜕𝑧𝑧
𝒌𝒌.

If 𝑭𝑭(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝐢𝐢 + 𝑔𝑔(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝐣𝐣 + ℎ(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝐤𝐤 , then the curl of 𝐅𝐅 ,
(denoted by ∇ × 𝐅𝐅) can be written as:

curl 𝐅𝐅 = ∇ × 𝐅𝐅 =

𝐢𝐢 𝐣𝐣 𝐤𝐤
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝑓𝑓 𝑔𝑔 ℎ

=

𝐢𝐢 𝐣𝐣 𝐤𝐤
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝑓𝑓 𝑔𝑔 ℎ

𝐢𝐢 𝐣𝐣
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝑓𝑓 𝑔𝑔

=
𝜕𝜕ℎ
𝜕𝜕𝑦𝑦

−
𝜕𝜕𝑔𝑔
𝜕𝜕𝑧𝑧

𝐢𝐢 +
𝜕𝜕𝑓𝑓
𝜕𝜕𝑧𝑧

−
𝜕𝜕ℎ
𝜕𝜕𝑥𝑥

𝐣𝐣 +
𝜕𝜕𝑔𝑔
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

𝐤𝐤
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Example 11.7:
Calculate the curl of 𝑭𝑭 if

𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 2𝑧𝑧𝐢𝐢 + 3𝑥𝑥𝐣𝐣 + 5𝑦𝑦𝐤𝐤
Solution:

curl 𝑭𝑭 = ∇ × 𝑭𝑭 =

𝐢𝐢 𝐣𝐣 𝐤𝐤
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

2𝑧𝑧 3𝑥𝑥 5𝑦𝑦

=
𝜕𝜕 5𝑦𝑦
𝜕𝜕𝑦𝑦

−
𝜕𝜕 3𝑥𝑥
𝜕𝜕𝑧𝑧

𝐢𝐢 +
𝜕𝜕 2𝑧𝑧
𝜕𝜕𝑧𝑧

−
𝜕𝜕 5𝑦𝑦
𝜕𝜕𝑥𝑥

𝐣𝐣 +
𝜕𝜕 3𝑥𝑥
𝜕𝜕𝑥𝑥

−
𝜕𝜕 2𝑧𝑧
𝜕𝜕𝑦𝑦

𝐤𝐤

= 5𝐢𝐢 + 2𝐣𝐣 + 3𝐤𝐤

0 0 0
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Example 11.8:
Given that

𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑦𝑦𝑥𝑥2𝐢𝐢 + 2𝑦𝑦3𝑧𝑧𝐣𝐣 + 3𝑧𝑧𝐤𝐤
Find the curl of 𝑭𝑭 at the point 2,−1,𝜋𝜋 .
Solution:

curl 𝑭𝑭 = ∇ × 𝑭𝑭 =

𝐢𝐢 𝐣𝐣 𝐤𝐤
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝑦𝑦𝑥𝑥2 2𝑦𝑦3𝑧𝑧 3𝑧𝑧

=
𝜕𝜕 3𝑧𝑧
𝜕𝜕𝑦𝑦

−
𝜕𝜕 2𝑦𝑦3𝑧𝑧
𝜕𝜕𝑧𝑧

𝐢𝐢 +
𝜕𝜕 𝑦𝑦𝑥𝑥2

𝜕𝜕𝑧𝑧
−
𝜕𝜕 3𝑧𝑧
𝜕𝜕𝑥𝑥

𝐣𝐣 +
𝜕𝜕 2𝑦𝑦3𝑧𝑧
𝜕𝜕𝑥𝑥

−
𝜕𝜕 𝑦𝑦𝑥𝑥2

𝜕𝜕𝑦𝑦
𝐤𝐤

= −2𝑦𝑦3𝐢𝐢 − 𝑥𝑥2𝐤𝐤
�∇ × 𝑭𝑭
(2,−1,𝜋𝜋)

= −2 −1 3𝐢𝐢 − 22𝐤𝐤 = 2𝐢𝐢 − 4𝐤𝐤

000 0
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Let 𝑭𝑭 represents the velocity field of a flowing fluid and curl 𝑭𝑭 is the tendency of particles 
at the point 𝑥𝑥,𝑦𝑦, 𝑧𝑧 to rotate about the axis that points in the direction of curl 𝑭𝑭. 
If 𝑭𝑭 is a conservative vector field, then curl 𝑭𝑭 = 𝟎𝟎, which its fluid is called irrotational.
Example 11.9:
Determine if vector 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑥𝑥2𝐢𝐢 + 3𝑦𝑦𝐣𝐣 + 5𝑧𝑧 − 2 𝐤𝐤 is conservative?

Solution:

curl 𝑭𝑭 =

𝐢𝐢 𝐣𝐣 𝐤𝐤
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝑥𝑥2 3𝑦𝑦 5𝑧𝑧 − 2

=
𝜕𝜕 5𝑧𝑧 − 2

𝜕𝜕𝑦𝑦
−
𝜕𝜕 4𝑦𝑦
𝜕𝜕𝑧𝑧

𝐢𝐢 +
𝜕𝜕 𝑥𝑥2

𝜕𝜕𝑧𝑧
−
𝜕𝜕 5𝑧𝑧 − 2

𝜕𝜕𝑥𝑥
𝐣𝐣 +

𝜕𝜕 4𝑦𝑦
𝜕𝜕𝑥𝑥

−
𝜕𝜕 𝑥𝑥2

𝜕𝜕𝑦𝑦
𝐤𝐤

= 0𝐢𝐢 + 0𝐣𝐣 + 0𝐤𝐤 = 𝟎𝟎
Hence, 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑥𝑥2𝐢𝐢 + 3𝑥𝑥𝐣𝐣 + 5𝑧𝑧 − 2 𝐤𝐤 is conservative since curl 𝑭𝑭 = 𝟎𝟎.

000000
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Exercise 11.3:
1) Determine the curl of 𝑭𝑭 if

𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑥𝑥2 − 𝑦𝑦 𝐢𝐢 + 4𝑧𝑧𝐣𝐣 + 𝑥𝑥2𝐤𝐤
2)   Compute curl of 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = cos 3𝑥𝑥 𝐢𝐢 + 2𝑦𝑦 − 𝑦𝑦2 𝐣𝐣 + 𝑧𝑧 − 6𝑥𝑥3 𝐤𝐤 at point 1,−𝜋𝜋, 12 .
3) Determine if vector 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = sin 𝑥𝑥 𝐢𝐢 + 𝑦𝑦3𝐣𝐣 + 3 + 𝑒𝑒−5𝑧𝑧 𝐤𝐤 is conservative?
4) Determine if vector 

𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 2𝑦𝑦4 +
3𝑥𝑥2𝑦𝑦
𝑧𝑧2

𝐢𝐢 + 8𝑥𝑥𝑦𝑦 − 2 +
𝑥𝑥3

𝑧𝑧2
𝐣𝐣 + 𝑒𝑒2 −

𝑥𝑥3𝑦𝑦
𝑧𝑧3

𝐤𝐤

is conservative?

[Ans: 1) −4𝐢𝐢 − 2𝑥𝑥𝐣𝐣 + 𝐤𝐤 2) 18 3) Yes, 𝑭𝑭 is conservative.4) Not conservative since curl 𝑭𝑭 ≠ 𝟎𝟎 ]
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Divergence of vector field, 𝐅𝐅

Recall the ∇ operator defined as

∇=
𝜕𝜕
𝜕𝜕𝑥𝑥

𝒊𝒊 +
𝜕𝜕
𝜕𝜕𝑦𝑦

𝒋𝒋 +
𝜕𝜕
𝜕𝜕𝑧𝑧
𝒌𝒌.

If 𝑭𝑭(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝐢𝐢 + 𝑔𝑔(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝐣𝐣 + ℎ(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝐤𝐤, then 
the divergence of 𝐅𝐅, (denoted by ∇ � 𝐅𝐅) can be written as:

div 𝐅𝐅 = ∇ � 𝐅𝐅 =
𝜕𝜕
𝜕𝜕𝑥𝑥

,
𝜕𝜕
𝜕𝜕𝑦𝑦

,
𝜕𝜕
𝜕𝜕𝑧𝑧

� 𝑓𝑓,𝑔𝑔,ℎ =
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

+
𝜕𝜕𝑔𝑔
𝜕𝜕𝑦𝑦

+
𝜕𝜕ℎ
𝜕𝜕𝑧𝑧
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Example 11.10:
Determine the divergence of
i. 𝑭𝑭(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 2𝑥𝑥𝐢𝐢 + 3𝑦𝑦𝐣𝐣 + 4𝑧𝑧𝐤𝐤.
ii. 𝑭𝑭(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = (𝑥𝑥𝑦𝑦3𝑧𝑧2)𝐢𝐢 + (sin 𝑥𝑥 + 𝑦𝑦3)𝐣𝐣 + (𝑥𝑥𝑦𝑦𝑧𝑧)𝐤𝐤 at the point (2,1,0). 

Solution:

∇ � 𝐅𝐅 =
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

+
𝜕𝜕𝑔𝑔
𝜕𝜕𝑦𝑦

+
𝜕𝜕ℎ
𝜕𝜕𝑧𝑧

i. ∇ � 𝐅𝐅 = 𝜕𝜕 2𝑥𝑥
𝜕𝜕𝑥𝑥

+ 𝜕𝜕 3𝑦𝑦
𝜕𝜕𝑦𝑦

+ 𝜕𝜕 4𝑧𝑧
𝜕𝜕𝑧𝑧

= 2 + 3 + 4 = 9

ii. ∇ � 𝐅𝐅 = 𝜕𝜕 𝑥𝑥𝑦𝑦3𝑧𝑧2

𝜕𝜕𝑥𝑥
+ 𝜕𝜕 sin 𝑥𝑥+𝑦𝑦3

𝜕𝜕𝑦𝑦
+ 𝜕𝜕 𝑥𝑥𝑦𝑦𝑧𝑧

𝜕𝜕𝑧𝑧
= 𝑦𝑦3𝑧𝑧2 + 3𝑦𝑦2 + 𝑥𝑥𝑦𝑦

|∇ � 𝐅𝐅 (2,1,0) = (1)3(0)2+3(1)2+ 2 1 = 5
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Exercise 11.4:
1) Determine the divergence of
i. 𝑭𝑭(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 7𝑥𝑥𝐢𝐢 + 𝑦𝑦𝐣𝐣 + 2𝑧𝑧𝐤𝐤.
ii. 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑥𝑥𝑦𝑦𝑧𝑧𝐢𝐢 + 2𝑥𝑥𝑦𝑦𝑧𝑧𝐣𝐣 − 3𝑥𝑥𝑦𝑦𝑧𝑧𝐤𝐤. 
iii. 𝑭𝑭(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = (𝑥𝑥𝑦𝑦3𝑧𝑧 − 𝑒𝑒𝑧𝑧)𝐢𝐢 + (2𝑦𝑦2 − sin 𝑧𝑧)𝐣𝐣 + (𝑒𝑒𝑥𝑥𝑦𝑦𝑧𝑧)𝐤𝐤 at the point (0,1,5). 

2) Verify div curl 𝑭𝑭 = 0 for the vector field 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑥𝑥𝑧𝑧𝐢𝐢 + 𝑥𝑥3𝑧𝑧𝐣𝐣 + 𝑦𝑦𝑧𝑧𝐤𝐤 .

[Ans: 1)i. 10 ii. 𝑦𝑦𝑧𝑧 + 2𝑥𝑥𝑧𝑧 − 3𝑥𝑥𝑦𝑦 iii. 9]
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Application of Green’s Theorem

Recall that the area, 𝑑𝑑 of a region 𝑅𝑅 with the following double integral

𝑑𝑑 = �
𝑅𝑅

𝑑𝑑𝑑𝑑

If closed curve 𝐶𝐶 is the boundary of the region 𝑅𝑅; it allow us to use Green’s Theorem in reverse 
to compute the region 𝑅𝑅 by evaluating the following integrals

𝑑𝑑 = �
𝐶𝐶

𝑥𝑥 𝑑𝑑𝑦𝑦 = −�
𝐶𝐶

𝑦𝑦 𝑑𝑑𝑥𝑥 =
1
2
�
𝐶𝐶

𝑥𝑥 𝑑𝑑𝑦𝑦 − 𝑦𝑦𝑑𝑑𝑥𝑥
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Properties of Curl and Divergence

Recall that a gradient vector with 𝜑𝜑 as a function of three variables, grad 𝜑𝜑 and has continuous 
second order partial derivatives is denoted as 𝛁𝛁𝜑𝜑 = 𝜕𝜕𝜑𝜑

𝜕𝜕𝑥𝑥
𝒊𝒊 + 𝜕𝜕𝜑𝜑

𝜕𝜕𝑦𝑦
𝒋𝒋 + 𝜕𝜕𝜑𝜑

𝜕𝜕𝑧𝑧
𝒌𝒌.

The curl of its gradient is

𝛁𝛁 × 𝛁𝛁𝜑𝜑 =

𝒊𝒊 𝒋𝒋 𝒌𝒌
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝜕𝜕𝜑𝜑
𝜕𝜕𝑥𝑥

𝜕𝜕𝜑𝜑
𝜕𝜕𝑦𝑦

𝜕𝜕𝜑𝜑
𝜕𝜕𝑧𝑧

=
𝜕𝜕2𝜑𝜑
𝜕𝜕𝑦𝑦𝜕𝜕𝑧𝑧

−
𝜕𝜕2𝜑𝜑
𝜕𝜕𝑧𝑧𝜕𝜕𝑦𝑦

𝐢𝐢 +
𝜕𝜕2𝜑𝜑
𝜕𝜕𝑧𝑧𝜕𝜕𝑥𝑥

−
𝜕𝜕2𝜑𝜑
𝜕𝜕𝑥𝑥𝜕𝜕𝑧𝑧

𝐣𝐣 +
𝜕𝜕2𝜑𝜑
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

−
𝜕𝜕2𝜑𝜑
𝜕𝜕𝑦𝑦𝜕𝜕𝑥𝑥

𝐤𝐤

Since 𝜑𝜑 has continuous second order partial derivatives, where any form of multiple derivative 

expression is 𝜕𝜕
2𝜑𝜑

𝜕𝜕𝑦𝑦𝜕𝜕𝑧𝑧
= 𝜕𝜕2𝜑𝜑

𝜕𝜕𝑧𝑧𝜕𝜕𝑦𝑦
. Hence, 𝛁𝛁 × 𝛁𝛁𝜑𝜑 = 0 𝐢𝐢 + 0 𝐣𝐣 + 0 𝐤𝐤 = 𝟎𝟎

Thus, the curl of its gradient is the zero vector.
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Properties of Curl and Divergence

If a conservative vector field, 𝐅𝐅 can be written as the gradient of a function, 𝐅𝐅 = 𝛁𝛁𝜑𝜑. 
The curl of any conservative vector field 𝐅𝐅 is zero vector. 𝛁𝛁 × 𝐅𝐅 = 𝟎𝟎

The divergence of a curl is dot product of the two vector:

𝛁𝛁 � 𝛁𝛁 × 𝐅𝐅 =
𝜕𝜕
𝜕𝜕𝑥𝑥

,
𝜕𝜕
𝜕𝜕𝑦𝑦

,
𝜕𝜕
𝜕𝜕𝑧𝑧

� 0,0,0 = 0 𝐢𝐢 + 0 𝐣𝐣 + 0 𝐤𝐤 = 𝟎𝟎

Hence, the divergence of a curl is zero vector.
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The relationship between the curl and the divergence is given by the following fact
div curl 𝑭𝑭 = 0.

Example 11.11:
Verify div curl 𝑭𝑭 = 0 for the vector field 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑦𝑦𝑥𝑥2𝐢𝐢 + 2𝑦𝑦3𝑧𝑧𝐣𝐣 + 3𝑧𝑧𝐤𝐤 .

Solution:
First compute the curl

curl 𝑭𝑭 =

𝐢𝐢 𝐣𝐣 𝐤𝐤
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝑦𝑦𝑥𝑥2 2𝑦𝑦3𝑧𝑧 3𝑧𝑧

= −2𝑦𝑦3𝐢𝐢 − 𝑥𝑥2𝐤𝐤

Now compute the divergence of it

div curl 𝑭𝑭 =
𝜕𝜕
𝜕𝜕𝑥𝑥

,
𝜕𝜕
𝜕𝜕𝑦𝑦

,
𝜕𝜕
𝜕𝜕𝑧𝑧

� −2𝑦𝑦3, 0,−𝑥𝑥2 = 0
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Exercise 11.5:
1. If 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑥𝑥2𝐢𝐢 + 𝑥𝑥𝑦𝑦𝑒𝑒𝑥𝑥𝐣𝐣 + sin 𝑧𝑧 𝐤𝐤 , find div curl 𝑭𝑭 = 0 .
2. Verify div curl 𝑭𝑭 = 0 for the vector field 𝑭𝑭 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝑦𝑦𝑥𝑥3𝐢𝐢 − 5𝑦𝑦3𝑧𝑧𝐣𝐣 + sin 𝑧𝑧 𝐤𝐤 .

[Ans: 1. 0 2. 0]
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