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Lesson Outcomes

Upon completion of this lesson, students should be able to:
* evaluate triple integral in Spherical coordinates.

* compute moment and center of gravity of an object.
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Spherical Coordinates
In spherical coordinates, a point P in R? is represented by three coordinates (p, ¢, 9).

= p is the distance from the originto P. (0 < p < o)

= ¢ is the angle between the positive z-axis and the line P(p, $,0)
®
OP. (0<¢ <m) o
= 0 is the same angle as in cylindrical coordinates; it 0
T
measures rotation about the z-axis relative to the x ‘/9>\D Y

ositive x-axis. (0 <60 <2nm
P ( ) Figure: Spherical coordinates
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Let f be continuous over the region

D={(p,¢,0):g(,0)<p<h(p,0)asdp<ba<b<p}
Then f is integrable over D and the triple integral of f over D in spherical coordinates is

JIf ro. .00 = j B f b | O 0, 9,0)p?sing dp dp do
D

g(¢,0)
Z
t 1 X = psingcoso,
T ¢9=a . .
p = h(¢,0) y = psing¢gsing,
5:_;, 3—1'; 1 L'nl . Z — p COS ¢,
\ >y el 4
,/ p=9(0) x NN x% +y% + 7% = p*
x p=g(¢6) w  I=F

p=hp0) 0=a

‘@ ®®@| Figure: Interval of spherical coordinates
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Example 9.1:
Identify the ranges of p, ¢ and 6 for the following solids.

1) 2) Z 3) z
L2
TR
X y
Solutions: x
1) 0<p<4 0<¢p<Z7, 0<O<2m
2) 0<p<2 0<¢p<—, 0<O<-
3) 0<p<1, 0<sp<-, 0<O<m

[@lekcle]
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Exercise 9.1:

Sketch the 3D region defined by the given ranges.

1)

[@lekcle]

Z

12

23’

2)

z 3) ,
1 13
/—11—>
x y .
X

A sphere with radius of 2 A sphere with an empty sphere

of radius 1 centred at the origin

[Ans:0<p<2 0<¢p<-, 0<6<2m

0<p<1 0<¢p<m 0<0 <2m;
1<p<3 0<p<m 0<6<2n]
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Example 9.2:

Given D is the portion of a sphere of radius 3 in the first octant. Evaluate the
following integral.

fffD JxZ +y2+z2dV
Solution:

fffD JxZ+y2+z2dV
= [2 12 s (Jp?) p? sin ¢ dp dp d6 g
B T T 3 3 .
—f J¢ 1, PP sing dp dep db A/3/R\‘3\~y
—f J2 [ ] sin ¢ d¢ db .
=f2f2—smqb dgde

81m

‘@®@@|———f [cos ¢]? d@——f21d6—7
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Example 9.3:

Evaluate the integral [ff 2(x* +y* + z*) dV given D is the hemisphera.

Solution:

JII, 2(x* +y? +2z%)dv
= 7" 2 [2@p?) p? sind dp dgp dO

=f2nf5f22p4singbdp do do

= [ [z [2p] sin ¢ dep dO :
= [ g%sincp d¢ do

64 (21T = 64 (21T 128m
=-=J [cosqb]éd@z?fo 1d0 = —

[@lecie] 5
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Example 9.4:
Evaluate the following integral using spherical coordinates.

f f4 ¥ f\/4 AP +y%+2z% dzdydx

Solution:

f_zz fom fo\/4_x2_y2 x%+y%+z? dzdydx

= [T J7 120 p? sin  dp dep d6

= [T Jz J7 p*sinpdp e d

_ ’%SE sin ¢ d¢p de 2
= Ef”ﬁsingbdgb do

y
= [coscp]de——f 1de =222 /%

@il
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Exercise 9.2:
1) Sketch the solid and carry out the integration.
2 2 .
Iy Jo Jo p?sing dp dde

What is the value of this integration representing?

321

[Ans:T]
2) Evaluate the following integral using spherical coordinates.
1 V1-x2 [ J1-x2—y2 1
fo fo fo X2 +y2 422 dz dy dx
[Ans:%]

3) Given Q is the unit ball: x? + y* + z? < 1. Evaluate the following integral.
3
[, cos (x* +y* +z%)z dV

080 [Ans: = sin 1]
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Exercise 9.2:

4) Given Q is bounded by the hemisphere z = —\/9 — x% — y# and the xy-plane.
Evaluate the following integral.

ffo Jx2+y2 + 22 dV

81m
[Ans. T]

2 _
5) Evaluate [ f\/ﬁf\/\}l xxz_le Jx2+y? + 22 dz dy dx.

[Ans:E]
6) Find the volume of the solid region D that lies inside the cone ¢ = % and inside

the sphere p = 4.

641

‘@@@@| [Ans: — (2 — V3)]
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Moment and Centre of Gravity

Introduction
What is moment? => Turning effect of a force

The single object of mass 2m has the same turning effect as the two objects each of mass m:
2m

m m
Z 1 . Z 1.5 .
< 2 S
Moment = (1)(m) + (2)(m) = 3m Moment = (1.5)(2m) = 3m

Hence, if we have the following situation, the system is in balance:

Moment = (1.5)(2m) = 3m Moment = (1)(m) + (2)(m) = 3m

2m
m m
1.5 Z 1

[@lekcle] ‘ g

»
>

A A




W OpenCourseWare | ocw.utem.edu.my
1'l Universiti Teknikal Malaysia Melaka
Moment and Centre of Gravity for Lamina

Discrete Case

One-Dimensional:
Given four mass, m;, tabulated in one-dimensional at location x;, respectively, as follows:

X1 X2 X3 X4
M omyxqy +myxy +maxy +myuXxy
center of mass = x = =
m m1 + mz + m3 + m4

In general:
n
Moment of mass M  Y;_;m;X;

X =

©o89) mass m my
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Two-Dimensional:
Given four mass, m;, tabulated at point (x;, y;), respectively, as follows:

m, +
O -1 2 m
(%2,Y2) o’
—+ 1  (x3,¥3)
U R R I R T
| | | | | 0 | | | | |
5 4 3 2 -1 4,1 2 3 4 5 (X4, ¥4)
M ® (x1,y1) -2
v
¥ = M _— miX1+MyX+M3X3+myx, — _ M _ miy;+tmyy,+tmzys;+myy,
m mq+m,+ms+my ’ Y m mq+m,+ms+my
In general:
- Moment  Y;_;m;x; 5 = Moment  Y;_;m;y;
_ _ n ) _ _ n
mass Tom; mass Tomy

[@ @@@| Center of mass/gravity = (i, y)
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Exercise 9.3:

Given R
m=3 center of mass
o 1T 2 2
(-=1.5,1.5) m=1
—+ 1.7 (351)e
-l ey ) gm=2
I I I I ) I I I I | £ 0
5 4 -3 -2 -1 ——_11 2 3 4 5(’)
m=20((-3-2) 42
\ 4

Find the center of mass of the system.
[Ans: (0.375, 0.1875)]

[@lekcle]
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Continuous Case

One-Dimensional:
Given a thin rod or wire on the interval [a, b] with a density o(x), the center of mass

is located at the point

M
X =

3 |

where total moment M and total mass m are

M = ff xo(x)dx and m = ff o(x) dx

[@lecie]
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Two-Dimensional:

Given a region R with an area density o(x, y), the center of massis (X,Vy) :
M, JI, xo(x,y)dA

], o(x,y)dA

X

Mx — ffR yG(X,y) dA
mo ], o(x,y)dA

37:

If o(x,y) is a constant, the centre of mass is called centroid.
* M; involves distances from i-axis and density = mass per unit area

[@lekcle]
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Example 9.5:
Suppose a thin uniform 3-m rod is made of silver whose density in kg/m is

o(x) = 1.5, where 0 < x < 3. Find the centroid of the rod.

Solution:

M fcf xo(x) dx
X = — = >
m- [ o(x)dx

Since the density is a constant, where they can be cancelled out by each other,

X

,13
b 3 -5 9
faxdx_foxdx_lzlo_§_§ ,
- =3 =3 =35 = meter
[[1dx [ 1dx [x]o

X =

@il
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Example 9.6:

Find the center of mass of the following region R with density a(x,y) = x + 1.

y
Solution:

1 7
My:ffR xG(x»Y)dA=fO f;cx(x+1)dydx=a 1

= ffR }’G(x,y) dA = fol foxy(x + 1) dydx _ %

m= [, o(ey)dA = [} [F(x+1)dydx =2

Hence,
7 7
f=My=ﬁ=l }_/zMx:ﬂ:l
m 5 10 ° m 5 20
S0eo 6 6
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Moment of Inertia for Lamina in 2D
About x-axis: I, = [, y*o(x,y)dA
About y-axis: I, = [[ x?c(x,y)dA

About the origin: I, = [[, (x* + y*)o(x,y)dA
= I +]1,

[@lecie]
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Example 9.7:
Given the rectangular plate in first quadrant bounded by x = 4 and y = 1 with
o(x,y) = x2. Find the moment of inertia about the y-axis.

Solution:
= [f, x*0(x,y)dA y
= [y Jy ¥*(x?) dy dx 1|
= f04f01x4 dy dx oy
= [ Tx*y]} dx

5 4
x4 dx = [x—] = 204.8
5 0

[@lecie]
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Exercise 9.4:
1) Suppose a thin 2-m bar is made of an alloy whose density in kg/m is

o(x) =1+ x%, where 0 < x < 2. Find the center of mass of the bar.
[Ans: 9/7 meter]

2) Find the centroid of the following shaded region.
y [Ans: (0.217, 0)]

y=e€ )
' X
In 2
— 1 —X

[@lecie]
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Exercise 9.4:
3) Find the center of mass of the following shaded region.

y

A

(0'1) O'(X, y) =2- y

[Ans: (0, 4/9)]

R

> X

(—1,0) (1,0)

What is the center of mass if the density is changed into o(x,y) = x + y?
[Ans: (2/3, 2/3)]

4) Given the triangular plate in first quadrant bounded by x + y = 4 with

o(x,y) = y. Find the moment of inertia about the x-axis.
[Ans: 256/5]

@il
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@il

Moment and Centre of Gravity for Solid in 3D
First Moment Formulas for Solid in 3D

Given a solid D with a density o(x, v, z),

Mass, m = [[f  o(x,y,z)dV

Moment about xy-plane: My, = [f[  zo(x,y,z)dV
Moment about xz-plane: M, = [ff yo(x,y,z)dV
Moment about yz-plane: M, = [[[, xo(x,y,z)dV

Center of Mass:

My, My, My

X = ) y _ ) Z =
m m m

* M;; involves distances from ij-plane
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Example 9.8:

Find the center of mass of the solid D with the density o(x,y,z) = x + z, where
D={(xy,2):0<x7yz<1}
Solution:

m=[[[, o(x,y,z)dV = fol f01 folx + zdzdydx = 1

1 01 01 .
Mxy = [Jf, zo(x.y,2)dV = [ [, [ z(x + z) dzdydx = —
= [If, yotoy, 2y av = [ [ [ y(x + 2) dzdydx = 2
= [ff, xo(x,y,2)dV = [} [ [, x(x + 2) dzdydx = —
Center of Mass:
szyzzl _=Mx2=1 Z:Mxy_l
m 12’ Y m 2’ m 12

@il
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Exercise 9.5:
1) Find the mass of the solid cylinder

D={(r0,2):0<r<30<6<2m0<z<2}

with density o(r,0,z) = 5e~ T

2) Find the centroid of mass of the following solid cone.
Z
41
z=4—/x?+ y?

——(xy 2 =7

/
/o Ty

‘@®®@| R={(r0)0<r<40<60<2nm

[Ans: 10 (1 — e™?)]

[Ans: (0,0,1)]
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Moment of Inertia for Solid in 3D

Moment of Inertia is also known as Second
Moment of Mass

Continuous Case:
About x-axis: I, = [[[, (y* +2z*)a(x,y,2) dV

About y-axis: I, = [[[, (x* +z*)o(x,y,2)dV

About z-axis: I, = [[[, (x* +y*)o(x,y,z)dV

[@lekcle]

*What is the Inertia??

Tendency of an object to
remain at its stage or to
resist the change in motion.

Due to inertia, passenger feels jerk
when brake is applied
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What is the Moment of Inertia??

Measurement of an object's resistance to changes in a rotation direction

More force is needed to twirl a
rod when the mass distributed
away from the spin axis

—

Smaller moment Larger moment
of inertia of inertia

[@lekcle]

Less force is needed to twist a
rod when the mass concentrated
around spin axis

An object with
larger

moment of
inertia needs
more force to
change its
movement from
current stage /
direction.

Real Life Application:

A skater can spin
faster by reducing
their average radius
(holding arms at
chest) to decrease
their

moment of inertia.
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Example 9.9:
Find the moment of inertia about the x-axis of cylindrical solid bounded by
x?+vy%=1,z=0andz = 2, with o(x,y,z) = z. Next, find the moment of

inertia about the z-axis and y-axis .

Solution:

om

Ix — fffD (yZ + ZZ)O'(X, vy, Z) dV = fOZTC fol foz(’r'z Sil’l2 0 + ZZ)Z dz rdrdf = 7

I, = [I], *+y*)o(x,y,z)dV = fozn fol foz(rz)z dzrdrdf =7

ot

L= [ff, «*+2z%)o(x,y,2)dV = fozn fol foz(rz cos? 0 + z%)zdz rdrdf = —

@il
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Exercise 9.6:

Find the moment of inertia about the z-axis of cylindrical solid bounded by
x?+vy?=4,z=0andz = 3, with o(x,y,z) = 5. Next, find the moment

of inertia about the x-axis.
[Ans: 1207, 240m]

[@lekcle]
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THANK YOU

[@lekcle]
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