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Lesson Outcomes

Upon completion of this lesson, students should be able to:

• evaluate triple integral over non-rectangular regions in Cartesian 

coordinates.

• evaluate triple integral in Cylindrical Coordinates.
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Volume (Triple Integrals)

Triple integral can be used to solve for the volume of a three-dimensional solid, 𝐷𝐷. 
The formula of volume is

𝑉𝑉 = �
𝐷𝐷

𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧) 𝑑𝑑𝑑𝑑 where 𝑓𝑓 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 1

We may integrate in any of the orders; hence we will analyze the solid 𝐷𝐷 to choose 
the order that is the easiest in terms of computation of the integral.
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There are three different possibilities for a 

3-Dimensional region.

1st possibility:

The solid 𝐷𝐷 as shown in the figure is defined as

𝐷𝐷 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧 : 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅,𝑔𝑔 𝑥𝑥,𝑦𝑦 ≤ 𝑧𝑧 ≤ 𝑓𝑓 𝑥𝑥,𝑦𝑦 .

Hence,

Volume = �
𝑅𝑅
�
𝑔𝑔 𝑥𝑥,𝑦𝑦

𝑓𝑓 𝑥𝑥,𝑦𝑦
1𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 𝑥𝑥

𝑧𝑧

𝑅𝑅

𝑧𝑧 = 𝑓𝑓(𝑥𝑥,𝑦𝑦)

𝑦𝑦

𝑅𝑅

𝑧𝑧 = 𝑔𝑔(𝑥𝑥,𝑦𝑦)

Projection of the solid D in the 𝑥𝑥𝑥𝑥-plane
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2nd possibility:

The solid 𝐷𝐷 as shown in the figure is defined as

𝐷𝐷 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧 : 𝑥𝑥, 𝑧𝑧 ∈ 𝑅𝑅,𝑔𝑔 𝑥𝑥, 𝑧𝑧 ≤ 𝑦𝑦 ≤ 𝑓𝑓 𝑥𝑥, 𝑧𝑧 .

Hence,

Volume = �
𝑅𝑅
�
𝑔𝑔 𝑥𝑥,𝑧𝑧

𝑓𝑓 𝑥𝑥,𝑧𝑧
1𝑑𝑑𝑦𝑦 𝑑𝑑𝑑𝑑

𝑥𝑥

𝑧𝑧

𝑦𝑦 = 𝑓𝑓(𝑥𝑥, 𝑧𝑧)𝑦𝑦 = 𝑔𝑔(𝑥𝑥, 𝑧𝑧)

Projection of the solid D in the 𝑥𝑥𝑥𝑥-plane

𝑦𝑦

𝑅𝑅
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3rd possibility:

The solid 𝐷𝐷 as shown in the figure is defined as

𝐷𝐷 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧 : 𝑦𝑦, 𝑧𝑧 ∈ 𝑅𝑅,𝑔𝑔 𝑦𝑦, 𝑧𝑧 ≤ 𝑥𝑥 ≤ 𝑓𝑓 𝑦𝑦, 𝑧𝑧 .

Hence,

Volume = �
𝑅𝑅
�
𝑔𝑔 𝑦𝑦,𝑧𝑧

𝑓𝑓 𝑦𝑦,𝑧𝑧
1𝑑𝑑𝑥𝑥 𝑑𝑑𝑑𝑑

𝑥𝑥

𝑧𝑧

𝑥𝑥 = 𝑓𝑓(𝑦𝑦, 𝑧𝑧)

𝑥𝑥 = 𝑔𝑔(𝑦𝑦, 𝑧𝑧)

𝑅𝑅

Projection of the solid D in the 𝑦𝑦𝑦𝑦-plane



OpenCourseWare | ocw.utem.edu.my
Universiti Teknikal Malaysia Melaka

Example 8.1:

Find all the three possible integrals for the volume of the solid 𝐷𝐷.

Solution:
The first possible integral has the region 
lies in 𝑥𝑥𝑥𝑥-plane and the solid is bounded by planes 𝑧𝑧 = 0 and 𝑧𝑧 = 1:

𝑅𝑅

𝑦𝑦

𝑥𝑥
3

2

𝑥𝑥

𝑧𝑧

𝑦𝑦

1

2
3

𝑧𝑧 = 1

𝑧𝑧 = 0

Volume = �
0

3
�
0

2
�
0

1
1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑥𝑥

𝑧𝑧

𝑦𝑦

1

23

𝑧𝑧 = 1

𝑧𝑧 = 0
𝐷𝐷
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Solution:

The second possible integral has the region lies in 𝑦𝑦𝑦𝑦-plane and the solid is 

bounded by planes 𝑥𝑥 = 0 and 𝑥𝑥 = 3:

𝑅𝑅

𝑧𝑧

𝑦𝑦
2

1

𝑥𝑥

𝑧𝑧

𝑦𝑦

1

23

𝑥𝑥 = 0

𝑥𝑥 = 3
Volume = �

0

2
�
0

1
�
0

3
1𝑑𝑑𝑑𝑑𝑑𝑑𝑧𝑧𝑑𝑑𝑦𝑦
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Solution:

The third possible integral has the region lies in 𝑥𝑥𝑥𝑥-plane and the solid is bounded 

by planes 𝑦𝑦 = 0 and 𝑦𝑦 = 2:

𝑅𝑅

𝑧𝑧

𝑥𝑥
3

1

Volume = �
0

3
�
0

1
�
0

2
1𝑑𝑑𝑑𝑑𝑑𝑑𝑧𝑧𝑑𝑑𝑑𝑑

𝑥𝑥

𝑧𝑧

𝑦𝑦

1

23

𝑦𝑦 = 2

𝑦𝑦 = 0
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Example 8.2:

Find all the three possible integrals for the volume of the solid 𝐷𝐷.

Solution:
The first possible integral has the region 
lies in 𝑥𝑥𝑥𝑥-plane and the solid is bounded by planes 𝑧𝑧 = 0 and 𝑧𝑧 = 6:

Volume = �
0

2
�
0

4−2𝑥𝑥
�
0

6
1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑧𝑧

𝑦𝑦

𝑥𝑥2

𝑧𝑧 = 6

𝑦𝑦 = 4 − 2𝑥𝑥

𝑦𝑦

𝑥𝑥
2

4

𝑅𝑅

𝑦𝑦 = 4 − 2𝑥𝑥

2

4

𝑧𝑧 = 0

𝑧𝑧 = 6
𝑧𝑧

𝑦𝑦

𝑥𝑥
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Solution:

The second possible integral has the region 

lies in 𝑦𝑦𝑦𝑦-plane and the solid is bounded by planes 𝑥𝑥 = 0 and 𝑥𝑥 = 4−𝑦𝑦
2

:

Volume = �
0

4
�
0

6
�
0

4−𝑦𝑦
2

1𝑑𝑑𝑑𝑑𝑑𝑑𝑧𝑧𝑑𝑑𝑦𝑦

𝑧𝑧

𝑦𝑦
4

6

𝑅𝑅

2

𝑥𝑥 =
4 − 𝑦𝑦

2

𝑥𝑥 = 0
𝑧𝑧

𝑦𝑦

𝑥𝑥

6

4
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Solution:

The third possible integral has the region 

lies in 𝑥𝑥𝑥𝑥-plane and the solid is bounded by planes 𝑦𝑦 = 0 and 𝑦𝑦 = 4 − 2𝑥𝑥:

Volume = �
0

2
�
0

6
�
0

4−2𝑥𝑥
1𝑑𝑑𝑑𝑑𝑑𝑑𝑧𝑧𝑑𝑑𝑥𝑥

𝑧𝑧

𝑥𝑥
2

6

𝑅𝑅

2 𝑦𝑦 = 4 − 2𝑥𝑥

𝑦𝑦 = 0

𝑧𝑧

𝑦𝑦

𝑥𝑥

6
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Exercise 8.1:
Write out the three possible triple integrals for the volume of the solid, and then 
find the volume.

1) Find the volume of the rectangular solid bounded by planes 𝑧𝑧 = 2, 𝑦𝑦 = 1, 
𝑥𝑥 = 1 and the three coordinate planes.

[Ans: ∫0
1 ∫0

1 ∫0
2 1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 or 

∫0
1 ∫0

2 ∫0
1 1𝑑𝑑𝑥𝑥𝑑𝑑𝑧𝑧𝑑𝑑𝑦𝑦 or 

∫0
1 ∫0

2 ∫0
1 1𝑑𝑑𝑦𝑦𝑑𝑑𝑧𝑧𝑑𝑑𝑥𝑥 ;

𝑉𝑉 = 2]
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Exercise 8.1:
2) Find the volume of the solid lying in the first octant and bounded by the 

graphs of 𝑧𝑧 = 4 − 𝑥𝑥2, 𝑥𝑥 = 0, 𝑦𝑦 = 4, 𝑦𝑦 = 0 and 𝑧𝑧 = 0. 

[Ans: ∫0
2 ∫0

4 ∫0
4−𝑥𝑥2 1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 or ∫0

4 ∫0
4 ∫0

4−𝑧𝑧 1𝑑𝑑𝑥𝑥𝑑𝑑𝑧𝑧𝑑𝑑𝑦𝑦

or ∫0
2 ∫0

4−𝑥𝑥2 ∫0
4 1𝑑𝑑𝑦𝑦𝑑𝑑𝑧𝑧𝑑𝑑𝑑𝑑 ;𝑉𝑉 = 64

3
]

3) Find the volume of the tetrahedron bounded by the plane 2𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 = 2
and the three coordinate planes.

[Ans: ∫0
1 ∫0

2−2𝑥𝑥 ∫0
2−2𝑥𝑥−𝑦𝑦 1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 or ∫0

2 ∫0
2−𝑦𝑦 ∫0

1−12𝑦𝑦−
1
2𝑧𝑧 1𝑑𝑑𝑥𝑥𝑑𝑑𝑧𝑧𝑑𝑑𝑦𝑦

or ∫0
1 ∫0

2−2𝑥𝑥 ∫0
2−2𝑥𝑥−𝑧𝑧 1𝑑𝑑𝑦𝑦𝑑𝑑𝑧𝑧𝑑𝑑𝑑𝑑 ;𝑉𝑉 = 2

3
]
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Example 8.3:
Find the volume of the solid lying in the first octant bounded by 𝑥𝑥 + 2𝑦𝑦 + 𝑧𝑧 = 4.

Solution:

∫0
4 ∫0

2− 1
2𝑥𝑥 ∫0

4−𝑥𝑥−2𝑦𝑦 1 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ∫0
4 ∫0

2−12𝑥𝑥 4 − 𝑥𝑥 − 2𝑦𝑦 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ∫0
4 4 − 𝑥𝑥 𝑦𝑦 − 𝑦𝑦2 0

2−12𝑥𝑥 𝑑𝑑𝑑𝑑

= ∫0
4 4 − 𝑥𝑥 (2 − 1

2
𝑥𝑥) − 2 − 1

2
𝑥𝑥

2
𝑑𝑑𝑑𝑑

= ∫0
4 1
4
𝑥𝑥2 − 2𝑥𝑥 + 4 𝑑𝑑𝑑𝑑

= 1
12
𝑥𝑥3 − 𝑥𝑥2 + 4𝑥𝑥

0

4
= 16

3
𝑥𝑥

𝑦𝑦

𝑧𝑧

2
4

4

𝑧𝑧 = 4 − 𝑥𝑥 − 2𝑦𝑦

𝑦𝑦

𝑥𝑥
2

4
𝑅𝑅
𝑦𝑦 = 2 −

1
2 𝑥𝑥
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Example 8.4:
Find the volume of the solid lying in the first octant bounded by 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 = 2 and 
𝑧𝑧 = 1.

Solution:
∫0
1 ∫0

1−𝑥𝑥 ∫1
2−𝑥𝑥−𝑦𝑦 1 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ∫0
1 ∫0

1−𝑥𝑥 𝑧𝑧 1
2−𝑥𝑥−𝑦𝑦 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ∫0
1 ∫0

1−𝑥𝑥 1 − 𝑥𝑥 − 𝑦𝑦 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ∫0
1 1 − 𝑥𝑥 𝑦𝑦 − 𝑦𝑦2

2 0

1−𝑥𝑥
𝑑𝑑𝑑𝑑

= 1
2 ∫0

1 1 − 2𝑥𝑥 + 𝑥𝑥2 𝑑𝑑𝑑𝑑

= 1
2
𝑥𝑥 − 𝑥𝑥2 + 𝑥𝑥3

3 0

1
= 1

6

𝑥𝑥

𝑦𝑦

𝑧𝑧

1

1

2
𝑧𝑧 = 2 − 𝑥𝑥 − 𝑦𝑦

1

𝑦𝑦

𝑥𝑥

1

1

𝑅𝑅

𝑦𝑦 = 1 − 𝑥𝑥
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Example 8.5:
Find the volume of the solid lying in the first octant bounded by the surface 𝑧𝑧 = 2 − 𝑦𝑦2, 
and plane 𝑥𝑥 = 3.

Solution:

∫0
3 ∫0

2 ∫0
2−𝑦𝑦2 1 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ∫0
3 ∫0

22 − 𝑦𝑦2 𝑑𝑑𝑑𝑑𝑑𝑑𝑥𝑥

= ∫0
3 2𝑦𝑦 − 𝑦𝑦3

3 0

2
𝑑𝑑𝑑𝑑

= ∫0
3 2 2 − 2 2

3
𝑑𝑑𝑑𝑑

= 4 2
3
𝑥𝑥

0

3
= 4 2

𝑥𝑥

𝑦𝑦

𝑧𝑧

2

3

2 𝑧𝑧 = 2 − 𝑦𝑦2
𝑦𝑦

𝑥𝑥

2

3

𝑅𝑅
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Example 8.6:
Find the volume of the solid lying in the first octant bounded by the planes 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 = 5, 
𝑥𝑥 = 2, and 𝑦𝑦 = 1.

Solution:
∫0
2 ∫0

1 ∫0
5−𝑥𝑥−𝑦𝑦 1 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ∫0
2 ∫0

1 5 − 𝑥𝑥 − 𝑦𝑦𝑑𝑑𝑑𝑑𝑑𝑑𝑥𝑥

= ∫0
2 (5 − 𝑥𝑥)𝑦𝑦 − 𝑦𝑦2

2 0

1
𝑑𝑑𝑑𝑑

= ∫0
2 9
2
− 𝑥𝑥 𝑑𝑑𝑑𝑑

= 9
2
𝑥𝑥 − 𝑥𝑥2

2 0

2
= 7 𝑥𝑥

𝑦𝑦

𝑧𝑧

1

2

5 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 = 5𝑦𝑦

𝑥𝑥

1

2

𝑅𝑅
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Exercise 8.2:

1) Find the volume of the following solid.

[Ans: 6]

2) Find the volume of the region bounded by 𝑦𝑦 = 𝑥𝑥2, 𝑧𝑧 = 3 − 𝑦𝑦 and 𝑧𝑧 = 0.

[Ans: ⁄24 3 5]

3) Find the volume of prism in the first octant bounded by 𝑧𝑧 = 2 − 4𝑥𝑥 and 𝑦𝑦 = 8.

[Ans: 4]

𝑦𝑦

𝑧𝑧

𝑥𝑥

1
2

8

𝑧𝑧 = 2 − 2𝑥𝑥
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Cylindrical Coordinates

The triple integral of 𝑓𝑓 over solid 𝐷𝐷 in cylindrical coordinates is

�
𝐷𝐷
𝑓𝑓 𝑟𝑟,𝜃𝜃, 𝑧𝑧 𝑑𝑑𝑑𝑑 = �

𝛼𝛼

𝛽𝛽
�
𝑔𝑔 𝜃𝜃

ℎ 𝜃𝜃
�
𝐺𝐺 𝑟𝑟 cos 𝜃𝜃,𝑟𝑟 sin 𝜃𝜃

𝐻𝐻 𝑟𝑟 cos 𝜃𝜃,𝑟𝑟 sin 𝜃𝜃
𝑓𝑓 𝑟𝑟,𝜃𝜃, 𝑧𝑧 𝑑𝑑𝑑𝑑 𝑟𝑟 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑

where from the Cartesian Coordinates,

𝑥𝑥

𝑧𝑧

𝑦𝑦𝛼𝛼
𝛽𝛽

𝑧𝑧 = 𝐻𝐻(𝑥𝑥,𝑦𝑦)

𝑧𝑧 = 𝐺𝐺(𝑥𝑥,𝑦𝑦)

𝐷𝐷

𝑟𝑟 = ℎ(𝜃𝜃)
𝑟𝑟 = 𝑔𝑔(𝜃𝜃) 𝑅𝑅

𝑥𝑥 = 𝑟𝑟 cos 𝜃𝜃

𝑦𝑦 = 𝑟𝑟 sin𝜃𝜃

𝑧𝑧 = 𝑧𝑧

𝑥𝑥2 + 𝑦𝑦2 = 𝑟𝑟2
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Example 8.7:

Evaluate ∫0
3 ∫−2

2 ∫0
4−𝑥𝑥2 𝑥𝑥2 + 𝑦𝑦2 + 1 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 in cylindrical coordinates.

Solution:

∫0
3 ∫0

𝜋𝜋 ∫0
2(𝑟𝑟2 + 1) 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
3 ∫0

𝜋𝜋 ∫0
2 𝑟𝑟3 + 𝑟𝑟 𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
3 ∫0

𝜋𝜋 𝑟𝑟4

4
+ 𝑟𝑟2

2 0

2
𝑑𝑑𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
3 ∫0

𝜋𝜋 6 𝑑𝑑𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
3 6𝜃𝜃 0

𝜋𝜋 𝑑𝑑𝑑𝑑

= ∫0
3 6𝜋𝜋 𝑑𝑑𝑑𝑑 = 6𝜋𝜋𝜋𝜋 0

3 = 18𝜋𝜋

𝑦𝑦 = 4 − 𝑥𝑥2
𝑦𝑦2 = 4 − 𝑥𝑥2
𝑥𝑥2 + 𝑦𝑦2 = 4 𝑦𝑦

𝑥𝑥

𝑧𝑧

3𝑦𝑦 = 4 − 𝑥𝑥2
2

𝑦𝑦 = 0 2-2
𝑥𝑥

𝑦𝑦

𝑅𝑅
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Example 8.8:

Evaluate ∫0
1 ∫0

1−𝑥𝑥2 ∫0
2 4𝑥𝑥𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 in cylindrical coordinates.

Solution:

∫0
𝜋𝜋
2 ∫0

1 ∫0
2 4 𝑟𝑟 cos 𝜃𝜃 𝑧𝑧 𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃

= ∫0
𝜋𝜋
2 ∫0

1 4𝑟𝑟2 cos 𝜃𝜃 𝑧𝑧2

2 0

2
𝑑𝑑𝑑𝑑𝑑𝑑𝜃𝜃

= 8∫0
𝜋𝜋
2 ∫0

1 𝑟𝑟2 cos 𝜃𝜃 𝑑𝑑𝑑𝑑𝑑𝑑𝜃𝜃

= 8∫0
𝜋𝜋
2 cos 𝜃𝜃 𝑟𝑟3

3 0

1
𝑑𝑑𝜃𝜃

= 8
3 ∫0

𝜋𝜋
2 cos 𝜃𝜃 𝑑𝑑𝜃𝜃 = 8

3
sin𝜃𝜃 0

𝜋𝜋
2 = 8

3

𝑦𝑦 = 1 − 𝑥𝑥2
𝑦𝑦2 = 1 − 𝑥𝑥2
𝑥𝑥2 + 𝑦𝑦2 = 1

𝑦𝑦
𝑥𝑥

𝑧𝑧

2
𝑦𝑦 = 1 − 𝑥𝑥21

1
𝑥𝑥

𝑦𝑦

𝑅𝑅
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Example 8.9:

Evaluate ∫0
1 ∫−2

2 ∫− 4−𝑦𝑦2
4−𝑦𝑦2 1 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 in cylindrical coordinates.

Solution:

∫0
1 ∫0

2𝜋𝜋 ∫0
2 1 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
1 ∫0

2𝜋𝜋 𝑟𝑟2

2 0

2
𝑑𝑑𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
1 ∫0

2𝜋𝜋 2𝑑𝑑𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
1 2𝜃𝜃 0

2𝜋𝜋 𝑑𝑑𝑑𝑑

= ∫0
1 4𝜋𝜋 𝑑𝑑𝑑𝑑

= 4𝜋𝜋𝑥𝑥 0
1 = 4𝜋𝜋

𝑧𝑧 = ± 4 − 𝑦𝑦2
𝑧𝑧2 = 4 − 𝑦𝑦2
𝑦𝑦2 + 𝑧𝑧2 = 4

𝑦𝑦

𝑥𝑥

𝑧𝑧

2

2

1

𝑧𝑧 = 4 − 𝑦𝑦22

𝑧𝑧 = − 4 − 𝑦𝑦2

2-2 𝑦𝑦

𝑧𝑧

𝑅𝑅
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Exercise 8.3:

1) Evaluate ∫0
1 ∫−3

3 ∫− 9−𝑥𝑥2
9−𝑥𝑥2 𝑥𝑥2 + 𝑦𝑦2 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑.

[Ans: 81𝜋𝜋
2

]

2) Evaluate ∫0
3 ∫− 9−𝑦𝑦2

9−𝑦𝑦2
∫0
9− 𝑥𝑥2+𝑦𝑦2 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑.

[Ans: 63𝜋𝜋
2

]

3) Evaluate ∫−1
1 ∫− 1−𝑥𝑥2

1−𝑥𝑥2 ∫𝑥𝑥2+𝑦𝑦2
2−𝑥𝑥2−𝑦𝑦2 𝑥𝑥2 + 𝑦𝑦2

3
2 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑.   

[Ans: 8𝜋𝜋
35

]
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Example 8.10:
Find the volume of the given cylinder where the inner ring has a radius of 1.

Solution:

∫0
4 ∫0

2𝜋𝜋 ∫1
2 1 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
4 ∫0

2𝜋𝜋 𝑟𝑟2

2 1

2
𝑑𝑑𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
4 ∫0

2𝜋𝜋 3
2
𝑑𝑑𝜃𝜃 𝑑𝑑𝑑𝑑

= ∫0
4 3

2
𝜃𝜃

0

2𝜋𝜋
𝑑𝑑𝑑𝑑

= ∫0
4 3𝜋𝜋 𝑑𝑑𝑑𝑑

= 3𝜋𝜋𝜋𝜋 0
4 = 12𝜋𝜋

𝑦𝑦
𝑥𝑥

𝑧𝑧

4

2

21
𝑥𝑥

𝑦𝑦
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Example 8.11:
Find the volume of the solid where the cylinder 𝑥𝑥2 + 𝑦𝑦2 = 4 is bounded by the planes 
𝑧𝑧 = 3 − 𝑥𝑥 and 𝑧𝑧 = 𝑥𝑥 − 3 as shown in diagram.
Solution:

∫0
2𝜋𝜋 ∫0

2 ∫𝑟𝑟 cos 𝜃𝜃−3
3−𝑟𝑟 cos 𝜃𝜃 1 𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃

= ∫0
2𝜋𝜋 ∫0

2 𝑧𝑧 𝑟𝑟 cos 𝜃𝜃−3
3−𝑟𝑟 cos 𝜃𝜃 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃

= ∫0
2𝜋𝜋 ∫0

2 6𝑟𝑟 − 2𝑟𝑟2 cos 𝜃𝜃 𝑑𝑑𝑑𝑑𝑑𝑑𝜃𝜃

= ∫0
2𝜋𝜋 3𝑟𝑟2 − 2𝑟𝑟3

3
cos 𝜃𝜃

0

2
𝑑𝑑𝜃𝜃

= ∫0
2𝜋𝜋 12 − 16

3
cos 𝜃𝜃 𝑑𝑑𝜃𝜃

= 12𝜃𝜃 − 16
3

sin𝜃𝜃
0

2𝜋𝜋
= 24𝜋𝜋

𝑦𝑦
𝑥𝑥

𝑧𝑧

22

𝑧𝑧 = 3 − 𝑥𝑥

𝑧𝑧 = 𝑥𝑥 − 3

2

2
𝑥𝑥

𝑦𝑦

𝑅𝑅
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Example 8.12:
Find the volume of the solid where the region is bounded below by the cone 

z = 𝑥𝑥2 + 𝑦𝑦2 and bounded above by the plane 𝑧𝑧 = 4.
Solution:

∫0
2𝜋𝜋 ∫0

4 ∫𝑟𝑟
4 1 𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃

= ∫0
2𝜋𝜋 ∫0

4 𝑧𝑧 𝑟𝑟
4 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃

= ∫0
2𝜋𝜋 ∫0

4 4𝑟𝑟 − 𝑟𝑟2 𝑑𝑑𝑑𝑑𝑑𝑑𝜃𝜃

= ∫0
2𝜋𝜋 2𝑟𝑟2 − 𝑟𝑟3

3 0

4
𝑑𝑑𝜃𝜃

= ∫0
2𝜋𝜋 32

3
𝑑𝑑𝜃𝜃

= 32
3
𝜃𝜃

0

2𝜋𝜋
= 64

3
𝜋𝜋

4

4
𝑥𝑥

𝑦𝑦

𝑅𝑅
𝑦𝑦

𝑥𝑥

𝑧𝑧

4

𝑧𝑧 = 𝑥𝑥2 + 𝑦𝑦2

𝑧𝑧 = 𝑥𝑥2 + 𝑦𝑦2 = 𝑟𝑟2 = 𝑟𝑟
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Exercise 8.4:
1) Find the volume of the following solid 𝐷𝐷.       [Ans:8𝜋𝜋]

2) Find the volume of the solid 𝐷𝐷 between the cone 𝑧𝑧 = 𝑥𝑥2 + 𝑦𝑦2 and the inverted 

paraboloid 𝑧𝑧 = 12 − 𝑥𝑥2 − 𝑦𝑦2.

[Ans: 99𝜋𝜋
2

]

3) Find the volume of the solid bounded above by the sphere 𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2 = 9, the 
cylinder 𝑥𝑥2 + 𝑦𝑦2 = 4 and bounded below by 𝑧𝑧 = 1. 

[Ans: 2𝜋𝜋 7 − 5
3

5 ]

𝑦𝑦
𝑥𝑥

𝑧𝑧

𝐷𝐷
𝑧𝑧 = 4 − 𝑟𝑟2
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THANK YOU
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