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Lesson Outcomes

Upon completion of this lesson, students should be able to:
* evaluate triple integral over non-rectangular regions in Cartesian
coordinates.

* evaluate triple integral in Cylindrical Coordinates.
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Volume (Triple Integrals)

Triple integral can be used to solve for the volume of a three-dimensional solid, D.
The formula of volume is

V=ﬂ f(x,y,z)dV where f(x,y,z) =1
D

We may integrate in any of the orders; hence we will analyze the solid D to choose
the order that is the easiest in terms of computation of the integral.
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There are three different possibilities for a z

3-Dimensional region. z=f(xy)

1st possibility:
The solid D as shown in the figure is defined as

D={(yz):(xy)€ERgxy)<z<f(xy}

Hence, z=9(xY) .y
FGxy) / R
Volume = f f j 1dz dA X
R JYgxy) Projection of the solid D in the xy-plane
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2nd possibility:

The solid D as shown in the figure is defined as

D={(x7vy,2):(xz)€eER, glx,z)<y<f(x2)}

Hence,

f(x,2)
Volume = j f f 1dy dA
9(x,z)

[@lecie]

y =g, 2) ‘ y = f(x,2)

X

Projection of the solid D in the xz-plane
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Projection of the solid D in the yz-plane

3rd possibility:

Z

The solid D as shown in the figure is defined as x=g(y,7) ‘

D={(xy2:(02)€R gy 2 <x < fy2) \
Hence, R

f(y.z)
Volume = j f f 1dx dA
R Jg(y.2) -y
/
; /

x=f(2)
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Example 8.1:

Find all the three possible integrals for the volume of the solid D.

Solution: %
The first possible integral has the region z=0
lies in xy-plane and the solid is bounded by planes z = 0 and z = 1:

y
2
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Solution:

The second possible integral has the region lies in yz-plane and the solid is

bounded by planes x = 0 and x = 3: 7

Z
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Solution:
The third possible integral has the region lies in xz-plane and the solid is bounded

by planesy = 0and y = 2:

Z

3 1 (2
Volume = f f f 1dydzdx
0o Yo Jo
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Example 8.2: <~ |

Find all the three possible integrals for the volume of the solid D. Ty=4-—2x

Solution:
The first possible integral has the region
lies in xy-plane and the solid is bounded by planes z = 0 and z = 6:

Z
Y t z=6

2 (4-2X (6
y=4-—2x Volume = j j j 1dzdydx
0 Jo 0

[@lekcle]



['m-"'! OpenCourseWare | ocw.utem.edu.my
1'l Universiti Teknikal Malaysia Melaka
Solution:

The second possible integral has the region

lies in yz-plane and the solid is bounded by planes x = 0 and x = -

Z
Z x=0

[@lekcle]
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Solution:

The third possible integral has the region

lies in xz-plane and the solid is bounded by planesy = 0andy = 4 — 2x:

Z

2 6 (4-2x
Volume = f j f 1dydzdx
0o Jo Jo

[@lekcle]
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Exercise 8.1:
Write out the three possible triple integrals for the volume of the solid, and then
find the volume.

1) Find the volume of the rectangular solid bounded by planesz = 2,y =1,

x = 1 and the three coordinate planes.

[Ans: fol f01 foz 1 dzdydx or
fol foz fol 1 dxdzdy or

1,2 (1
Jo Jo J; 1dydzdx;
V =2]
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Exercise 8.1:
2) Find the volume of the solid lying in the first octant and bounded by the

graphsofz=4—x%,x=0,y=4,y=0andz = 0.
— 2 Af4—
[Ans: foz f04 f: * 1dzdydx or f: f04 Jy "2 1 dxdzdy

2
orfo2 f04 g f041dydzdx;V = %]

3) Find the volume of the tetrahedron bounded by the plane 2x +y + z = 2
and the three coordinate planes.

1 1
[Ans: f01 f02—2x f02—2x—y 1 dzdydx or foz foz_y fol_Ey_EZ 1 dxdzdy

or fol f02—2x foz—zx—z 1dydzdx;V = %]
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Example 8.3:

Find the volume of the solid lying in the first octant bounded by x + 2y + z = 4.

Solution:
1
L7777 dzdydx
4 (2-2x
=J, J; ¥ 4—x—2y dydx

2Ly

=f04[(4—x)y—y2]0 ©odx
— f4(4—x)(2—%x) —(2—%3()2 dx
—f41 2—2x+4 dx

4
=[—x —x2+4x] =2°
12 3

[@lecie]
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Example 8.4:

Find the volume of the solid lying in the first octant bounded by x + y + z = 2 and
z = 1.

Solution:

[ L7577 dzdydx ; ,
11— —x—

= fo fo x[Z]i 7 dydx

= [ ["1—x—y dydx 1

010 yz 1y y:l—x
= fy|a-ny-%| @ R
- X

=%f011—2x+x2 dx 1

1 231
==|x—x*+—| ==
2 3 ],
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Example 8.5:

Find the volume of the solid lying in the first octant bounded by the surface z = 2 — y?,
and plane x = 3.

Solution:
a2
212 2771 dzdydx ’
3 V2
=f0f0 Z_yzdydx y
=f3[2y—y—3\/E dx
: 7], V2
- 032\/7_¥d i
3 3
:[ﬂ = 442
0
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Example 8.6:

Find the volume of the solid lying in the first octant bounded by the planesx + y 4+ z =5,
x=2,andy = 1.

Solution: Z
foz fol fos_x_y 1 dzdydx

=f02f015—x—ydydx y 5 x+y+z=5
2 yzl

=f0 [(5—x)y—70dx .

= Ozg—xdx 1 y
9 x21* x

=[—x—— =7 2 x* 2
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Exercise 8.2:
1) Find the volume of the following solid.

[Ans: 6]

\l\)lr—\
foo]

x y

2

2) Find the volume of the region bounded by y = x“,z =3 —yandz = 0.

[Ans: 24+/3/5]
3) Find the volume of prism in the first octant bounded by z = 2 — 4x and y = 8.

[Ans: 4]

[@lecie]
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Cylindrical Coordinates

The triple integral of f over solid D in cylindrical coordinates is

B rh(0@) ~H(r cos8,r sin @)
jf f(‘r,H,Z)dV:J j f(r,0,z)dzr dr d6
D o

g(@) YG(r cosO,rsinf)
Z

A

where from the Cartesian Coordinates,

z=H(xY)

X =1rcosf

y =1rsinf

@il
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Example 8.7:
Evaluate f03 f_zz Jy 2 y“ + 1 dy dx dz in cylindrical coordinates.
Solution:
f03 fon foz(r2 + 1) rdrd0 dz y
_ 3, 2 3 I Z
_fofof r°+r drdf dz /sz 3I
_ff _] do dz 2 ¥=0 5 7
= fo fo 6 do dz

5 y =44 —x?
= ["[60]} dz y? =4 —x*

fOS 0 2 yz — 4 /

= [, 6m dz = [6mz]; = 18n x

[@lecie]
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Example 8.8:
A/ 1 —v2
Evaluate fol Jy o foz 4xz dzdydx in cylindrical coordinates.
Solution:
J2 fol foz 4(r cos0)zdz rdrd6 y
s 2 /
5 1 2 Z2 1 y = 1- xZ
— foz fo 4r< cos O [?]0 drd6 R
| X
T 1
=8 J2 fol r? cos 6 drdf
r 371
=8f02c056[T—] do y=+1-x?
3 y2 =1 — x?
m x2+y2=1
8f2c059d9 —g[sinH]f) = -

©o8g °
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Example 8.9:

Evaluatef f f‘4 v’ -z 1 dzdydx in cylindrical coordinates.

Solution:
[T [ 1rdrdg dx 4
— Ja—2
1 f2m |12 2 ‘ Y
— fO fO [?] db dx R
0 2 2 Y
= fol f02n2d9 dx \/
1 Z=—/4—y?
= [, [26]5" dx
=f14n dx Z=2i\/4_3’2
z? =4 —y?
[4‘77:.7(,'] = 47 yz + 72 =4

[@lekcle]
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Exercise 8.3:

1) Evaluateff f\/g_— x% + y?% dy dx dz.

2) Evaluate [ f“% fog_ 4z dx dy.

2x—

3
3) Evaluatef Ik \/ﬁf 2y (x2 + y2)z dz dy dx.

[@lekcle]

[Ans: —]

[Ans: —]

[Ans: E]
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Example 8.10:

Find the volume of the given cylinder where the inner ring has a radius of 1.

Solution: i

f04 fozn flz 1 rdrdf dz -

= R[5 @o e

= [ )72 d6 dz x/xy
= f: E len dz

= f04 31 dz

= [3nz]; = 12n
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Example 8.11:

Find the volume of the solid where the cylinder x? + y? = 4 is bounded by the planes

z =3 —xand z = x — 3 as shown in diagram.

Solution:

f2nf f3 rcos@ldzrdrde

cos 6—-3

= [T 212353 rdrde

1 cos 6-—3

= fozn foz 6r — 2r%cos @ drdf

= fzn[3r ——cos@] do
21

=/, 12—?c059 do

- [129 — Zsin e]zﬂ — 24

[@lecie]
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N

z=3—Xx

Z
/
=x—3
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Example 8.12:

Find the volume of the solid where the region is bounded below by the cone

z = \/x2 + y?2 and bounded above by the plane z = 4.

Solution:
5 dzrdrds Ly

- fozn f04[Z];‘f rdrd6 Z= \/m = \/ﬁ =7

=" [2r2 —?]z de | ) Ty
_ J-ZTL' 32 C‘QA

—d9

H]Zﬂ =2

K)®®@|



l 1! OpenCourseWare | ocw.utem.edu.my
A 8 Universiti Teknikal Malaysia Melaka

Z
Exercise 8.4: T
| — A 42
1) Find the volume of the following solid D.  [Ans:8] o 4—r
D |
X

2) Find the volume of the solid D between the cone z = \/xz + y2 and the inverted

paraboloid z = 12 — x* — y~2.

991t
[Ans: T]

3) Find the volume of the solid bounded above by the sphere x? + y2 + z? = 9, the
cylinder x2 4+ y? = 4 and bounded below by z = 1.

‘@ ®®@| [Ans: 21 (7 — g\/g)]
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THANK YOU
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