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Lesson Outcomes

Upon completion of this lesson, students should be able to:
* evaluate double integral in Polar coordinates.

* evaluate triple integral in Cartesian coordinates.
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Double Integral in Polar Coordinates
Polar Coordinate System

Polar Coordinate System is a two-dimensional coordinate system where the points
(r,0) are determined by a distance from a reference point, known as pole
(analogous to the origin of a Cartesian Coordinate System), and an angle from a
reference direction, known as polar axis. The angles are expressed either in degrees

or radians.
(5,45%) This figure shows a point
(5,45°) in Polar Coordinate
450 System with Pole O and
T polar axis T.
0] 5
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Cartesian to Polar Coordinates
A function or point in Cartesian Coordinate System can be converted into Polar

Coordinate System through a series of formulas.

y From the diagram, we have
x =rcosfandy =rsinf
Hence,
r - in O x? +vy% = (rcos8)? + (rsin 8)?
o =12 c0s? 0 + r?sin” 0
X = r2(cos? 0 + sin? )
0 r cos 6 = 12(1)
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Example 7.1:

Convert x? + y% + 3x + 2y = 1 into polar coordinate system.

Solution:
Substitute x = r cos 8, y = rsin 8 and x? + y? = rZ into the equation:

x2+y2+3x+2y=1
r’ +3rcosf + 2rsinf =1
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Example 7.2:
Convert 2 + x3 = 3xy into polar coordinate system.

Solution:
Substitute x = r cos 8, y = rsin 8 and x? + y? = rZ into the equation:

2+ x3 = 3xy
2 + (r cos 8)3= 3(r cos 0)(r sin §)
2+ 13cos38 = 3r?sinfcos b
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Example 7.3:

Sketch the region bounded by 0 < r < 2 and % <0 <m.

Solution:

=
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Example 7.4:
Sketch the region bounded by 2 <r <4and 0 <0 < .

Solution:

n
>
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Example 7.5:

Convert the regionof 0 < x < 3and 0 <y < V9 — x? from Cartesian into Polar

Coordinate System.

Solution:

Fromy = V9 — x?,

we know that

yZ =9 _xZ
which is
x‘+y*=9

[@lekcle]
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Example 7.6:

? OpenCourseWare | ocw.utem.edu.my

Convert the regionof 0 < x < 2and —vV4 — x? <y < V4 — x? from Cartesian

into Polar Coordinate System.

Solution:

Fromy = V4 — x?,

we know that

yZ — 4-—X2
which is
x4+ yt =4

[@lekcle]
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Example 7.7:

Convert the regionof —1 < x <1land 0 <y < V1 — x? from Cartesian into

Polar Coordinate System.

Solution:

Fromy = V1 — x?,

we know that

yZ =1 — xZ
which is -1
x4+ vyt =1

[@lekcle]
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Exercise 7.1:

Convert each of the following regions from Cartesian into Polar Coordinate

System.

1) -3<x<3and—-V9—x?2<y<+vV9—x?
2) —2<x<2and—V4—-x?2<y<0
3) -1<x<0and—V1—-x2<y<0

[Ans: 0 <r <3,0<60 < 2m;
0<r<2,m<0<2m;

OSrsLnses%]
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Polar Rectangular Regions of Integration
A double integral for a continuous function in Polar Coordinates is defined by dividing

the region into sub-polar rectangles with the shape as shown in figure below.

Theorem:
Let f be continuous on the region in the xy-plane.

GivenR ={(r,0):a<r<b, a <0 <},

I f(X,y)dA=fff;f(rcosﬁ,rsine)rdrd&
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General Polar Regions of Integration

Theorem: y
Let f be continuous on the region in the xy-plane A 6=p
R={(0):0<g(0) <r<h(0), a <0 <}, where | r = h(0)
f —a < 2m. Then, R 4 f=a
_ (B [h(®) -
W, fe,y)dA= [ fg(@) f(rcos8,rsin@)rdrdo. \, r=g(6)

X

Area 1in Polar Coordinate

x =rcosf, y=rsinf, x?+y?=r?
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Example 7.8:

Evaluate [f, x* + y* dA, where

R={(xy):x*+y42<4,-2<x<2,y=0L

Solution:

[[, x*+y2dA = [T [* r?rdrdf
= [ 7 r¥drde
_ ("1 .4 2
= J, Lr ]0d0
= [, 4do

= [46]5
=41

[@lekcle]
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Example 7.9:
Evaluate [f, 4 + x dA, where

R={(x,y):1<x*+y?<4,x=>0}.

Solution:

JI, 4+xdA
fn/zf (4 + r cos 0) rdrd6
fn/z f 4r + r* cos O drd6

n/z [2r +—cos€] do

fn/z 6+ - cost@-[69+ sm@]
-1 /2

[@lecie]
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Example 7.10:

Evaluate f01 Jy g g2 y* dydx.

Solution:
1 V1-x2
fo fo T 9—x?—yrdydx — fon/z fol (9 —r?) rdrdf
= [ [ or —r3 drde
_ /29 2 _ 1 4]
=/, [ ré—or ]OdH
fn/z 17

_ 29]”/2 _
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Example 7.11:

Evaluate f_33 ff\/@x + y dxdy.

Solution:

3 (0
f—3 f_mx +y dXdy
31/2

= /2 f r(cos @ + sin 8) rdrd@

31/2

= Iz f03 r?(cos @ + sin 0) drdo

_ 3m/2 £3 :
= I/ [3]0(c059+sm9)d6

fgn/z 9(cos 6 + sin0) db

[© ®®©| = 9[sin @ — cos 9]73;%2 = —18
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Example 7.12:
Find the area inside the curve defined by r =1 — sin 6. g 5 ;
Solution:
1—sin 6
21w ~1—sin 6 21 |1
f f 1rdrdf —f [ ] do r=1--sin8

== foz”u —sin9)2do

Apply trigo identity:

=~ J."1—2sin6 + sin? 0 do
cos20 =1 — 2sin? 0

=—f2n§—251n0——c0529d0

2TC
=1[§9+2c059—15in29]
2 12 4 0

3T
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Exercise 7.2:
1) Evaluate [f, (x? + y* + 3) dA, where R is the disk of radius 2 centred at the
origin. [Ans: 207t]

2) Evaluate ], e* 7" dA,

whereR = {(x,y): x* +y?2 <4,x >0, y > 0}. [Ans: Z (e* - 1)]
3) Evaluate [, \/%yzd/l,
where R = {(x,y): 1 < x? + y? < 4}. [Ans: 277]

4) Evaluate [, x +ydA,
whereR = {(x,y): 4 <x*+y2 <9, y=>0}. [Ans: 38/3]
©loce)
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Exercise 7.2:

5) Sketch the region of integration and evaluate the following integrals, using the

method of your choice.

1 V1-x2 [

Jy S dy dx [Ans: -]

) L5 e e dx dy [Ans: (1 — e ™)

c) f_ll Jo 1=y* Jx2 +yZdx dy [Ans: 7]
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Triple Integral

Applications of Triple Integral

Triple integrals are applied in various areas of science and engineering,
including computations of

* Volume

* Mass of solids

* Force on a 3D object

* Average of a function over 3D region

e Center of Mass in 3D and Moment of Inertia

@il
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Fubini’s Theorem for Triple Integrals
If f(x,Vy,Zz) is continuous on a rectangular box D, where D = {(x,y,z):a < x < b,
c<y<d,e<z<f} then

[0 feoyzyav = [ [ [ f(x,y,2) dx dy dz

This integral is equivalent to another five different orderings as follows:

fef fcd fff(x, y,z)dxdydz = fcd fef fff(x, y,z)dx dz dy

= fef f; fcdf(X, y,z)dydxdz
f: fef fcdf(X, y,z)dy dz dx
7021 fxy,2) dzdy dx
fcd ff feff(x, y,z)dz dx dy

@il
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Example 7.13:
. 1 (2 3
Evaluate the integral [~ [ [ xy — 2z dz dy dx.
Solution:
f_ll foz ff xy—2zdzdydx = fl f [xyz — z%]3 dy dx Integrate with respect to z

f f(3xy 9) — (xy — 1) dy dx

f [xy — 8yl dx Integrate with respect to y
1
= J_,4x — 16 dx
= [2x* — 16x]1, Integrate with respect to x

=(2-16)—(1+16) = —31
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Example 7.14:

Evaluate the integral [ff, x* + 3yz dV where

R={(xy2):0<x<1,0<y<2-1<2z<2}
Solution:

f_zl foz fol x?+3yzdxdydz = f_z fz [1 + 3xyz] dy dz

—f f —+3yz dy dz

= [* [y+ yz] dz

=f_1§+6Z dz

- Ez + 322]: — 11
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Example 7.15:

Evaluate the triple integral [ff, x siny cosz dV where

=&x%@m3xs&03y3m0sZS§-

Solution:

fogfonfogxsinycoszdx dy dz = ﬁf” szlz siny cosz dy dz
=f f —sinycosz dy dz
=—f —cosy|¥ cosz dz

9 —
— — ] 2
_zfo 2cosz dz

T

[© ®®@| =9[sinz]; =9
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Exercise 7.3:

Evaluate the following integrals.
2 (2 2

a) J, J ) 2x+y—zdxdydz
1 (2 (1

b) J_, [ , J, 6xyz dy dx dz

c) flz f;’z folnxyez dz dx dy

[Ans: 16; 0; =]
24
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THANK YOU
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