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Lesson Outcomes

Upon completion of this lesson, the student should be able to:
* Evaluate the Unit Tangent Vector and Unit Normal Vector
* Evaluate the Integration of Vector-Valued Functions
e Evaluate motion along a Curve and Motion in Space
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8.4 Unit Tangent Vector and Unit Normal Vector

Unit tangent vector is denoted by T(t). For some position vector, r(t), a tangent
vector T(t) with magnitude of 1 unit given by

r'(t)

T =171

T(t)

The red-coloured arrow indicates the unit tangent vector, T(t),
which is the direction of motion of a particle at each unit of time.
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8.4 Unit Tangent Vector and Unit Normal Vector

Example:

Compute the unit tangent vector of r(t) = (—2sint, 2 cos t).
Solution:
r'(t) =(—2cost,—2sint)

Ir' ()] = /(=2 cos t)2+(—2 sin t)2

= V4 sin?t + 4 cos?t
=4=2
r'(t —2cost,—2sint
T(t) = (&) _ ! >=(—cost,—sint)

NGl 2
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8.4 Unit Tangent Vector and Unit Normal Vector

Example:

Compute the unit tangent vector of r(t) = (3t,3 cost,3sint).
Solution:
r'(t) =(3,—3sint,3cost)

I’ (O] = v (3)24+ (=3 sin t)24(3 cos t)?
= V9 + 9sin?t + 9 cos?t

=,/9+9(1) =18

r'(t) (3,—3sint,3cost) 3sint 3cost

3
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8.4 Unit Tangent Vector and Unit Normal Vector

Unit normal vector of r(t) is denoted by N(t). N(t) is a unit vector which is
perpendicular to its tangent vector, T(t) that is given by

T'(t)
1T ()l

N(t) =

N(t)

T(t)

The red-coloured arrow indicates unit tangent vector, T(t),
which is the direction of motion of a particle while
the blue-coloured arrow indicates its respective unit normal vector, N(t).
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8.4 Unit Tangent Vector and Unit Normal Vector

Example:

Compute the principal unit normal vector of r(t) = (3t,3 cost,3sint).

Solution:
Based on previous example, T'(t) = (0, — ijt SJEt) and
/ 1 2 2 : 2

T (t)|| = \/?8\/(0) +(—3 cost)?+(—3sint)
1 2 T 2F — _ 3
—mV9 cols t + 9 sin“t \/_ 9(1) = \/_ Hence,
T'(t ——(0,—3cost,—3sint)

N(t) = ||T'§t§|| — V18 5 =(0,—cost,—sint)

V18
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8.4 Unit Tangent Vector and Unit Normal Vector

Example:

Compute the principal unit normal vector of a tangent vector,
T(t) = (2t,Int, t?).
Solution:

T'(t) = (2,7, 2t)
IOl = @7+ + @202

At2+1+4t4 142t2)2  1+2t2
=\/4+ti2+4t2=\/t++t _ yarah? +tt.Hence,

t2 t
1
N(E) = T'(t) _(2,;,2t>_ 1 (26 1.2¢2)
@I 2 14262
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Compute the unit tangent vector and principal unit normal vector for each of the

following vectors.
1) r(t) =(10,3cost,3sint), 0 <t < 2m.
2) r(t) = (t% 4t,41Int), t > 0.

3) r(t) = (2V5¢t,2sin 2t, 2 cos 2t)

0 — i _ —cin ) L ($2 1 —$2 _94).
[Ans: (0, —sint,cost),{0,— cost,—sint); t2+2(t,2t,2),t2+2(2t,2 t2, —2t);
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§<\/§, 2 cos2t,—2sin Zt), (0, —sin 2t, — cos 2t)]
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8.5 Integration of Vector-Valued Functions

8.5.1 Indefinite Integral
Let r(t) = f(t)i + g(t)j + h(t)K be a vector function,

f r(t)dt = R(t) + C,

where C is an arbitrary constant vector.
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8.5 Integration of Vector-Valued Functions

Example:

Evaluate the indefinite integral [(2,t, cost) dt.

Solution:

1
f(Z, t,cost)dt = <2t + cl,ztz + ¢y, sint + 63>

1 .
= <2t’§t2’ sin t> + C
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8.5 Integration of Vector-Valued Functions

Example:

Evaluate the indefinite integral [(1,2 cos 2t, —2 sin 2t) dt.

Solution:
f(l,Z cos 2t,—2sin 2t) dt = (t + ¢, sin 2t + ¢, cos 2t + c3)

= (t,sin 2t,cos 2t) + C
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8.5 Integration of Vector-Valued Functions

8.5.2 Definite Integral

Letr(t) = f(t)i+ g(t)j + h(t)K, where f, g and h are integrable on the interval

la, b].
b b b b
Jr(t)dtzu f(t)dt]i+U g(t)dt]j+U h(t)dt]k
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8.5 Integration of Vector-Valued Functions

Example:

Evaluatefon(l,z cos 2t , —2 sin 2t) dt

Solution:

n T
j (1,2 cos 2t,—2sin 2t) dt = (t, sin 2t, cos 2t)
0 0

= (m, sin 2m, cos 2m) — (0,sin 0, cos 0) = (m, 0, 0)
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8.5 Integration of Vector-Valued Functions

Example:

3 .
Evaluatef1 (e?t t71 sin 2t) dt

Solution:

3

3 1 1
f (e?t t71 sin 2t) dt = <—62t,lnt,——cos 2t
) 2 2

1

1 1 1 1
= Ee6,ln3,—§cos6 — Eez,lnl,—ECOSZ = (198.0199, 1.0986, 0.0024)
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Exercise 8.7:

Evaluate

1) [{cos 3t,sint,e*) dt
2) [(tsint,Vt+1,t3)dt
3) [(VE,5) dt

2, 4 —
4) fO (m, et 2, t€t> dt

3
2(t+1)2 t*

, >+c; <E,15>;(41n3,1—e‘z,e2+1)]
3 4 3

in 3t at .
[Ans: <%,—cost,%> + ¢ <—t cost +sint,
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8.5 Integration of Vector-Valued Functions
8.5.3 Arc Length

Arc length refers to the length of an arc, L on an interval [c, d] that is divided into n
equally subintervals. The points i on the arc or curve is denoted by P;. By summing up
the length of all line segments |P;_, P;|, the arch length is given by,

L= lim Micq|Pio1 Py = lim YN (= xim1 )2+ (i — Vie1 )?

11m YV (Ax)2+(Ay)? = 11m pN \/1 + (Ax)z.

Based on the definite mtegral definition and by approximating Ax close to zero, Ax =
dx, the arc length can be expressed as

L= 1+ (2) ax
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8.5 Integration of Vector-Valued Functions
8.5.3 Arc Length

The arc length of indefinite integrals can be simplified using the Chain Rule as follows:

L—f\/1+( ) dx x 0 = ]JH( ) (&) de

which also can be written as

L= @) + () a

Given that a curve is defined parametrically by x = f(t), y = g(t) and z = h(t) where
x, ¥y and z can be differentiated with respect to t. Hence, the arc length on an interval
[c, d] can be expressed as

L= [I I OF+g' ©P+R ©F dt = [l @)l dt.
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8.5 Integration of Vector-Valued Functions

Example:

Find the arc length of r(t) = (% t2,§t3/2, 2t),for—1 <t < 2.

Solution:

r'(t) = (t,2Vt,2)
Ir' (Ol = J ()2 + (2v1)” + (2)?
=Jt2+4t+4=/(t+2)2=t+2

b 2 1
L=f ||r’(t)||dt=f t+2dt =—t2+ 2t
a -1 2

2

-1

B 14 A 1 _15
-(z0+4)-(z-2)-%
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8.5 Integration of Vector-Valued Functions

Example:

Find the arc length of r(t) = (3t,4sint,4cost),forl <t < 2.
Solution:
r'(t) =(3,4cost,—4sint)
Ir' (O] = v(3)2 + (4 cost)? + (—4sint)?
= /9 + 16c0s2t + 16sin2t = V25 =5

b 2 5
L=j e’ (0| dt=f S dt =5t| =10
a 1 1
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8.5 Integration of Vector-Valued Functions

Example:
Find the arc length of r(t) = (% t2,§t3/2, 2t) from (0,0,0) to (8, = 8).
Solution:
For (0,0,0), this implies%t2 = 0,%153/2 = 0,2t = 0. Hence t = 0.
For (8, = 8); this implieslt2 —82¢3/2 =22 2¢ — 8 Hencet = 4.
2 3 3
Based on the previous example,

r'(t) = (¢, 2Vt,2), I’ Ol =t + 2

b 4 1
sz ||r’(t)IIdt=f t+2dt==t*+2t
a 0 2

4

1
= (5(16) + 8) =16

0
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8.5 Integration of Vector-Valued Functions
8.5.4 Arc Length Parameter with Base Point

The arc length of r(7) fromt =ty tot = t forr(t) = (f (1), g(7), h(1) ) is given by

t
L= | llr'(™llde

to

where [t (@l = VI[F' @ +g' @+ ©F.
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8.5 Integration of Vector-Valued Functions
8.5.4 Arc Length Parameter with Base Point

Example:

Find the arc length function of r(t) = (ef, 2v/2et/?,t) from the point (1,2v2, 0).
Solution:

r'(t) = (et,V2et/%,1)
Ir’' (O] = \/(et)z + (\/fet/z)z + (1)2=+e?t +2et+1=+/(et +1)2 =et + 1

From (1,2v/2,0) = et =1, 2v/2e%/? = 242, t = 0. This implies t, = 0.
Thus,

t t ¢
L = ||F’(T)”dT=f€T+1dT=eT+T‘ =et +t—1.
to 0 0
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8.5 Integration of Vector-Valued Functions
8.5.4 Arc Length Parameter with Base Point

Example:

Find t such that the length of r(t) = (v/5t,2sint,2 cost) from (0,0,2) is 6.
Solution:

Given that L = fttollr’(r)ll dt = 6r.

r'(t) = (v/5,2cost,—2sint)and [|[r' (t)| = \/(\/g)z + (2cost)? + (—2sint)?= 3.

From (0,0,2) = /5t = 0,2sint = 0 and 2 cost = 2. This implies to = 0.
Thus,

L= fti)llr’(r)ll dr = fOtB dt = 3t|5 = 3t

Since L = 61, hence 3t = 6w where t = 2.
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1) Find the arc length of the following curves.
a)r(t) =(2sint,5t,2cost), —-10 <t < 10.
b)r(t) =V2ti+efj+etk 0<t<1.

2) Find the arc length r(t) = (t?, 2\/—t3/2 - ~t) from (1,=—= 2v2 1) to (81,18v/2, —)

3) Find the arc length function of r(¢t) = (t2,§\/12 t3/23t) from the point (1,2\/12, 3).

4) Find t such that the length of r(t) = (2 cost,2sint,v/5t) from (2,0,0) is 3.

[Ans: 20V29;e — e~ 1;84; t? + 3t — 4; m]
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8.6 Motion along a Curve and Motion in Space
8.6.1 Motion along a Curve

A motion along a curve for the two-dimensional (2D) vector-valued function at any

time t, is given the following
i.  Position vector, r(t) = (x(t), y(t)),
ii. Velocity vector, v(t) = r'(t),
iii. Speed,s=|[|v(t)]l,
iv. Acceleration:a(t) = v'(t) =r"(¢t).

Note that r(t) = [ v(t) dt.
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8.6 Motion along a Curve and Motion in Space
8.6.1 Motion along a Curve

Example:

Find the velocity and speed of a particle with position vector

r(t) = (3cost,3sint).
Solution:

Velocity,
v(t) =r'(t) = (—3sint,3 cost)

Speed,
s = ||lv(®)]] = \/9c052 t + 9sin?t = \/9(sin2t + cos?t) =3
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8.6 Motion along a Curve and Motion in Space
8.6.1 Motion along a Curve

Example:

Find the acceleration of a particle with position vector

2
r(t) = (t +e~t — 1,% +t).

Solution:

Based on the velocity,

vit)=r'(t) =(1—-e"5t+1)
the acceleration is given by,

a(t) =v'(t) =r"(t) =(e7 5 1)
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8.6 Motion along a Curve and Motion in Space
8.6.1 Motion along a Curve

Example:

Given a velocity vector v(t) = {t + 1, t%) and an initial position r(0) = (1, —1).
Find the position vector fort = 0.

Solution:

r(t) =f(t+1,t2)dt=(%t2 +t+cp,3t° +cp)

r(0) = (cq,c,) and given r(0) = (1, —1)
This implies c; = 1 and ¢, = —1. Hence the position vector is given by
r(t) =Gt +t+1,2t°—1)fort 20
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8.6 Motion along a Curve and Motion in Space
8.6.2 Motion in Space

A particle moves through the three-dimensional (3D) space at any time t, is given the

following
i.  Position vector, r(t) = (x(t), y(t), z(t)),
ii. Velocity vector, v(t) = r'(t),
iii. Speed,s = ||v(t)]|,

iv. Acceleration: a(t) = v'(t) =r'"'(¢t).
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8.6 Motion along a Curve and Motion in Space
8.6.2 Motion in Space
Example:
Find the velocity and speed of a particle with position vector
r(t) =(3sint,5cost,4sint).

Solution:
Velocity, v(t) = r'(t) = (3 cost,—5sint,4 cost)

Speed, [|[v(t)|| = V9cos2 t + 25sin?t + 16cos? t
= v25sin? t + 25cos?t =5
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8.6 Motion along a Curve and Motion in Space
8.6.2 Motion in Space

Example:

Find the acceleration of a particle with position vector

r(t) =(3sint,5cost,4sint).
Solution:
Based on the previous example, r'(t) = (3cost,—5sint, 4 cost)

Hence, acceleration, a(t) = v'(t) = r'" (t) is given by
r'’(t) = (—3sint,—5cost,—4sint)
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1) Find the acceleration for a particle with position vector

r(t) = (sin 2t, cos 2t, sin 2t).

[Ans: a(t) = (—4sin2t,—4cos2t,—4sin2 t)]

2) Given an acceleration vector, a(t) = (1, t), initial velocity v(0) = (2, —1) and initial
position r(0) = (0, 8), find the velocity and position vector for t > 0.

t2 t3
[Ans: r(t) = (? + 2t,? —t+8)]

3) Given an acceleration vector, a(t) = (t,et, 1), initial velocity v(0) = (0, 0, 1) and
initial position r(0) = (4, 0, 0), find the velocity and position vector for t = 0.

3 2
[Ans: r(t) = (%+ 4t +e7t — 1,% + t)]
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