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Lesson Outcomes

Upon completion of this lesson, the student should be able to:

* Evaluate Integration by Substitution

e Evaluate Integration by Parts

* Evaluate Integration involving Trigonometric Functions
* Evaluate Integration involving Exponential Functions

(c0) WSO




7.1 Introduction of Integration

Integration is anti-derivatives.

Integration is used to find areas, volumes, central points etc. Integration is a direct
relationship between two variables that can be found from the relationship involving
the rate of change of the two variables.

The simplest application: Area R = f:f(x) dx

> 2

y=f(x)
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7.1 Introduction of Integration

Integration of Trigonometry Functions

fcosxdx =sinx + ¢
fsinxdx = —Ccosx +c
jseczxdx =tanx + ¢
fsecxtanxdx =secx +c
fcosecxcotx dx = —cosecx + ¢

fcoseczxdx = —cotx + ¢

Note that c is a constant of indefinite integration.
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7.1 Introduction of Integration

Integration of Exponential, Hyperbolic and The Related Functions:

Jrexdx=ex+c
r1

—dx =lnx+c¢
J X

[

coshxdx = sinhx + ¢

-

sinh xdx = coshx + c

fsech2 xdx =tanhx + ¢
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7.2 Integration by Substitution

Example:
Evaluate [ sec”(3x — 5) dx using integration by substitution.

Solution:
. du 1
Let u = 3x — 5. Given thata = 3. Thus, gdu = dx.
This implies [ sec*(3x — 5) dx = [ sec’u -%du
= %fseczu du = gtanu +c

= %tan(Sx —5)+c
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7.2 Integration by Substitution

Example:
1

24++/x

Find the indefinite integrals of

Solution:

Let u = /x and u? = x. Given that 2u Z—Z = 1. Thus, 2u du = dx

f—Zu du

4
—f—du—fZ—mdu

2+u

=2u—4In|2+u|l+c
=2Jx—4In|2 ++x| +¢c
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7.2 Integration by Substitution

Example:

dx.

L . o .
By using integration of substitution, evaluate fz x2x+7

Solution:
du

= = 2x,%du = x dx

Let u = x% + 7. Given that
dx

whenx =2, u =11 andwhenx =4,u = 23
X 231 1 231

4 1
Thisimplies, [, ——dx = [/ = - du = EJ " du
11

= ~Inu|%
= %(m 23 —In11)
= 0.3688

@O0
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7.2 Integration by Substitution

Example:
Evaluate [ 2e!~2t dt.

Solution:
letu = 1 — 2t. Given that% — _2.Thus, —du = 2dL.

This implies [ e*~tdt = — [ e¥ - du
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7.2 Integration by Substitution

Example:

. : o 1
By using integration of substitution, evaluate fm+2 dx.

Solution:
Letu = V1 + x + 2 suchthat (u —2)? =1 + x.

Given that Z—Z (2u—4) =1anddx = (2u — 4)du.

This implies, f\/%u dx = fzuu_4du = {2 —%du =2u—4Ilnu+c.

1
Thus, [ ——dx=2VI+x+4—-4In|VI+x+2[+c
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7.2 Integration by Substitution

If f(x) contains the function as shown in table below, integration by substitution by
using the trigonometry function may be useful to solve the integration.

If f(x) contains Use substitution

\/az_xz X =asinf
\/a2+x2 x =atané
\/xz_az x = asect
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7.2 Integration by Substitution

Example:
Find the indefinite integrals of V4 — x?2.
Solution:

Let x = 2 sin@.

. . d
Given that x? = 4 sin%6 and £ = 2 cos 0.

Hence V4 — x2 = V4 — 4 sin260 = 2 cos @ and dx = 2 cos 0 df.
Thus implies, [ V4 — x2dx = [V4 — 4 sin%6 - 2 cos 0 d6
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7.2 Integration by Substitution

Solution (continue):
[V4 —x2dx=2[+V4—4sin?0 cos 6 db
— f 2 cos 6 \/4(1 _ Sinz 9) do Use identity cos 20 = 2cos?6 — 1

= [ 2 cos 6 /4(cos26) db 9/
= f 2 COS 8 (2 COS H)de = f 4— COS2 d@ Use identity sin 260 = 2 sin 8 cos 0

since x = 2 sin @, hence cos 8 = V4 — x?

= [4 (®=272)do =2 [ cos26 + 16

—2 (51“229 + 9) +c

= Sin 29Aﬁ+ 20 + c From x = 2sin 6, we obtain
¥ _1x
1 . 11X
=—xV4—x?+2sin"' S+

6 = sin >
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7.2 Integration by Substitution

Example:
Find the indefinite integrals of xVx? — 2.
Solution:

Let x = V2secé.
Given that x2 = 2 sec?6 and Z—g = +/2secO tan 6.
Hence Vx2 — 2 = V2 sec20 — 2 and dx = V2 secd tan 0 d6.

Thus implies, [ xVx2 — 2dx = [/2sec8+/2(sec20 — 1) -v/2secH tan 8 db
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7.2 Integration by Substitution

Solution (continue):

[xVx%2 —2dx = [2V2secOHtanB -secOtanO dO = [ 2v/2 sec?8 - tan?6d6

By using substitution

Let u = tan 0 and Z—Z = sec?6 given that du = sec?6d6 .

24/2 2+/2
fZ\/i sec?f - tan?0do = Zx/ffuz du = Tu3 +c= TtanSH +c

x2-2
—

From x = V2 sec® = cos 6 =\i—5,itgivestan0 =

3

2_5\2 3
Hence, [xVx?% —2dx = zf(xzz)z +c =%(x2 —2)2+c
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7.2 Integration by Substitution

Evaluate each of the following functions by using integration by substitution.

12x%+16
1) JH x3+4x

dx

4x+6
2) 'f(x2+3x+7)4

3) [ s dx

[Ans: 1) 41n|x3 + 4x| + C;2) — 2 +C;3)—§\/1—3x2+c]

3(x2+4+3x+7)3
ocw.utem.edu.m

@O0




7.2 Integration by Substitution

Evaluate each of the following functions by using integration by substitution.

4) foz 2x23/5x3 + 4 dx

2 2x3+43
) fl (x*+6x)3 dx

6) fon(Zx — 3) sin(3x?% — 9x) dx

[Ans:4) 11.4843;5) 0.0048; 6) 0.2553;]
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7.2 Integration by Substitution

Evaluate each of the following functions by using integration by substitution.

7) [ xV5x—2 dx

3) fﬁdx

x3-3x+2

9) [ cosx(sin’x) dx
10) [tanx dx

2

11) f3+\/m
12) [V1—x? dx

dx

5 3
[Ans: 7)%(5x —2)2 +7is(5x —2)2+c; 8)§1n|x3 —3x+2| +¢; 9)isin4x + ¢; 10) — In|cos x| + ¢;

11) 4Vx + 1 - 12In|3 +Vx + 1| + ;12);xVT — 22 +sin " x + c]
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7.3 Integration by Parts

Based on the product rule of differentiation,

a [ ] dv + du Alternatively:

uvl=u—4+v— :
dx dx dx d dv  du
—uw] =u—+v—
=uv' +vu’ dx dx  dx
uv=fudv+]vdu

uv = | uv'dx + | vu' dx
Hence,

Hence, formula for Integration by Parts is given as Judv = UV — J vdu

fuv’dxzuv—fvu’dx

Note that choosing u is based on Rules L-PeT (i.e. Logarithm, Polynomial,
exponential and Trigonometry)
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7.3 Integration by Parts

Example:

Find the indefinite integrals of xe?.
Solution:

By using integration by parts,

u-=Xx — =8
! dx
du 1
— =1, v=<-e?,
dx g 2

1 1
Hence, [ xe®* dx = ~xe® — [ ~e** dx

1 1
=_x82x__82x +C
2 4
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Judv =uv — [vdu




7.3 Integration by Parts

Example:
Find the indefinite integrals of x* sin x.
Solution:
By using integration by parts,
2 dv .
u=x°, —=sinx
dx
du
— =2X, UV = —COSX.
dx
Hence, [ x?sinx dx = —x% cosx — [ —2x cosx dx
Now, to solve [ 2x cos x dx,
dv
u=2x, — = COS X
dx
du .
— =2, v =sinx
dx

@O0
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7.3 Integration by Parts
Example:

Find the indefinite integrals of x? sin x.
Solution (continue):

fxzsinxdx= —x?2 cosx—j—Zxcosxdx

= —x“cosx + [ 2x cosx dx

= —x“cosx + 2xsinx — [ 2sinx dx

= —x?cosx + 2xsinx — 2(—cosx) + ¢

— —x%2cosx + 2xsinx +2cosx + ¢
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Judv =uv — [vdu




7.4 Integration by Parts (Tabular Method)

Tabular method is an alternative way to the method of Integration by Parts,

fuv’dx=uv—jvu’dx

Sign +/— Differentiate u Integrate v’
+ u @ v’
— u'’ @ %

+

. (Repeating differentiate the (Repeating integrate the
(Alternate signs | function from one row to the | function from one row to the
started from +) next row) next row)

Question: How to decide the u and v’ of the integrand?
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7.4 Integration by Parts (Tabular Method)

There are a lot of type of functions which can be solved by integration by parts or
tabular method. Among of them, the most common used functions are the product
functions of

Case 1: Polynomial and exponential functions
Case 2: Polynomial and sin 8 or cos 6 functions
Case 3: Exponential and sin 6 or cos 6 functions
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7.4 Integration by Parts (Tabular Method)

For case 1 and case 2, choose the polynomial function as u and let the exponential
function or sin @ or cos 6 be v'. Let say [ uv’ dx,

Sign +/— Differentiate u Integrate v’
+ > u v’
— > u’ \\» %
\\
+ 0) V
(Repeating differentiate the (Repeating integrate the function from
polynomial function until zero) one row to the next row and stop at the

same row of zero from column of u)

Find the product functions according to the colored arrows.
The answer will be the linear combination of all the product functions.
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7.4 Integration by Parts (Tabular Method)

For case 3, one is free to choose exponential, sin @ or cos 8 to be either u or v'.

Sign +/— Differentiate u Integrate v’
+ > u \ U,
—_ > u’ \: (%
+ u" - [v'dx

(Differentiate function u twice)

(Integrate function v’ twice)

Find all product functions according to the colored arrows.

For the arrows pointing from left to right, let the linear combination of these
product functions be g. Also, let the product function in the last row (from red
arrows) be h. The integration will be

Juv'dx =g+ [ hdx

where [ hdx = k [ uv' dx, k is a constant value. Lastly, solve for [ uv’ dx.

@O0
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7.4 Integration by Parts (Tabular Method)

Example:
Find the indefinite integrals of x* sin 3x.

Solution:
Construct Table of Tabular Method
Sign +/— Differentiate Integrate
+ x2 sin 3x
— 2x — % cos 3x
T 2 = % sin 3x
- 0 L cos 3x
27

f2'3d—123+2'3+2 3x +
X“SInsxax = 3x COS OoX 9xsm X 27COS X C
SIoEle
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7.4 Integration by Parts (Tabular Method)
Example:

Find the indefinite integrals of xe?.

Solution:
Sign +/— Differentiate Integrate
+ X e X
— 1 e?* /2
+ 0 e?* /4
From the Table,

1

1
[ xe**dx =-xe** —2e** +c.
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7.4 Integration by Parts (Tabular Method)

Example:
Find the indefinite integrals of e™ sin x.

Solution:
Sign +/— Differentiate Integrate

+ e™ sin x

— me™ — COS X

+ w2e™ —sinx
From the Table,

[ e™ sinxdx = —e™ cosx + me™ sinx — % [ ™ sinx dx
Rearrange the equation, such that
(1+m?) j e™ sinx dx = —e™ cosx + me™ sin x

1

Thus, [ e™ sinx dx = —;
147

050

(—e™ cosx + me™ sinx) + c.
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7.3 Integration by Parts

Find the indefinite integrals of the following functions.
1) x38—3x
2) x?cos4dx

3) (3x —2)cos2mx

4) (x*+ 1) sinZ

1 3 _ 1 5 _ 2 _ 2 _ 1

[Ans: 1)——x3e 3x—§x2e 3x—5xe 3"—;6 3 4 ¢;2) = x 2sin4x + = xcos4x—§sm4x+c
3x— 57rx 18x . 5TL’X 5mx

3)( = )sm2nx+—c052nx+c 4) oom 3cosT—i—c;]
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7.3 Integration by Parts

Find the indefinite integrals of the following functions.
5) e%*sin3x
6) e *cos2x

7) xlnx

3 2 .
[Ans: 5) — 1—3e2x cos3x + 1—3e2x sin 3x + c;

2 2
6) ée‘xsian—ie‘x0052x+c; 7) x?lnx—x:+c;]
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