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Learning Outcomes

Upon completion of this lesson, the student should be able to:
* Evaluate the differentiation for Trigonometry Functions
* Evaluate the differentiation for Exponential Functions
* Evaluate the differentiation for the Related Functions

(c0) WSO




6.1 Introduction of Differentiation

» Differentiation is used to solve many real-life problems.

* Derivatives are important in solving Engineering and Science problems, where they
are commonly used to model the behavior of moving objects.

* The derivatives of f(x), with respect to x can be written as

d
F1G0) = —=[f ()
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6.2 Differentiation of Trigonometry, Exponential
and The Related Functions

Differentiation of Trigonometry Functions
d

- [sinx] = cosx % [sin f(x)] = f'(x) cos f(x)
d
o [cosx] = —sinx % cos f(x)] = —f"(x) sin f (x)
d
T [tan x] = sec” x % tan f(x)] = f'(x) sec? f(x)
d
e |secx] = secxtanx % [sec f(x)] = f'(x) secxtan f(x)
d
e |cosec x| = — cosec x cotx % [cosec f(x)] = —f'(x) cosec f(x) cot f(x)
d
e [cotx] = — cosec? x % [cot f(x)] = —f'(x) cosec? f(x)
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6.2 Differentiation of Trigonometry, Exponential
and The Related Functions

Differentiation of Exponential and The Related Functions:

C et = e

where f'(x) = ;—x |f(x)] for any f(x).
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6.2 Differentiation of Trigonometry, Exponential
and The Related Functions

Differentiation of Hyperbolic Functions

['h]—d ex—e‘x_l(x_l_ xy "
dxsmx_dx > —Ze e = cosh x
d [e*+e7* 1
 — = = — X — p™X) = qj h
- |cosh x| x| 2 ] 2(e e *) =sinhx
tanh x| = d [sinh x _coshxcoshx —sinhxsinhx 1 2
dx anhx dx cosh x B cosh? x _coshzx_SeC x
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6.2 Differentiation of Trigonometry, Exponential
and The Related Functions

Differentiation of Hyperbolic Functions (continue)

: h]—d 1 _—sinhx_ by tanh
dx Seclial = dx|coshx| coshzx sechiataniix
: hx] = d 1 _—coshx_ b h
T cosech x = 5ozl = Smhze - cosech x coth x
coth x] = d |cosh x _sinhxsinhx—coshxcoshx_ —1 B 2
dx cotx ~ dx|sinhx| sinh? x ~ sinh2x coseCl X
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6.2 Differentiation of Trigonometry, Exponential
and The Related Functions

Differentiation of Inverse Trigonometry Functions

For |x| < 1,

d 1

2 rein=l 4] =

ax M ==
For |x| < 1,

d —1

2 ool 4] =

xS M=
For any x,

d 1

— [t -1 —

dx[ an”" x| 1+ x?
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6.2 Differentiation of Trigonometry, Exponential
and The Related Functions

Differentiation of Inverse Hyperbolic Functions

For any Xx,
d 1
—[sinh~ ! x] =
ax N =
Forx > 1,
[cosh™ x] = —
—[cosh™ x] =
dx xz —1
For |x| < 1,
1 1
T [tanh™" x| = —
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6.3 Basic Rules of Differentiation

6.3.1 Constant Multiplication Rule
d d
T KF OOl =k [f ()] = kf'(x)

6.3.2 Sum Rule

d d
o [u(x) + v(x)] = [U(X)] [u(x)] =u'(x) +v'(x)
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6.3 Basic Rules of Differentiation
6.3.1 Constant Multiplication Rule

Example:

. dy R
Fmddxwheny—7x.

Answer:
let k = 7 and f(x) = x*. Hence f'(x) = 4x3.
Thus,
dy _ d 41 — 7 . 43 — 3
dx_dx[7x |=7-4x° = 28x
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6.3 Basic Rules of Differentiation
6.3.2 Sum Rule
Example:

Find Z—i} wheny = 4x’ —e™*.
Answer:

Let u(x) = 4x” and v(x) = —e*, where v'(x) = e * given that

% [u() +v(x)] =u'(x) +v'(x) = 28x° + e™*
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6.3 Basic Rules of Differentiation

6.3.3 Product Rule

d
T luv] = uv’ + vu’

6.3.4 Quotient Rule

d [u] B vu' —uv’
dx lv] 2

Note that u and v are functions of x.
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6.3 Basic Rules of Differentiation
6.3.3 Product Rule

Example:

Find 2 fory = e™x*,
dx

Answer:

Lletu = e™ and v = x*. Such that u’ = me™and v’ = 4x3. Thus

d d
d_ic] = - [uv] = uv’ + vu' = 4e™x3 + mx*e™
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6.3 Basic Rules of Differentiation
6.3.3 Product Rule

Example:

. dy 3
Find - fory =x°Inx.
Answer:

letu = x3 and v = Inx. Such thatu’ = 3x?% and v’ = % Thus

d d
& _ —[uv] = uv' +vu’' = x3-—+ 3x?Inx = x?(1 + 3lnx)
dx dx X
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6.3 Basic Rules of Differentiation
6.3.4 Quotient Rule

Example:

ind & _ X
Find - fory =

eTx’
Answer:
Let u = x* and v = e™. Such that u’ = 4x3 and v’ = me™. Thus
dy vu' —uv' 4e™x3 —mx*e™  4x3 — mx?

dx vz ean eTx
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6.3 Basic Rules of Differentiation
6.3.4 Quotient Rule

Example:
. d_y __cosx
Find - fory = —y
Answer:
letu = cosxandv =x — 1.Suchthatu' = —sinx and v’ = 1. Thus

dy wvu —uv’ (x—1)(—sinx)—cosx(1) (1—x)sinx—cosx
dx  v? B (x — 1) - (x — 1)
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Find dy for the following functions.
dx

1) y=x*e3* +3x71

2) y = e ?*(sin3x — cos 5x)

x+1
x% =3

3) y=
4) y=xIn(4x> + 3)

In 2x
6x—5

5) y=

6) y=(x+1)cosh™lx

—3x*—4x3-3

[Ans: x3e3*(3x + 4) — 2 . e=2%(3cos3x + 5sin 5x — 2 sin 3x + 2 cos 5x);

x2’ (x*-3)2 '’
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20x°3
4x543

6x—5—6xIn2x x+1 4—cosh‘1x]
x(6x-5)2 " Vx2-1

+ In(4x° + 3);
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6.3 Basic Rules of Differentiation

6.3.5 Chain Rule

Ifw = f(x)andy = g(w), then
dy dydw

dx dw dx

6.3.6 Extended Chain Rule
Ifz=f(x),w = g(z)and y = h(w), then

dy dydwdz
dx dw dz dx
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6.3 Basic Rules of Differentiation
6.3.5 Chain Rule

Example'

Fmd when y = (2x% +5)7°.

Answer.
letw =2x%2+5andy = w™>.

. d _ d
Given that ==~ = —5w 6 and — = 4x.
dw dx

Hence,

dy dy dw P P
T dwdr = (—5w™°)(4x) = —20xw

= —20x(2x% + 5)7°
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6.3 Basic Rules of Differentiation
6.3.6 Chain Rule

Example:

. d 3
Find d—iwhen y = eX t1,

Answer:

Lety = e%, wherew = x3 + 1.

dw
Hence = = e" and — = 3x?2
w dx
_ 4y aw 2 2,x3+1
Thus, — = —— = (e")(3x*) = 3x“e
dx ~dw dx ( )( )
- : d r w w aw
This mphes,a[e |=e d—for any w as a function of x.
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6.3 Basic Rules of Differentiation
6.3.6 Chain Rule

Example:

Find % when y = sin(2mt + 1).
Answer:

Let y = sinu, whereu = 2nt + 1.

Hence, &y _ cos u and du _ 21TT.
du dt
Thus, & = Y& _ (cosu)(2m) = 2mcos(2mt + 1)
dt  dudt '

.. . d . du .
This implies, — Isinu] = cos u— for any u as a function of x.
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6.3 Basic Rules of Differentiation
6.3.6 Extended Chain Rule

Example:

Fmd when y = In(tan~1(x% + 3x — 4)).

Answer.

-1

lety = lnw, w = tan"1z, and z = x? + 3x — 4.

d 1 dw 1 dz
Hence, 2 — —, = and — = 2x + 3.
dw w' dz 1422
dy dy dw dz 1
Thus = = (—) ( ) 2x + 3
dx dw dz dx 14272 ( T )
2x+3 2x+3

(1+z2)w  [1+(x243x—4)2]tan" 1 (x2+3x—4)"

@O0
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Find Z—z for the following functions.

1
1) y=(5x*—3)s
2) y =cos 1(4x + 3)

-1 3x+2
2x—1

3) y =tan

4) vy =In (sin (4x))

5) y = eVX%=3x+5

6) y =cos?(1—3x)

@O0

4 ) 7 _4cos4x (2x—3)eV*¥*-3x+5
J1-(4x+3)2"  (2x—1)2+(3x+2)2’ sin4x ’  2Vx2-3x+5
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[Ans: gx(sz -3) 5 -

;6 cos(1 — 3x) sin(1 — 3x)]




6.3 Basic Rules of Differentiation

6.3.7 Parametric Differentiation Rule
If y = f(x) where x = g(t) and y = h(t) such that t is a parameter, then

dy
dy dt
dx_@
dt

Example:

L dy.
Find ﬁ in terms of t when x = e*t and y = 2t2.

Solution:
ﬂ_dy dx_ 4t R

dx_dt/dt_4e4t_
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6.3 Basic Rules of Differentiation
6.3.8 Implicit Differentiation

Recall that, if y = f(x) then % = f'(x). However, not all function can be expressed in the

explicit form of y = f(x). There are cases when a function is in terms of x, the
differentiation of f(x) could turn to be more complex expression. For simplification of the
solution, the implicit differentiation can be used to find the derivatives.

Example:
Find 2 for y2 = 3x.
dx

Solution:
Differentiate each of the terms with respect to x,

2 2y = 2%
L (y2) =2 (3%),
By applying chain rule,
d

oo

2y4Y _ ay _ ay _ 3
(y)dx—B = 2y — = and hence  —= =

ocw.utem.edu.m




6.3 Basic Rules of Differentiation
6.3.8 Implicit Differentiation

Example:

Ay 2 2 _
Find dxforx + y< = 5x.

Solution:
d d d
(2 2 —
dx(x)+ gx(y )d dx(Sx)
y
(2 L —
2x+dy(y )dx 5
2+ 2y = 5
X ydx_
Thus,
dy 5—2x
dx 2y
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6.3 Basic Rules of Differentiation
6.3.8 Implicit Differentiation

Example:

Find derivative of xy = sin(xy) with respect to x.

Solution:
By applying product rule,
© (x9) = () + Y () = x 2
dx(xy)_xdxy ydxx _xdx Y
Hence, differentiation of sin(xy) w.r.t. x is given by
Similarly to d _ dy
%[Sin o] = Fiocos f) | dp Sin(xy) = x4y | cos(xy)
Thus,
dy dy dy  ycoslxy) y

X + vy = x cos(xy) Ix + ycos(xy) =

@O0

dx  xcos(xy)  «x
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6.3 Basic Rules of Differentiation
6.3.8 Implicit Differentiation

Example:

. Ay _ _x43
Find — for xy = e*™Y, Similarly to

d
SOlUtiOh' / a[ef(X)] = f'(x)ef ™)
d d

By using Product Rule > X _— ex+3y
— () = —(e*+)

ay _ aYy ,x+3y
xdx+y—(1+3dx)e :

dy x+3 dy

— — Y 4 3eXt3y 2

xdx +y=e ) + se Tx

(X _ 3ex+3y)d_;): — ex+3y —y
dy ex+3y —y

dx x — 3eXt3y
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6.3 Basic Rules of Differentiation
6.3.8 Implicit Differentiation

Example:

. ay : _ xX+3y
Find — forsin(2x +y) =xy —e : Similarly to

Solution: / %[ef(x)] = f'(x)ef@

Similarly to o d . _ i . i x+3y
© [sin (0] = /() cos () dx (sin(2x +y)) = dx (xy) dx (e )
vy _ , _ ay\ ,x+3y
(cos(2x + y)) (2 + dx) =x—+ y(1) (1 + 3 dx) e
Hence,

dy dy dy
2 cos(2x + y) + cos(2 — =x——+y— ¥t —3eX¥t3V =
cos(2x + y) + cos( x+y)dx xdx+y e e o

. d —eXt3Y _2cos(2x+y)
Rearrange it, =2 Y

dx  cos(2x+y)—x+3eX+3Yy
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1) Find Z—z for the following functions.

1

a) y =t3x =sinht

b) y=te fx=1In2t

c) 3y?2+4y—2x—cosx =0
d xy+3x=(2—x)siny

e) x — 4y = e2x+3y-1
fl y=37

[Ans: — L ;te”H(1 —t);

3t3 cosht

2-sinx siny+y+3  1-2e2¥+3y71

;—37%In3
6y+4 ' x—(2-x)cosy’3e2xt3y-144’ ]
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2) Find the equation of tangent, at the point (1,2) to the curve defined by
x4+ vy —xy—3=0.

3) Find the equation of normal line, at the point (1,-1) to the curve defined by

=+ 4x = 3.
y

4) Find Z—Z of the function below:

x = 2cos30 —5sin46
y = 4cos 36 + 3sin46

5) Find Z—z of y = x?e3* sin 4x.

[Ans:y = 2;y = }x 2 —6sin36+6cos46
Yy =4y = 3 3’ -3 sin36-10 cos 46’
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xe3*[4x cos 4x + (3x + 2) sin 4x]]
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