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Lesson Outcome

Upon completion of this lesson, the student should be able to:

1. Determine polynomials using Newton’s Divided Difference
interpolation and Lagrange interpolation.

2. Estimate the value of a function for any intermediate value of
the independent variable.
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Interpolation

independent variable

A method of estimating the value of a function for any intermediate value of the
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Newton’s Divided

Difference Interpolating
Polynomials
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Lagrange Interpolating
Polynomials

Curve Fitting
- Find the polynomial function that fits a given set of points

7

7

Use the polynomial function to constructing a new data point
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5.1 Newton’s Divided Difference Interpolating Polynomials

- Applicable for equally and unequally spaced data.

- Astraight line from Newton’s Divided Difference Interpolating
Polynomial that passing through two points (xg, vo) and (x4, y;)

f(x) = by + by (x — xq)

@080



@080

5.1 Newton’s Divided Difference Interpolating Polynomials

- A parabola from Newton’s Divided Difference Interpolating

Polynomial that passing through three points (xg, vy), (X1, V1)
and (XZJ yZ)

f(x) = by + by(x —xg) + by (x — x0)(x — x1)

- General formula of nth order Newton’s Divided Difference

Interpolating Polynomial that passing through n + 1 points
(%0, ¥0),(x1, Y1), o) (X, V)

f(x) = by + by (x — xg) + by (x — x5) (x — %) + -+
+b,(x —xg) ...(x — x,,_1)
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5.1 Newton’s Divided Difference Interpolating Polynomials

Example:
Construct the parabola that passing through (xy, yo), (x1,y1) and (x5, y,).

From Newton’s Divided Difference Interpolation, the parabolic equation is
f(x) = by + by (x — x¢) + ba(x — x0)(x — x1)

Derivation of coefficient by, b4, b, :
Substitute (xg, Vo) into x and y:

0 0
Yo = b + by (xp//xo) + b (xp/xo)(xo — X1)
bO — yO

ocw.utem.edu.m



@080

5.1 Newton’s Divided Difference Interpolating Polynomials

Substitute (x4, y;) into x and y: 0
Y1 = Yo+ by (x1 = xo) + ba(x1 — xo)(x}//xl)
by = Y1— Yo
X1 — Xo

Substitute (x5, y,) into x and y:

Y1 — Yo
Yo =Yg T (x5 — x9) + ba(xy — x0) (X2 — x1)
X1 — Xo
. Y1~ Yo . Yo —Y1 Y1~ Yo
b, ZJ’Z Yo — X, — X (xz xO)_xz—xl X, — X,
(X — x0) (X2 — xq) (x2 — Xx9)
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5.1 Newton’s Divided Difference Interpolating Polynomialsw
bo b1 b2 b3 b4-
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5.1 Newton’s Divided Difference Interpolating Polynomials
5.1.1 Linear Interpolation

To connect two data points with the first order polynomial
(straight line)

Formula:
f(x) = bg + by(x — x0)

Table:
0 X0 Yo

1 X1 Y1
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5.1 Newton’s Divided Difference Interpolating Polynomials
5.1.1 Linear Interpolation

Example:
Estimate natural logarithm of 2 (In 2) using linear interpolation given
In1 =0andIn3 = 1.0986.

Solution: (1,0),(3,1.0986), (2,?)

--_

0.0000

v
S
=)

1.0986 — 0
Afy = 3 _1

A\ 4
S
[y

=(0.5493

1 3 1.0986
f(x) =bg+bi(x —x9) =05493(x —1) ~=~Inx
~ f(2) =0.5493
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5.1 Newton’s Divided Difference Interpolating Polynomials
5.1.2 Quadratic Interpolation

To connect three data points with the second order polynomial

(parabola)
Formula:
f(x) =bg + by (x —x¢) + ba(x — x0)(x — x1)
Table: BER
0 X0 Yo
V1= Yo
Afq R
1 X1 V1 _Afl_AfO
Nfo = P——
_Y2=N
Af, = Pr—
2 X2 Y2

ocw.utem.edu.m




5.1.2 Quadpratic Interpolation

Example:

Estimate f(1.7) using quadratic interpolation given (0, 1), (2, —3),
(4, —8).

0 0 1 >

b
31
e > by
1 2 -3 _2-5_(_2) >
- =[-0125 b,
—8—(=3)
T = 25
2 4 -8
f(x) = by + by (x —x0) + by(x —x9)(x — x1)
=1—2x—0.125x(x — 2) ~ f(1.7) = —2.3363
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5.1 Newton'’s Divided Difference Interpolating Polynomials
5.1.3 Cubic Interpolation

To connect four data points with the third order polynomial
(cubic polynomial)

Formula:
f(x) = bo"‘ b1x — Xg) + bz(x — x0)(x —x1) + b3(x — x0) (x — x1)(x — x7)
Table: ] : o
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5.1.3 Cubic Interpolation
Example:

Estimate f(5.3) using cubic interpolation given (1, 1), (4,9), (7,13),

(10,20).

0 1 1

>b,
2.6667 >by
1 4 9 —0.2222 >b,
1.3333 0.0432 [—>bs3
2 7 13 0.1667
2.3333
3 10 20

f(x) =1+2.6667(x—1)—0.2222(x — 1)(x — 4)
+0.0432(x — 1) (x —4)(x —7)
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5.1.3 Cubic Interpolation

Exercise 5.1:

Given the following data

i .0 | 1 | 2 | 3
0 1 2 3

10 g 2 9

1) By using Newton’s Divided Difference Interpolating polynomial of

order 2, estimate f(0.6).
2) By using Newton’s Divided Difference Interpolation, find the P;(x)

and then use it to estimate f(2.7).

[Ans: 9.28; -5.1156]
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5.2 Lagrange Interpolating Polynomials
- Applicable for equally spaced or unequally spaced data.

- Astraight line from Lagrange Interpolating Polynomial that
passing through two points (x,, vo) and (x4, y;)

X — Xq X — Xg

Feo =~

0 — X1 X1 — Xo

ocw.utem.edu.m




5.2 Lagrange Interpolating Polynomials

- A parabola from Lagrange Interpolating Polynomial that passing
through three points (xg, vy), (x1,v1) and (x5, y,)

(x —x1)(x — x3) (x —x0)(x — x3)
(xo — x1) (X0 — X32) f(xo) + (%1 — x0) (%1 — x3)
(X — x0)(x — xq)

+ f(x2)

(%3 — x0) (X3 — x1)

fx)= f(x1)

@080



@080

5.2 Lagrange Interpolating Polynomials

General formula of Lagrange nth order Interpolating Polynomial
that passing through n + 1 points (xg, o), (X1, V1), .., (X5, V):

n is order of interpolation

Ao - D LiGOf () = Lo()f (xo) + -+ Ln (O ()
=0

where

Li(x) = 1_[ (=)

j=0,j#i (xi o x])

_ (x — x0)(x — x1) (x — x;-1) (¢ — X;41) (x — xp)
(g —x0) Oy —x1) (g —x-) (g — x341) (5 — x3)
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5.2 Lagrange Interpolating Polynomials

Lagrange Interpolation Coefficient:

L (x) = 1_[ (x—xj)

=0, ji (xi - xj)

is a polynomial with degree n which satisfies

0, %]

and

;Li(x) —1
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5.2 Lagrange Interpolating Polynomials
5.2.1 Linear Interpolation

To connect two data points with the first order polynomial
(straight line)

Formula:
f(x) = Lo(x)f (xg) + Ly (x)f(xy1)
where
Lo(x) = ;C __xl
0 — X1
Li(x) = S
X1 — Xg
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5.2.1 Linear Interpolation

Example:
Use Lagrange Interpolating Polynomial of degree 1 to estimate f(4.7)
given f(4.3) = 0.1678 and f(4.9) = 0.2451 .

Solution:
f(x) = Lo(x)f(xo) + L1 (x)f (1)
where
_xXx—x;  x—49
Lo(x) Cxg—x; 43-49
Ll(x):x—xo x—4.3

X, —xXg 4.9 — 4.3
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Recall:
5.2.1 Linear Interpolation f(4.3) =0.1678

£(4.9) = 0.2451

Solution: (cont.)

f(x) = Lo(x)f (x0) + Ly () f (1)

— — 4.3
() _43 5 (0. 1678)+49 5 (0.2451)
f(47)_43 49(01678)+49 43(02451)_02193



5.2 Lagrange Interpolating Polynomials
5.2.2 Quadratic Interpolation

To connect three data points with the second order polynomial

(parabola)
Formula:
f(x) = Lo(x)f(x0) + Ly (x)f(x1) + Ly(x)f (x2)
where
_ (x —x1)(x — x3)
Lo(x) = (x0 — x1) (xg — x32)
@ x)(x — %)
L) = (x1 — x0) (x1 — x3)
AP CEE DICEE

(x2 — x0) (X2 — x1)
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5.2.2 Quadratic Interpolation

Example:

Use Lagrange Interpolating Polynomial of degree 2 to estimate f(—3.8)
given f(—10.3) = 1.0823, f(—5.1) = 4.7798 and f(—1.5) = 9.1514.

Solution:
fx) = Lo(x)f (o) + L1 (x)f (1) + Ly (x) f (x2)
where
Lo(x) = (x —x)(x = x3) _ (x +5.1)(x + 1.5)
0 (xo — x1)(xg — %)  (=10.3 +5.1)(=10.3 + 1.5)
Lo (x) = (x —x9)(x — x3) _ (x +10.3)(x + 1.5)
1 (x; —x9)(xy —x5) (—=5.1+4+10.3)(—5.1 + 1.5)
(x —x9)(x — x1) (x +10.3)(x + 5.1)
Ly(x) =

(X, — %0)(xz — %) (=1.5+ 10.3)(=1.5 + 5.1)
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5.2.2 Quadratic Interpolation

Solution: (cont.) Recall:
f(—10.3) = 1.0823

f(=5.1) = 4.7798
f(=1.5) = 9.1514

f(x) = Lo(x)f(x0) + Ly (x)f(x1) + Ly(x)f (x2)

L) = (x —x1)(x — x3) B (x +5.1)(x + 1.5 B (x +5.1)(x + 1.5)
O g —x)(xg — %) (=103 +5.1)(—-103 + 1.5) _ 45.76
i B (x — x0)(x — x3) B (x +10.3)(x + 1.5) B (x +10.3)(x + 1.5)
1) = ) —x,) - (513 103)(51+15) 18.72
i B (x — x0)(x — x1) 3 (x +10.3)(x +5.1) B (x +10.3)(x + 5.1)
20 = )00 — %)~ (—15+103)(—15 150 31.68
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5.2.2 Quadratic Interpolation
Solution: (cont.)

f(x) = Lo(x)f(xg) + Ly () f (x1) + Ly(x)f(x3)

(x+10.3)(x+1.5)

_ (x+5.1)(x+1.5) (1.0823) . (4.7798)
45.76 18.72
n (x+10.3)(x+5.1) (9.1514)
31.68
. £l _ (—3.8+5.1)(—3.8+1.5) _ (—3.8+10.3)(—3.8+1.5)
~ f(—3.8) = TP (1.0823) T (4.7798)
+ (-3.8+10.3)(-3.8+5.1) (9.1514)
31.68
= 6.1874
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5.2 Lagrange Interpolating Polynomials
5.2.2 Quadratic Interpolation

Exercise 5.2:

Given the following data

By using Lagrange Interpolating polynomial of order 2, estimate f(1.8).

[Ans: 6.24]
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5.2 Lagrange Interpolating Polynomials
5.2.3 Cubic Interpolation

To connect four data points with the third order polynomial (cubic

polynomial)
Formula:
f(x) = Lo(x)f(x0) + L1 (x)f (1) + La(x)f (x2) + L3 () f (x3)
where
Lo(x) = (x —x1)(x — x2) (x — x3)
° (0 — x1)(xg — x2) (%9 — Xx3)
L, (x) = (x — x0)(x — x3) (x — x3)
! (1 — x0) (1 — x2) (7 — x3)
L, (x) = (x — x0)(x — x1)(x — x3)
2 (2 — x0) (X2 — x1) (%2 — x3)
Lo(x) = (x — x0)(x — x1)(x — x3)

(x3 — x0) (X3 — x1) (x3 — x7)
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5.2 Lagrange Interpolating Polynomials
5.2.3 Cubic Interpolation

Example:

Construct the Lagrange Interpolation polynomial of degree 3 with
the data set given below:

i 0 | 1 | 2 | 3

-1 0 1 2

1 1 1 -5
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5.2 Lagrange Interpolating Polynomials
5.2.3 Cubic Interpolation
Solution:

f(x) =Lo(x)f(xg) + Ly (x)f (x1) + Ly(x) f(x2) + L3 (x) f (x3)

_ (x=0)(x—-1)(x-2) (x+1)(x—1)(x—2)
 (-1-0)(-1-1)(-1-2) (1) + (0+1)(0-1)(0-2) (1)

(x+1)(x-0)(x=2) (x+1D)x-0)(x-1) ,
(1+1)(1-0)(1-2) (1) + (241)(2-0)(2-1) (=5)

=2 -DE-2)+5 G+ Dx—1Dx-2)

—g(x+1)(x—2)—5§(x+1)(x—1)

fx)=1+x—x°
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5.2 Lagrange Interpolating Polynomials
5.2.3 Cubic Interpolation

Exercise 5.3:

Find the Lagrange approximation polynomial of degree 3 for the function

x2—eX+ln x

fx) = Vx+sinx
Usethe x, = 1,x; = 3, x, = 4 and x3 = 7. Then estimate f(5).

[Ans: -73.2287]
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