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Lesson Outcomes

Upon completion of this lesson, students should be able to:
» solve hyperbolic equation using finite difference method

» apply finite difference method in wave equation
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Recall: Difference Formulas

Forward-Difference Formula:

ou _ Wije1 — Ui ou\  Uiprj — U,
ot ). k ox).. h
L,j L]
Backward-Difference Formula:
a_u _ Ujj— Ujj—1 a_u _ Upj— Uj—1,j
ot ). . k ox). h
i, i,
Central-Difference Formula:
6_u _ Uij+1 W1 6_u _ UYit1,j Ui,
ot ). . 2k ox). . 2h
L,j L]

2 2
d“u _ Ui jr1 — Zui,j + Ui j—1 d“u _ Uit1,j — Zui,j + Ui—1,j
at2 ). . k? 0x2 ). h? 4
L] LJ
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5.4.3 Hyperbolic Equation — Wave Equation

Consider the Wave Equation:
0’u_ 20 0<x< t>0
otz 9x?’ s
with boundary conditions
u(0,t) = u(a,t) =0, t>0
and initial conditions
u(x,0) = f(x), 0<x<a
du
E(x,0)=g(x), 0<x<a

By central-difference formulas,

0%u 0%u
— ) —2([=]) =0
at? | . . dx? ). .

ij ij

is approximated to

Ujjp1 — 22U U 2 Uit~ 2uij+uji—qj

k? h? 0

where h = Ax and k = At.
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Example 5.19:

Approximate the solution for the following wave equation
azu_462u 0<x<1 t>0
9tz " ax?’ s b

with boundary conditions
u(0,t) =u(l,t) =0, 0<t<1
and initial conditions
u(x,0) = sin2mx, 0<x<1

U0y =4 0<x<l
ot T =X=

by using the central-difference formula. Given h = 0.5 and k = %




Step 1. Sketch the grid points.
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| . Recall:
J N 0<x<1, 0<t<1
3 19 ? 1l h=05and k =1/3
2 2/3. | ) 4
1 1/3. ! 2 ®
>— - g
0 7l 0.5 1 *
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Step 2: Compute boundary and initial values.

u(x,0) = sin2nx, 0<x<1

1(0,0) = 0

1(0.5,0) = 0

u(1,0) = 0

u(0,t) =0, u(1,t) =0, 0<t<1
1(0,0) = 0 u(1,0) = 0

1(0,0.3333) =0 u(1,0.3333) = 0
1(0,0.6667) =0  u(1,0.6667) = 0
1(0,1) = 0 u(1,1) = 0

Recall:
h=05andk=1/3
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Step 3: Fill in the values into the grid.

i
3 1 oO 1{;1,3 00
) 2/3..0 .u1,2 o
0 Uqq
1 1/3. 9 ()
0 0 0
0  t
of 0.5 1 X
0 1 2 i
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Step 4: Obtain formula u; ;,, from difference formula.
By central-difference formulas,

9%u 9%u d0%u d0%u
SU_ 42 mm) (o) -4(7=) =0
oz~ ‘ox7 (atz)” (axz

L]

Choose the required difference formula from the list:

Forward-Difference Formula:
ou\  Uijyn Ui Ju\ Uiy T U,
ot /. . k dx /. . h
i) L]
Backward-Difference Formula:
ou\ U T Uy ou\ Ui — Uiy,
ot /. . k dx | . . h
L,j L,j
Central-Difference Formula:
ou\  Wijey —Upj-a ou\  Uiyrj ~ Uiy
ot /. . 2k ox /. . 2h
i,J LJ
d%u . Ujj+1 — Zui,j + Ujj-1 d%u _ Uitv1,j — Zui_j + Uj—1,j
at2 | . . k2 dx?2 h?2
1] L] 10
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Step 4. Obtain formula u; ;,, from difference formula.

By central-difference formulas,

2 2
(6_1;) — 4 (a_12‘> -0 Recall:
ot ij Ox ij h=05andk=1/3

Upjer — 205 H U0 A (ui+1,j — 2u;; + ui—1,j> B

is approximated to

k2

4k?
Sl irr| Uiger T 22U U = I (wisr,j — 2w + iy )
'ui—l,j U; j ‘ui+1,j i 2
K o _4(1/3)
izt j—1| Wij+1 = ~05)% (Wisrj = 2wy + Uiy ) + 245 — Uy g
. :

i—1 i i+1 16 14 16
Uij+1 = | J%i-1) — | g Ui+ g ) Uirj T Uij-1

11
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Step 4: Obtain formula u; ;1 from difference formula.
’ Recall:

h=05and k=1/3

From the initial velocity,

ou : : ou ou
5, (6, 0) =4 discretized 5 (X, 0) = (E)i,jzo =4

By central-difference formulas,

ou\  _ Uije1 —Uij-1
at /. . 2k
i,j

Choose the required difference formula from the list:

Central-Difference Formula:

u\  Ujje1 Ui Qu\  Uisyj — Uiy
at 2k dx 2h

ij L

9%u _ i1~ 2 Ui 0%u _ Uivaj — 2 H Uiy
at? ) . k? dx2) . h?
i,j LJ

12
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Step 4: Obtain formula u; ;,, from difference formula. | Recall:
h=05and k =1/3

From the initial velocity,

ou . : ou . a_u .
2 5,0) = 4 0= (3),,, =

By central-difference formulas,
ou\  Ujp1 — Ui
dt iy 2k
ou _Uj1—Uj—1
(at)i’j=0 o201/3) 4

U,' —Ui 1=8/3
Uj—1 = Ujq — 8/3

Hence,

is approximated to

13
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Step 5: Compute solutions for internal points u; ; (Refer to grid in Step 3).

Ujj+1 = <—

14 16
Ujq,j — 9 Ui+ ) Uivq,j — Ujj—1

Uj—1 = Ujq — 8/3

I U13 0
3 1 * »
0 U2
2 2/3¢ * 0

0
1 1/3¢ "“-1.1 »0
0 0 0
0 _T s .
0 0.5 1

Leti=1,j =0,

16 14
u1,1:(j)uo,o (9) 10+( )uzo—u1 —1

w1 =(3) - (3) O+ (3) 0 - @ -3
2y 4 = 2.6667
uy 1 = 1.3333

14
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Step 5: Compute solutions for internal points u; ; (Refer to grid in Step 3).

Ujj+1 = (

»0

50

14 16
Ui-1,j — g | % T | g ) Ui — Uij-1

Leti=1,j =1,

_ (16 14 16
Uz = (5 ) Uo1 — |5 )W T (5 ) Uzt —Uo
14

;= (5) 0 - () 13333) +(3) (0 -0
Uy 5 = —2.0740

15
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Step 5: Compute solutions for internal points u; ; (Refer to grid in Step 3).

16 14 16
Uij+1 =g JWi-1j — | g J%s T | g ) Uirs) — Uij-1

S
0 ~2.0740 Leti=1,j =2,
? $ $0
- Uiz = (1796) Up,2 — (%) Uy + (%) Uy —Upg
L |13333 | Uy 3 = (1796) (0) — (%) (—2.0740) + (1796) (0) — 1.3333
Uy 5 = 1.8929
0 ETO 0?:} ;0 )

16
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Step 6: Fill in the values into the grid.

! ¥ 1.8929
0 —2.0740
2 2/3. < ®()
’ 1/3.0 113333 1,
0 0 0
0 é o
ol 0.5 1 *

0 1 2 l 17
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Example 5.20:

Approximate the solution for the following wave equation
0*u  0%u

5 = a2 0<x<1l, t>0

with boundary conditions

u(0,t) =u(1,t) =0, 0<t<1
and initial conditions

u(x,0) =x(x—1), 0<x<1

U =1 o0<x<1
ot )T =X=

by using the central-difference formula. Given h = % and k = 0.5.

18
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Solution:
Step 1. Sketch the grid points.
Recall:
j t 0<x<1, 0<t<1
h=1/3and k = 0.5

2 1 ®- L 9

1 05¢ 2 ® ®

O L 4 @ L

ol 1/3 2/3 1
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Step 2: Compute boundary and initial values.

u(x,0) =x(x—1), 0<x<1
u(0,0) =0

1u(0.3333,0) = —0.2222
u(0.6667,0) = —0.2222

u(1,0) =0
u(0,t) =0, u(1,t) =0, 0<t<1
u(0,0) =0 u(1,0) =0

u(0,0.5) =0 u(1,0.5) =0
u(0,1) =0 u(1,1) =0

Recall:
h=1/3and k = 0.5

20
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Boundary and initial conditions are
symmetrical about the line x = 0.5.

J :‘)f Hence, ul’l = uz’l and ul’z = uZ’z
u
) , .0 4,2 Uz,2 .0
1 05 '0 Ll .uz L 0
0 —0.2222 —0.2222 0
0 _T & ® X
0 1/3 2/3 1

21
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Step 4: Obtain formula u; j., from difference formula.
By central-difference formulas,

(62u> ( 62u> Recall:
— | —[—] =0 h=1/3and k =0.5
ot? iy 0x? i

Uij+1 = 2Uij + Ui (ut+1,j —2u;; + ui—u‘)

is approximated to

k? h?
Ui j+1 — . kz
! Uijer = 2Upj T Ujjo1 = 55 (w1, — 2ugj + uima,5)
Ui-1,j Ui,j Wit1,j )
L 4 L J ]
2
Ui, j—1 ) (05)
-1 -
! Uiji1 = orang (Wie1j = 2Uij + Uima,) + 2U; 5 — Ugjog
i—1 [ i+1 (1/3)

Ujj+1 = 2.25ui_1,j - 2.5ui,j + 2.25ui+1,j —Ujj-1

22
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Step 4: Obtain formula u; ;, from difference formula.

From the initial velocity,
u

Recall:
h=1/3and k = 0.5

ou : i ou —\5r =
E(x’ 0)=1 discretized E(xi' 0) = ( )i,j=o =1

Jot

By central-difference formulas,

ou _ Ui+ — %ij-a
at /. . 2k
i,

Hence,

is approximated to

23
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Step 5: Compute solutions for internal points u; ; (Refer to grid in Step 3).
ui,j+1 = 2.25ui_1,j — 2.5ui’j + 2.25ui+1,]’ — ui,j_l

Uj—1 = Ujq1 — 1

Boundary and initial
conditions are
symmetrical about
the line x = 0.5.

Hence,
u1,1 == u2,1 and
U2 = Uz

J v
0 u u
2 1 1,2 2,2 0
1 05 0 Uq 1 Uz,1 0
0 —0.2222 —0.2222 0
0 > X
0 1/3 2/3 1
0 1 2 3 i
Leti=1,j =0,

u1,1 = 2.25u0’0 — 2.5u1,0 + 2.25u2,0 — u1,_1
Uy = 2.25(0) — 2.5(—0.2222) + 2.25(~0.2222) — (1t 1 — 1)

2u1'1 = 1.0556

24

u;, = 0.5278 ~ Uy ¢ = 0.5278 due to symmetrical condition




OPENCOURSEWARE

ocw.utem.edu.my

Step 5: Compute solutions for internal points u; ; (Refer to grid in Step 3).
ui,j+1 = 2.25ui_1,j — 2.5ui’j + 2.25ui+1,]’ — ui,j_l

Uj—1 = Ujq1 — 1

PR Boundary and initial
t conditions are
;40 2 Uz 0 symmetrical about

the line x = 0.5.
1 os 0 0.5278 0.5278 0 Hence,
U = Up 4 and
0 0 02222 [-02222 [0 Uy = Up
0 1/3 2/3 1
0 1 2 3 i

Leti=1,j =1,

Uy p = 2.25Ugq — 2.5Uq ¢ + 225Uz —Uq g

Uy o = 2.25(0) — 2.5(0.5278) + 2.25(0.5278) — (—0.2222)

u; , = 0.0903 Uy, = 0.0903 due to symmetrical condition

25
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Boundary and initial
conditions are symmetrical
about the line x = 0.5.

Step 6: Fill in the values into the grid.

J y
[ Hence, all grid points are
0.0903 symmetrical about the line

2 14 0. 00903 [x=05

0 0.5278 0.5278
1 05¢% + )| J

0 —0.2222 |-0.2222 o
0 — L | | )

0 1/3 2/3 1

0 1 2 3 i
26
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Exercise 5.11:

1) Approximate the solution for the following wave equation
0°u  0%u
ot?2  dx?’

with boundary conditions
u(0,t) =u(1,t) =0, 0<t<0.1
and initial conditions
u(x,0) = sinmx, 0<x<1

U0 =0, O0<x<1
ot ) T =X=

0<x<1, t>0

by using the central-difference formula. Given h = 0.25 and k = 0.05.

[AnS uO'O — uO’l — uO’z - u4'0 - u4'1 — u4,2 — O, ul'O - u3'0 = 07071, uz’o =
1, ul’l = u3’1 = 06988, uz'l = 09883, ul'z = u3'2 = 0674‘1, uZ’z = 09534‘]

27
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Exercise 5.11:

2) Approximate the solution for the following wave equation

0" =9 0"u 0<x< t>0
9tz ox2’ P
with boundary conditions
u(0,t) = u(m,t) =0, 0<t<1

and initial conditions

X
u(x,O)zxcosE, 0<x<m

U0 =2 0<x<
at X, = 4, S XSTT

by using the central-difference formula. Given h = % and k = 0.5.
[AnS uO’O = u0,1 = u0,2 == u4’0 == u4’1 = u4,2 = O, ul’O == 07256,

u2,0 = 11107, U,3'O = 09017, ul'l = 11046, uZ'l = 10272, u3,1 = 06384,
ul'z = —28279, uZ'z = _01922, U3'2 = —05353] 28
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Thank You

Questions & Answer?

30
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