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Lesson Outcomes

Upon completion of this lesson, students should be able to:

« apply finite difference method in solving partial differential
equations

» solve parabolic equation using finite difference method
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4

N

Analytical Methods

Numerical Methods: Finite Differences

N

Separation of
variables
Integral
transform
Characteristic
etc.

Y

Exact solution

R U

Parabolic Hyperbolic Elliptic
eqn. eqn. eqn.

I

Approximated solution




OPENCOURSEWARE

ocw.utem.edu.my

5.4 Numerical Methods for PDE (Explicit Finite
Difference Method)

Why numerical methods are needed?

« Limitation of analytical method: Analytical methods are limited to highly
simplified problems in simple geometries with simple thermal conditions.

* A better modeling: There is always a tendency to oversimplify a problem
into a mathematical model to ensure an analytical solution. Hence, a
mathematical model for a numerical solution may represent the actual
problem better.

» Flexibility: Numerical methods suit the needs of engineering problems
that requires extensive parametric studies.
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5.4.1 Difference Formulas

Forward-Difference Formula:

ou _ Wije1 — Ui ou\  Uiprj — U,
ot ). k ox).. h
L,j L]
Backward-Difference Formula:
a_u _ Ujj— Ujj—1 a_u _ Upj— Uj—1,j
ot ). . k ox). h
i, i,
Central-Difference Formula:
6_u _ Uij+1 W1 6_u _ UYit1,j Ui,
ot ). . 2k ox). . 2h
L,j L]

azu _ ui,j+1 - Zui,j + ui,j_l azu _ ui+1,j - Zui,j + ui_l,j
ot? ). k?2 0x2 /. . h?2
L] L]
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5.4.2 Parabolic Equation — Heat Equation

Consider the Heat Equation:
ou d%u
ot  0x2’

with boundary conditions

u(0,t) = u(a,t) =0, t>0
and initial condition

u(x,0) = f(x), 0<x<a.

By forward-difference and central-difference formulas,

ou 0%u — 0
oc ). “\oxz) =
L] L]

is approximated to

Upj1 — Uiy Uigrj — 22U H Uy

K ¢ h2 0

where h = Ax and k = At.
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Example 5.17:

Find approximate solution for the following heat equation
au—OSGZu 0<x<l1 t>0
ot T ax?’ TS b

with boundary conditions
u(0,t) =u(1,t) =0, 0<t<O0.1
and initial condition

X
u(x,0)=xcos(7), 0<x<1.

by using the forward-difference and central-difference formula. Given

h =0.25 and k = 0.05.
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Solution:
Step 1: Sketch the grid points.
_ . Recall:
J \ 0<x<1, 0<t<0.1
h = 0.25 and k = 0.05
2 0.1¢ * * ¢ *
1 0.05¢ ® ¢ ¢ ®
O @ @ @ ®
0 0.25 0.5 0.75 1
0 1 2 3 4 i
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Step 2: Compute boundary and initial values.

X
u(x,0)=xcos(7), 0<x<1
u(0,0) =0

1u(0.25,0) = 0.2310

1u(0.5,0) = 0.3536

u(0.75,0) = 0.2870

u(1,0) = 0
u(0,t) = 0, u(1,) =0, 0<t<0.1
u(0,0) =0 u(1,0) =0

u(0,0.05) =0 u(1,0.05) =0
u(0,0.1) =0 u(1,0.1) =0

Recall:
h=0.25and k = 0.05
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Step 3: Fill in the values into the grid.

j t
0 Ug Uz 2 Uz o 0
2 0.1e ® ® ® ®
0 u u
1 005¢ .u1,1 { 2,1 J B! 1o
0 0.2310 0.3536 0.2870 0
0 _T o o @ L X
0 0.25 0.5 0.75 1

10
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Step 4. Obtain formula u; ;,, from finite-difference formula.
By forward-difference and central-difference formulas,

M _oslu mmp () -o0s(53) =o

ot dx? J

iJ
Choose the required difference formula from the list:

Forward-Difference Formula:
ou\  Uijyn Ui Ju\ Uiy T U,
ot /. . k dx /. . h
] L]
Backward-Difference Formula:
ou\ U T Uy ou\ Ui — Uiy,
ot /. . k dx | . . h
] Lj
Central-Difference Formula:
ou\  Wijey —Upj-a ou\  Uiyrj ~ Uiy
ot /. . 2k ox /. . 2h
i,J LJ
d%u . Ujj+1 — Zui,j + Ujj-1 d%u _ Uitv1,j — Zui_j + Uj—1,j
at2 ). k2 dx? N h?2 11
i,J L,J
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By forward-difference and central-difference formulas,

is approximated to

Ujt1,j
®

i+1

j+1

ou 05 0%u — 0
at ). . T \oxz)
L] L]

Recall:
h=0.25and k = 0.05

Wijb1 —Uij o g (Yit1j — 2t Ui
k
0.5k
Wijer = Wij = 72 (wie1,) = 20 + Uimn )

0.5(0.05)
M+ = T0.25)2
ui’j+1 = 0.4(ui+1,j — Zui,j + ui_l,j) + ui,j

(Wivrj = 2upj + i1 ) + i

Ujj+1 = O.4ul~_1,j + O.Zui,j + 0.4ui+1,j

12
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Step 5: Compute solutions for internal points u; ;.1 (Refer to grid in Step 3).

ui'j+1 = O.4ui_1,j + O.Zui'j + O.4ui+1,j

j t
0 Uy Uz 2 Uz 0
2 0.1
0 U u u
1 005 1,1 2,1 31 0
0 0 0.2310 0.3536 0.2870 0
0 0.25 0.5 0.75 1
0 1 2 3 4 i

Let i = 1,] — O, ul’l = 0.4‘u0’0 + 0.2u1,0 + O.4u2’0
1y 1 = 0.4(0) + 0.2(0.2310) + 0.4(0.3536)
ul'l = (0.1876

13




OPENCOURSEWARE

ocw.utem.edu.my

Leti=2,j =0,

0 U o Uy 3 Uz 0
2 0.1
0 u
1 005 Uy 2,1 Uz,g 0
0 0 0.2310 0.3536 0.2870 0
0 0.25 05 0.75 1"
0 1 2 3 4

u2,1 = 0.47.1,1,0 + O'ZuZ,O + 0.47.1,3,0
Uy, = 0.4(0.2310) + 0.2(0.3536) + 0.4(0.2870)
uZ,]_ = 0.2779

14
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Leti=3,j =0,

0 Uy Uz 2 Uz 0
0.1
0 U
0.05 Uq,q 2,1 Uzq 0
0 0.2310 0.3536 0.2870 0
0 0.25 0.5 0.75 1~
0 1 2 3 4 i

u3’1 = O.4u2’0 + 0.2u3’0 + 0.47.1,4’0
Uz, = 0.4(0.3536) + 0.2(0.2870) + 0.4(0)
u3'1 - 01988

15
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Ujj+1 = O.4ui_1,j + O.ZUL'J' + O.4ui+1,j

j t
0 U2 Up o Uz 2 0
2 0.1
0 0.1876 0.2779 0.1988
1 0.5 0
0 0 0.2310 0.3536 0.2870 0
x
0 0.25 0.5 0.75 1
0 1 3 4 i

Leti = 1’] — 1, Uyp = 0.4“0,1 + 0.2ul’1 + 0.4“2,1
Uy 5 = 0.4(0) + 0.2(0.1876) + 0.4(0.2779)

u1,2 - 014‘89

16
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ui’j+1 = 0.41/[1'_1,]' + O.Zui'j + 0.4ui+1,j

j t
0 U2 Up o Uz 2 0
2 0.1
0 0.1876 0.2779 0.1988
1 0.5 0
0 0 0.2310 0.3536 0.2870 0
x
0 0.25 0.5 0.75 1
0 1 3 4 i

u2,2 = 0.4-u1'1 + 0'2u2,1 + 0.4‘U3,1

Uy 5 = 0.4(0.1876) + 0.2(0.2779) + 0.4(0.1988)
uZ’z = 0.2101

17
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ui’j+1 = 0.4ui_1,]~ + O.ZUi’j + 0.4ui+1,]~

j t
0 Uz Up o Uz 0
2 0.1
0 0.1876 0.2779 0.1988
1 0.05 0
0 0 0.2310 0.3536 0.2870 0
> X
0 0.25 0.5 0.75 1
0 1 2 3 4 i

Let [ = 3,] = 1’ U,3,2 = O.4U,2,1 + O.ZU,3,1 + 0.411,4_’1

Uz, = 0.4(0.2779) + 0.2(0.1988) + 0.4(0)
u__o,’z = 01509

18
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Step 6: Fill in the values into the grid.

j t
0 0.1489 0.2101 0.1509 0
2 O0.1e ® ® °
0 0.1876 0.2779 0.1988
1 0.05¢ ’ ¢ ¢ $0
0 0.2310 0.3536 0.2870 0
0 _T ® ® o ® > X
0 0.25 0.5 0.75 1
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Example 5.18:

Find approximate solution for the following heat equation
au_0162u 0<x<l1 t>0
ot ox?’ s

with boundary conditions

u(0,t) =u(1,t) =0, 0<t<04
and initial condition

u(x,0) = x%2(1 —x), 0<x<1.

by using the forward-difference and central-difference formula. Given
h =0.5and k = 0.1.

20
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Solution:
Step 1: Sketch the grid points. Recall:
j t 0<x<1, 0<t<04
A 04 . . h=05and k =0.1
3 031 1 1
2 0.2 ¢ ¢ ¢
1 0.1¢ ® ®




OPENCOURSEWARE

ocw.utem.edu.my

Step 2: Compute boundary and initial values.

Recall:

;O= 21_ ’ 0< <1
u(x,0) = x*(1 — x) x h=05and k= 0.1

1(0,0) = 0

1(0.5,0) = 0.125

u(1,0) = 0

u(0,t) = 0, u(1,) =0, 0<t<0.4
1(0,0) = 0 u(1,0) = 0

1(0,0.1) = 0 u(1,0.1) = 0

1(0,0.2) = 0 u(1,0.2) = 0

1(0,0.3) = 0 u(1,0.3) = 0

u(0,0.4) =0 u(1,04) =0

22
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Step 3: Fill in the values into the grid.

j f

4 0.4 0 Ui .0

3 0.3 ¢ 1—- $0
2 0.2 + +2——20
1 0.1 ¢ L1 $ 0
0 0 0.125 0

m o > X 23
O .
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Step 4. Obtain formula u; ;,, from finite-difference formula.
By forward-difference and central-difference formulas,

is approximated to

j+1

Uiyl j
*

i+1

<0u) 01 (62u) — 0o
at ) . T \ox2)
i,j X i,j Recall’

h=05and k =0.1

Uijbs = Yij oo (Hir ~ ZuijtUi-1y ) _ 0
k
0.1k
Uijr = Uij = =35 (wivnj = 2055 + uia,5)

0.1(0.1)
Ujj+1 = W (ui+1,j —2u;; + ui—1,j) +u;
ui,j+1 = O.O4(ui+1’j — Zui'j + u,;_l'j) + u,;'j
ul-,j+1 = 0.04ui_1’j + 0.92ui,j + 0.04ui+1,j

24
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Step 5: Compute solutions for internal points u; ; (Refer to grid in Step 3).

Ui jr1 = 0.04u;_q4 ; + 0.92u; ; + 0.04u;, 4

Let l — 1,] == O, , - 0 » .
uyq = 0.04u0 + 0.92u 5 + 0.04u,,
u; 1 = 0.04(0) + 0.92(0.125) + 0.04(0) s 0ad we |,
u,; = 0.115

2 0.2 0 U2 0
Let l = 1’] = 1! 1 0.1 0 Ui 0
u; 5 = 0.04(0) + 0.92(0.115) + 0.04(0) . PR PR A

u; , = 0.1058

25
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Leti = 17] = Zr 4 0.4 u 5w 0
U3 = 0'04u0,2 + 0-92“,1,2 + 0.04‘u2,2
u; 5 = 0.04(0) + 0.92(0.1058) + 0.04(0) 3  o03{" » )
s = 00973 0 0.1058
- 0.2 0
Leti=1,j =3,
1 01 L0 0.115 ;
u1,4- - 0'04u0,3 + 0-92“,1,3 + 0.04‘u2,3
g 4 = 0.04(0) +0.92(0.0973) + 0.04(0) 0 o o

u1,4 = 00895 00 0.15 % > |

26
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Step 6: Fill in the values into the grid.

t

J
0.0895
Z 0.4 ¢ T t
0 0.0973
3 03¢ T 10
0 0.1058
2 0.2¢% T ?0
1 0.1 +2 10.115 d o
0 0 0.125 10 X
of 0.5 1
0 1 2 L

27
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Exercise 5.10:

1) Solve the heat equation

6u_62u 0<x<1 t>0
ot 0x2’ S S

with boundary conditions
u(0,t) =u(l,t) =0, 0<t<0.02
and initial condition
u(x,0)=x(1-x) 0<x<1.

by using the forward-difference and central-difference formula. Given h = 1/5
and k =1/100.

[ANS: ug o = Ug1 = Ugz = Usp = Us1 = Usy = 05Uy 9 = Uy = 0.16;up 9 = Uz =

024‘, u1,1 = u4,1 = 014‘, uZ,1 = u3’1 = 022, uLZ = U4,2 = 0125, uZ,Z = U3,2 = 02]

28
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Exercise 5.10:

2) Solve the heat equation
ou 0%u
— = 0.03

T . ﬁ, 0<x<?2, t>0

with boundary conditions

u(0,t) = u(2,t) =0, 0<t<1
and initial condition

T
u(x,0)=351n5x, 0<x<2

by using the forward-difference and central-difference formula. Given h = 1/2
and k =1/2.

[ANS: ug o = Ug1 = Ugz = Ugp = Us1 = Ugp = 05Uy = Uz = 2.12135uy 9 = 3;

u1’1 = U3’1 = 20468, uZ,l = 28946, u1,2 = U3,2 = 19748, u2’2 = 27928]

29
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Thank You

Questions & Answer?

31
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