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Lesson Outcome

Upon completion of this lesson, the student should be able to:

1. Reduce a matrix into row echelon form using row
reduction method.

2. Solve a linear system by using Gauss Elimination.

3. Decompose a matrix into a product of an upper and lower
triangular matrices using LU Decomposition to solve a
linear system.

4. Solve a linear system by using Gauss Seidel.
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1.6 Introduction to a Linear System

System of linear equations is a collection of linear equations that involves a set of
variables. It represents system mostly in engineering, physics, chemistry, computer
science and economics.

For example,
3x+2y—4z=3
2x —4y+z=—-5
x+3y+5z=12
is a linear system with variables x,y and z. It is represented in the form of AX = b as

follows:
3 2 —A4][x 3
[2 % [y H
511z 12

“l}

The solution to the linear equation system is
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Solution of Linear Systems, Ax = b

LU

Gauss

Decomposition Seidel

J

J

- A=LU
- Apply forward
and backward
substitution

- Strictly diagonal
dominant matrix
- Run iteration

U

U

Gauss
Elimination

J

-Row Reduction

May be Exact or Approximated solution
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1.7 Elementary Row Operation

Aim to reduce a matrix into an upper triangular matrix, which is also
known as row echelon form.

l.e.

X can be any different

X X X
O— X X values
0 0 | X

Pivot/Leading
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1.7 Elementary Row Operation

1) Interchange any two rows
- Interchange two rows i and j: 1; < 7;

E.g.
[O 1 7”1‘_’7"2[

2) Multiply any row with a scalar
- Multiply a scalar k to row 7;: kr;

E.g.
1
[2 45’"1[1
_)
1 3 1
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1.7 Elementary Row Operation
3) Row replacement operation:

- Replace row j by mr; + 1;:

J
mr; +1; 27

m=—%=—3

1 0 313mt2r1 o0 3 71-L...[1 0 3]
2T1+T3 52 3

35—2—v>05—11 '\>05—11
—2 1 -3 0 1 3 . 0 0 26/5
-2 m:—g - -

A"

N

The first pivot entry is 1,
two operations are needed
to reduce row 2 and row 3

The second pivot entry is
5, one operation is needed
to reduce row 3
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AN

The third pivot entry is 26/5,
upper triangular is obtained
and the ERO is done




1.7 Elementary Row Operation

Example:

Reduce the matrix into row echelon form by using only row

replacement operation.

Solution:

A=

7 27"1 +T'2

&) —+ r3

-1 2

2 -1

1 1
—1 2

0 3
L0 3

—5]
—4

—7]

—71> +T'3
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1.7 Elementary Row Operation

Example:

Reduce the matrix into row echelon form by using only row
replacement operation.

2 2 3
A=|-2 1 5
1 3 4
Solution:
T1+T2
2 2 3_—%r1+r3 2 2 3 —§r2+r3 2 2 3
-2 1 § >{0 3 8 >0 3 3
1 3 4] 0 2 5/2 0 0 -—-17/6
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Exercise 1.5:

Reduce the following matrices into row echelon form.

1 4 2]
1) |-1 6 3
5 2 0.
3 8 5]
2) |-2 4 3
L0 1 2

1 4 -2
[Ans: |0 10 1
0 0 59/5
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1.8 Gauss Elimination Algorithm

Basic idea:
Solve the equivalent system which is in a simpler form compared to the original

linear system.

Flow:
a11%1 + Qg% + A43X3 = by i1 Q12 433 b4
ar1X1 + ar2X9 + Ay3X3 = bz I a21 Az azs b2
asz1Xq + a3z72X>y + aA33X3 = b3 d3z1 dzz 433 _bg_

Linear System Matrix form
11 Q12 Q3| by
(1 Ay Q3| by
Backward Row
— - — az1  azz aszz| b3

Substitution Reduction
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Augmented Matrix




Example:

Solve the following linear system by using
Gauss Elimination.
2X1 +3xy — X3 = 2
4x; +4x, —x3 = —1
—2X1 — 3%, +4x3; =1

Solution:

Step 1: Transform the linear system into matrix form:

2 3 —=111*1 2
4 4 —=1|1*%21=1-1
—2 =3 4 11X3 1
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Solution:

Step 2: Augmented Matrix:

Step 3: Apply row reduction:
2 3 —1|217#nt2r2 3 -1 2
T'1+7'3
r 4 o1 1]_>[ ]
-2 -3 4 1
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Solution:

Step 4: Backward substitution:

X1 X2 X3
2 3 -1/ 2
lO -2 1 |-5
0 O 3 3

Start from last row,

3x3 = 3, —2x, + X3 = —5, 2x1 +3x, —x3 = 2
X3 = 1 —ZXZ + (1) — —5, le + 3(3) — (1) = 2
X, =3 X1 =—3

B
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Example:

Solve the following linear system by using Gauss Elimination.
X1+ 2x, +3x3 =9
2X1 —Xo +x3 =28

3X4 — X3 =3
Solution:
Augmented Matrix:
1 2 319
2 —1 1 1|8
3 0 -—-11]3
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Solution (cont.):

Row reduction:

-5 =5 | -10
0 —6 —-10|-24

Backward substitution:
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Exercise 1.6:

Solve the following linear system by using Gauss Elimination.

3Xq — 2X, + x5 = —1
x1 + 4‘x2 — 2x3 —_ 16
le — 5x2 ~+ 2x3 —_ _13

X1 2
[Ans:[le = [ 3 ]]
X3 -1
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1.9 LU Decomposition

Given a linear system,
AXx=Db
$
Decompose A = LU
$
(LU)x=Db
$
L(Ux)=Db
$
letUx=y, ~Ly=Db
$
solve Ly = b fory

(forward sibstitution)

solve Ux =y for x
(backward substitution)
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1.9 LU Decomposition

An n X n nonsingular matrix where all its leading principal minors are
non-zero, can be decomposed into a lower triangular matrix (L) and an
upper triangular matrix (U), for example, a 3 X 3 matrix as follows:

11 A1 aA13] 1 0 0
a1 Qzz QA3 l51 0
a3z; A3z Azzl ||l3; I3, 1
A = L
Leading Principal Minors of matrix A are:
d11 dq2 di3
_ _ %11 Q12 _|a a a _
D1 = a11, D2 — a1 Qyol’ D3 — 21 22 231, ""DTL = |A|
d3; dzz 0433
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1.9.1 Steps of LU Decomposition
Step 1: Construct L and U

LU =A

1 0 O0]ruir Uiz Uz di1 Q12 413

lba 1 0 [0 Up) UZB] = [a21 a2 azs]

I3 I3z 1|10 0 uss dz; Qzz 0433

Multiply L and U:

U1 Uq2 Ui3 a1l |A12] 913
laugr la1ugp +up; l21Ug3 + U3 = [az1 Ay azs]
l31u11  l31U12 + 32Uz [31Ug3 + I35Up3 + Uss |31 A3z A33

Compare each of the entries to obtain the values for u and /.
I.e. U1 = aq1
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1.9.1 Steps of LU Decomposition

Example 1:
1 4 2

DecomposeA=|—-2 -1 1 |intoLU.

4 2 =3

1 0 Of[u11 Uz Ug3 U1
l,, 1 0 [ 0 uy uzs] = [121’“11
l31 l32 1 O 0 u33 l31u11

Compare the entries from both sides:

LU = A
Uq2 Uq3
lo1uUq7 + Uys l31Ug3 + Ups

[31U12 + l32uUpy  I3qUq3 + [33Up3 + Uss

u11=1 U12=4 u13=2
Uy = —2 lp1ugp + Upy = —1 lpug3 + Uz =1
(1) = -2 (—2)(4) tuy, = —1 (=2)(2) tuyz =1
oo l21 = —2 oo u22 = 7 o u23 = 5
l31u;7 = 4 31Uy + l35Uyp = 2 l31uy3 + l35Up3 + U3z = —3
l3,(1) =4 (4)(4) + 15,(7) = 2 (4)(2)+ (=2)(5) tuzz =-3
o l31 == 4‘ o l32 == _2 oo u33 = _1
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1
=1-2

4
Hence,

-

U =

4
-1
2

1
—2

1 4
0 7
0 O

0
1

2
1
-3

0
0
4 =2 1

2
5
-1

|

|



1.9.1 Steps of LU Decomposition
Step 1: Construct L and U (Alternative Way)

Row reduction (Use only ERO Step 3: Row Replacement Operation):

Example 2:
Matrix A satisfies the condition where all its leading principal minors are non-zero.

1 4 21141y 2
A=1l_n| _ ‘—4r1+r3[ . 27”2_"‘7”3) O 7 c \ —yU
4 2 —14 -—-11 —

*To obtain matrix L, identify the

columns that contains the pivots,

divide all the entries underneath “L=
the pivot, including pivot itself, by

their respective pivot values.
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1.9.1 Steps of LU Decomposition
Step 1: Construct L and U (Alternative Way)

Example 3:

Matrix A satisfies the condition where all its leading principal minors are non-zero.

1| -2
31 -9
-1 2
—3) —6
+1

1 -2
0 -3
0 O
0 0

—2
0
4

26

—2
6
2

—4

=2

s L=

—3
-9
7

—3T'1+T'2
T1+T3
3T'1+T'4,

2 |

—3
0

1
3
-1
—3

2T3 +7"4

_o O

0
1
0
4

1

o oo
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—2
6

—3]
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1.9.1 Steps of LU Decomposition

Example 4:
Matrix A does not satisfy the condition to have a pure LU decomposition since

D, = 0. Hence, rows interchanging is applied as follows:

: Note:
Note.' _2 _2 o 2 _9
Rows interchange A = ) 7‘3 ) |
T © Ty4q is applied o p Hence, b = | b; | according
when D, = 0.
to this example.
1| =2 =21"%trzrp -2 —ZJ
7"1+7'3
A=\ 4 2 1 ]—> [O 10 9|1=U
—1] 2 4 oL O 2
+1 +~10 =2
— e
1 0 O
~L=14 1 0
-1 0 1
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1.9.1 Steps of LU Decomposition
Step 2: Solve Ly = b for y by using forward substitution

AXx=Db
When A = LU,
L(Ux)=b
LetUx =Y,
Ly=Db
1 0 Oo|lpur [by
Ly 1 O l}’z] = | b,
31 bz 1]13 b3 | Forward
substitution
V1 = by

l1Y1 + Y2, = by
l31y1 + l32y, + Y3 = b3
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1.9.1 Steps of LU Decomposition
Step 3: Solve Ux =y for X by using backward substitution

Ux =y
1 Ui Uz
uzz u23
Backward
substitution
U33X3 = Y3

UppXy T Upz3X3 = Yo
U11X1 T UpXy + U3X3 = Vg
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Example:

Solve the following linear system by using LU decomposition.
2X1 +3xX5 — X3 = 2

4x; +4x, —x3 = —1

—2X1 — 3x, +4x3; =1

Solution:

Transform the linear system into matrix form:
2 3 —17[* 2
4 4  =1|[*2|=1]—-1
—2 =3 4 11X3 1
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Solution (cont.):
Step 1: Construct L and U

A=

—2) =3 4

2 3 —11"%ntr22 3 —1 2
T'1+T'3
4 | 4 —-1|l—=l0 (-2) 1]|-|0 -
3 0

0 (O

1 0 O 2
L=2 1 0 U=|0
-1 0 1 0
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3 —1]
2 1
0 3

—2
0

-1
1:|
3




Solution (cont.):
Step 2: Solve Ly = b for y by using forward substitution

Ax = Db,
whenA =LU, (LU)x=b = L({UX)=Db.
Let UX =y, we have

Ly=Db

1T 0 01y [ 27

2 1 0}|Yl=1]-1

—1 0 11LYs. 1]

By forward substitution:

yvi=2, 2y1+y,=-1, —-yi+ys=1, V1 2
22)+y,=-1, —-(2)+y;=1, S Y21 =1|-5
Y2 = — y3 =3 Y3 3
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Solution (cont.):
Step 3: Solve Ux =y for X by using backward substitution

Ux =y

l _1]l ] l ]
By Backward substitution:

3x3 =3, —2x,+x3=-5 2x;+3x,—x3=2
x3=1 —-2x,+(1)=-5 2x;,+3(3)—(1)=2
xz — 3 x1 — _3
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Example:
Solve the following linear system by using LU decomposition.

X1+ 2x, +3x3 =9
2X1 — X, +x3 =28
3X4 — X3 =3

Solution:
Transform the linear system into matrix form:

1 2 3 11*1] [9
2 —1 1 ||*%2|=|8
3 0 —=111x31 L3
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Solution (Cont.):
Step 1: Construct L and U

]2 315202 2 3 1-Zninfl 2 3
A=l2 |-1 1|—=3]0 [-5] -5|=——|0 -5 —5|=U
3J0 -1 0 (=6 -10 0 0 (-4

+~1 + -5 + —4
1 0 O 1 2 3

L =12 1 0 U=1]|0 -5 —5]

3 6/5 1 0 0 —4
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Solution (Cont.):
Step 2: Solve Ly = b for y by using forward substitution

Ax = Db,
whenA =LU, (LU)x=b = L({UXx)=Db.
Let UXx =,

Ly =

RN
B-be
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TN =

By forward substitution:




Solution (Cont.):
Step 3: Solve Ux =y for X by using backward substitution

FETRE
B
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By Backward substitution:




Exercise 1.7:

Solve the following linear system by using LU Decomposition.

1.012x, — 2.132x, + 3.104x; = 1.984
—2.132%, + 4.096x, — 7.013x; = —5.049
3.104x, — 7.013x, + 0.014x; = —3.895

Work out your solution in 3 decimal places.

1 0 0
[Ans:L = |—2.107 1 0
3.067 1197 1

,U =

1. 012 —2.132 3.104 1
—0. 396 —0.473|, =11]]

—8.940
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1.10 Gauss Seidel
Strictly Diagonal Dominant Matrix

- The magnitude of diagonal entry in a row is larger than the sum
of the magnitudes of all the other entries in that row:

lag,| > Z?’ik‘akj fork =1,2,...,N)

6] > 12| + |3]
e.g.
@6 2 31, -9 >|-1| + |4

1 £9—4
'3 0 EM—I-7I> 18+ 0]
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1.10 Gauss Seidel

Basic Idea:
Solve unknown variable of a linear system iteratively by using previously computed

results as soon as they are available.

Flow:

a11X1 + A%, + ay3x3 = by

Ar1X1 + AryXy + AyaX2 = b . : :
2141 T B2242 2373 b2 —> Strictly diagonal dominant
A31X1 + 32Xz + d33X3 = D3 matrix arrangement

Linear System

Stop iteration when
x® — x|

= max {|xi(k) — xi(k_1)|} <&

1<i<n

(known as infinity norm)

ocw.utem.edu.m

Form the iterative sequence

(k+1) _(k+1) _(k+1)
(x1 Xy, X )

e

Initial guess: (x§0)’x§0)’ x§0))




1.10.1 Gauss Seidel Iterative Sequence

From AX = b (A is a strictly diagonal dominant matrix),

A11X1 + A1Xy + a3x3 = by
Ay1X1 + AppXy + Ap3X3 = by
a31X1 + A3pXy + d33X3 = b3

¥

1
k+1 k
]( ) (b] a] zxz( ) a] 3x3( ))

a1
1
(k+1) (k+1) (k)
Xy 0y (bz 21X — U23X3 )
1
k+1 k+1 k+1
x?() ) = —(b3 a31X£ 1) agzxé ))
33
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1.10.1 Gauss Seidel Iterative Sequence

Example:

Solve the following linear system by using Gauss Seidel.

12x1 + BXZ — XB — 15
2x1 — X, +10x3; = 30
X1+ 8x, + x5 =20

Start the initial guess with x(®) = 0 and stop the iteration when
[x — x| < 0.001
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Solution:
Check for strictly diagonal dominant:

@(+3x —x3 =15 @x+3x X3 = 15
2x1—x2+.63—30 ‘ %1 4(8) 22-|—x33—20

X1 2+x3—20 1— X, + 3—30

Iterative Sequence:

1
xikﬂ) B (15 3x§k) + x(k))

1
(k+1) _ (k+1) (k)
X5 8(20 — X3 ) «

1
x§k+1) 10(30 2x£k+1)+x§k+1)) .
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Solution:

KRR R R

oo b W N —» O

1.2500
0.9128
0.9983
1.0005
1.0000

2.3438
2.0129
1.9979
1.9999
2.0000

2.9844
3.0187
3.0001
2.9999
3.0000

B
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max {X

1<isn

2.9844
0.3372
0.0855
0.0022
0.0005

(k) _

l

(k 1)}



1.10.1 Gauss Seidel Iterative Sequence

Example:

Solve the following linear system by using Gauss Seidel.
0.3x; — 0.2x, + 10x3 = 71.4
3x; —0.1x, —0.2x3 = 7.85
0.1x; + 7x, — 0.3x3 = —19.3

Start the initial guess with x(% = 0 and stop the iteration when
[x¢ —x®=D|| < 0.0005
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Solution:

Check for strictly diagonal dominant:
3x1 — O.le — O.ZXB —_ 785

0.1x; + 7x, — 0.3x3 = —19.3
0.3x; —0.2x, + 10x3 =714

lterative Sequence:

1
=2 (7 85 + 0.1x5") + 0.2x{")
1
(k+1) 7( —0. 1x§k+1) 1 0.3x (k))
1
x§ T = (714 - 032 + 022"V
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Solution: max [z — )

1<isn UL t

[x® —x¢D)
0 0 0 0

1 2.6167 -2.7945 7.0056 7.0056
2 2.9906 -2.4996 7.0003 0.3739
3 3.0000 -2.5000 7.0000 0.0094
4  3.0000 -2.5000 7.0000 0

B
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Exercise 1.8:

Solve the following linear system by using Gauss Seidel.
—X1 + Xy + 7x3 = —6
4xi —xy, —x3 =3
—2x1 + 6X5, + X3 =9

Start the initial guess with x(% = 0 and stop the iteration when
[|x ) — X(k_l)”oo < 0.001

X1 1
[Ans: [le = [ 2 ]]
X3 -1
ocw.utem.edu.m
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