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Learning Outcomes

Upon completion of this week lesson, students should be
able to:

i. Find the Fourier Series for odd and even function

ii. Determine the Fourier Series of half range
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CHAPTER 4

Fourier Series

O Fourier Sine Series (odd function)
O Fourier Cosine Series (even function)

O Fouries Series of half-range function
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4.4 Fourier Odd and Even Series

Types of
functions Formula Used

 Fourier Sine Series

fx) —

 Fourier Cosine Series

 Fourier Series

Note that: The odd and even function can also be solved using
Fourier Series for interval [—L, L]
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4.4.1 Fourier Sine Series (also known as Fourier odd series)

If the function, f(t) is odd, then Fourier Series is given as

co

nmt

f() = b,, sin A

n=1

for interval [—-L, L] where ay, = 0,a,, = 0 and

L
2 ~ nmt
bnzsz(t)SHlet
0
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4.4.2 Fourier Cosine Series (also known as Fourier even series)

If the function, f(t) is even, then Fourier Series is given as

0.0)

0 nmt
ft) = > Z (p COS——

n=1

for interval [—L, L] where b,, = 0 and
L
2
ayg =— f f(t)dt
L
0

nmt

f f(t) coS—— dt

Note that: If the function is neither an odd or an even function, then use
Fourier Series
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Example 4.8

Sketch the graph of the following function
f)=t% =-2<t<2; f(t+4)=f@®)

over the interval —6 < t < 6. Determine whether the function is odd,
even or neither function, hence find the Fourier Series of the function.
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Example 4.8 — Solution
Firstly, sketch the f(t) = t4, -2 <t < 2.

Then, with T =4, extend the plot within the interval —6 <t < 6 by
repeating itself identically.

B I e T T T - - -

[l
— = e e e e e e - e - - - - - - - - -
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Example 4.8

The sketch is symmetric about y —axis and f(—t) = f(t), therefore this

function is an even function. The Fourier Series can be obtained using
Fourier Cosine Series.

nmt
n COS——

f(t)—;0

||M8

Here L = 2 and b,, =

L 2
—Zf tdt—zjtzdt—tg
=7 f(t) =5 =3
0 0

2

2 nmt
ff(t) cos—dt _Ejtz cosTdt

0
T Tabular
Method
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Example 4.8
2
nmt
a, = ftzcosTdt
2t2  namt 8t nmt 16  nmt , nit
B +(nn)2 (OSDnZ - (nm)? SmTO ()t ST
8_—0 16 —— 16 =9 2 nmt
- ESI T+ ()2 COSNT — ()3 sgyﬁivr (_)275\A A
4 nmt
< SE M) (+)2 —(nn)zcos >
16 0 8 nmt
_ —1)n - sin
(nn)z( ) (nm)3 2
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Example 4.9

Sketch the periodic function
f&+2)=f®)

within the interval —3 < t < 3. Determine whether the function is odd,
even or neither function, hence find the Fourier Series of the function.
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Example 4.9 - Solution
Firstly, sketch the f(t) = |t],-1 <t < 1.

Then, with T = 2, extend the plot within the interval —3 <t <3 by
repeating itself identically. The sketch is symmetric about y-axis,
hence the function is an even function.

| |
FO =1l

Period, 7" = 2

0.5
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Example 4.9

The Fourier Series can be obtained using Fourier Cosine Series.

oo

0 nmt
ft) = > z (n COS——

n=1

Here L =1 and b,, =

zL 21 t2
a0=zjf(t)dt=I]tdt=2?
0 0

1

1
=1

0

nmt

jf(t)cos—dt— ijtcos—dt

1
]
Tabular
Note that: f(t) =t,0<t < 1. Method
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Example 4.9

1

1
th nmt dt 2( L t+ ! t )
a, = cos—dt = 2| —sinnn COS N
R R o o
=0 ——
— 9 (i S/im){” n L 1 IC_OlS_d) (+H)t cos nimt

nm (nm)?2 cos Tt = (nm)? 1
(—)1 —sinnmt

n__ nrm
(m)za 1)"-1) \ \ :

f() =% nZ: ()2 ((—1)"—1) cosnmt
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Example 4.10

Sketch the periodic function
f(t)=—t,—nm<t<m,

f(t+2m) = f(t)

within the interval —37 <t < 3m. Determine whether the function is
odd, even or neither function, hence find the Fourier Series of the
function.
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Example 4.10 - Solution
Firstly, sketch the f(t) = —t,— 1t <t <.

Then, with T = 2m, extend the plot within the interval —3n <t < 3m
by repeating itself identically. The sketch is symmetric about the
origin, hence the function is an odd function.

Jiv)

10 10

e e e T i R Y
|
(&8

- e - - e e e e e e e e e e e e e e e e - - am -
(=]

- e - - e e e e e e e e e e e e e e e e e e e e
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Example 4.10

The Fourier Series can be obtained using Fourier Sine Series.

- nmt
f(t) = bn sinT

n=1
Here L =mand a, = 0,a, = 0;

T

nmt . nmt
jf(t) sm—dt ——j—tsm—dt

T
S
Tabular
Method
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Example 4.10

T
Int
0 (+)—t sinnt
\ 1

V[
2 _ t 1
b, == | —tsinntdt = —cosnt — —sinnt
/[ n n
0

B 2|\ 1 =0 1 =00
= (D" 1
0 ——Zsinnt
2 n
== (-Dn
n
f(t) = —(—=1)"sinnt
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Exercise 4.5

1. Sketch the periodic function
-1, n7w<t<0

f(t)z{ 1, 0<t<m ’
f(t+2m) = f(t)

within the interval =37 < t < 3mw. Determine whether the function is odd, even
or neither function, hence find the Fourier Series of the function.

2. Sketch the periodic function
t+1;, —1<t<O0
f(t)_{—t+1; 0<t<1

fE+2) =f(0)

within the interval —3 < t < 3. Determine whether the function is odd, even or
neither function, hence find the Fourier Series of the function.

Answers:
L f(®) = S, [+ (~D)™sinnt
1 - 2
2. f() = > + Zn=1m [1+ (_1)n+1] cosnmt
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4.5 Half-Range Series

A periodic function with period T = 2L is defined over the half-
range 0 < t < L instead of the full-range —L <t < 0. The function
may be expanded in a series of sine terms (odd function) or of
cosine terms (even function). The series is called a half-range
Fourier series.

The half-range function can be expanded into
 Even Function: Use Fourier Cosine Series

e Odd Function: Use Fourier Sine Series
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Example 4.11

Sketch the function f(t) =t, 0<t < 2.

i
J

2
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Example 4.11

Expansion of the function f(t) =t, 0<t < 2.

Expand the function to an Expand the function to an
even function which is odd function which is
symmetric about y-axis. symmetric about the origin.
A A
SO ] EERERRr NN
2
| > i i 2
| | !
2 1 _0 1 ) _-. .-I
| ! |
.-2
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Example 4.12

Find the half-range Fourier series for the function
fo)y=t, 0<t<2

using

a) Even Function Expansion
b) Odd Function Expansion

Solution:

a) The plot of even function expansion in the
interval [—6,6] where L = 2; T = 4.
Since it is an even function, use Fourier Cosine
Series formula for the series.

0 nmt
f(t) =- + ) apcos——
L et L
2 nmt
b, =0; a, = fo(t) dt; a, = —Jf(t) cosTdt
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Example 4.12
Solution:
__jf(t) t__Jt ST ()t nmt
0 0 COS—
2 2
2 nrmt 2 nmt
—-)1 i ——
Jf(t)cos—dt—ijtcosTdt (=) nnsm >
0 4 nmt
_ TlT[t 4 nmt] 0 ~ (nn)? oS~
- nnsm (mr)2 COST
0
= L sinnm + — : [(-D" 1]
_nnsmnn ()2 COS NTT ()2 (nn)z

The Fourier Series of the even function expansion is

co

f(t):%-l_zancosn_nt—l"'z( n.)z[( n" - ]CosnTnt

n=1
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Example 4.12

Solution:

b) The plot of an odd function expansion in
the interval [—6,6] where L = 2; T = 4.

_ _ ft)
Since it is an odd function, use Fourier Sine / : /
Series formula for the series. / /
> nit 1 | :
f@) = by SinT /
— I A E— -1 — T T
nmt
apb=a, =0; b, = Jf(t)sm—dt 2
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Example 4.12
Solution:
. ) Diff
2 . nmt 2 . nmt
ZZJf(t)Slant:EftSHlet (H)t
0 0 5
B 2t nnt_l_ 4  nmt (-)1
= |~ c0s— ()2 sin— O
4 4 : 4 1 4
= ——cosnm + >sinnm = — (=1)™*
nm (nm) nn

The Fourier Series of the odd function expansion is

) =

n=1

nmt nmt
b,, sm— (nn)z( 1)ntt smT

Int

. nmt
sin —

-2 nmt
— COS——
nm 2

4  nmt
sin

 (nm)? 2
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Example 4.13

Find the half-range Fourier series for the function
f=1-¢% 0<t<1

using

a) Even Function Expansion

b) Odd Function Expansion

fin
Solution: |

a) The plot of even function expansion in the
interval [—3,3] where L = 1; T = 2.
Since it is an even function, use Fourier
Cosine Series formula for the series.

(0]

nrmt ) 2 0 2 )
f(t) = 70 Z cos— | | | !

n:

0:5

nmt

b, =0 jf(t)dt a, =— Jf(t)cos—dt
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Example 4.13

Solution:

L 1
—Zj tdt—zj(l t2)dt = |t t31—2 1)
D RA B 3], 3 3

2 nmnt 2 5 )
=ij(t)COSTdt:If(1_t )cosnntdt (A -t%) cos nt
0 0 sin nmt
(—) -2t
1—t2 2t 2 ! nm
=2 [( ) sin nmwt — 5 cosnmt + 3 sin nnt] cos nmt
nm (TlT[) (TlT[) 0 (+)—-2 —W
2 2 4 :
— — n+1 sin nitt
=2 < ()2 cos ni + ()3 sinnm — O) ()2 (—-1) 0 ~

The Fourier Series of the even function expansion is
[0 0]

nmt 2 4
flt) =— + Z (n COS—— =3 + z > (=)™ cosnmt
3 o] (nm)
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Example 4.13

Solution:

b) The plot of an odd function expansion
in the interval [—3,3] where L = 1; T = 2.

Since it is an odd function, use Fourier
Sine Series formula for the series.

oo

nmt
f(t) = b, sinT

n=1

2 - nmt
a, =a, =0; b, =fo(t)sdet
0
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Example 4.13
Solution: () -t sin nt
cos nmt
L 1 (=) -2t —
by, = sz(t) Sinn—ntdt = z'[(1 — t2) sinnnt dt si;:nt
L J L 1 J (H) -2 ~mZ
1 cos nmt
(1-¢%) 2t ’ 0 (3
=2|—- - cos nmt — ()2 sinnmt — ()3 cos nrmt

B 2 _ 2 1 2
= 2 <— ()2 sinnm — ()’ COS NI — <— o (nn)3>>

_(2EDm 12 N1 4
B (‘ ()’ +nn+(nn)3>_nn+(nn)3 (D™ 4]

The Fourier Series of the odd function expansion is

co

f(t) = b, sinnTnt = Z (nln + (ni)3 [(—1)"™* + 1]) sin nmt
n=1 n=1
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Exercise 4.6

Given the following function,

fx)=—=x; 0<x<m
I. Sketch the even and odd expansion of the function

ii. Find the Fourier cosine and the Fourier sine series, respectively.

Answers:
a) Even: f(x) = —g + Z‘,’;l# [(=1)™1 + 1] cosnx
b) Odd: f(x) = Z;‘f;l%(—l)" sin nx
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Exercise 4.7

Given the following functions,
fx)=1+x; 0<x<1
I. Sketch the even and odd expansion of the function

ii. Find the Fourier cosine and the Fourier sine series, respectively.

Answers:
3 . 2
a) Even: f(x) = S+ Yot o2 [(=1D)™ — 1] cosnmx

b) Odd: f(x) = Ty —[2(~1)™* + 1] sinnmx
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Thank You

Questions & Answer?




