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Learning Outcomes

Upon completion of this week lesson, students should be
able to:

i.  describe periodic functions

i. determine even, odd and neither even nor odd
functions

ii. determine the Fourier Series of full range
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CHAPTER 4
Fourier Series
O Periodic Functions
O Odd and Even Functions

O Finding a Fouries Series of a function
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4.1 Periodic Functions

Definition

A function f(t) defined on [—L, L] is periodic function
with period of T = 2L if

fE+T)=f(t), T>0

The smallest positive value of T is called a period of
the function f(t) .
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Example 4.1

Show that f(t) = sint is periodic function and find the period.

Solution:
The function f(t) = sint , hence f(t+T) =sin(t+T) .
Using the trigonometric identity
sin(t+T) =sintcosT + costsinT
If sinT = 0 and cosT = 1, this is true for T = 2nn where n = 1,2,3, ---

The smallest value for T is T = 2 which is known as fundamental period.

Thus, sint = sin(t + 2m) is a periodic function with period of 2.
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Example 4.2

Sketch the periodic function

fiE+2)=f(@)

within the interval —3 <t < 3.

Solution:

Firstly, sketch the f(t) = |t|,
—-1<t< 1.

Then, with T =2, extend the plot
within the interval -3 <t<3 by
repeating itself identically.
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Exercise 4.1

1. Determine whether f(t) = cos2t is periodic function? If yes,
find the period, T.

2. Sketch a periodic function, f(t) = t2, f(t + 2) = f(t).

Answers:
1. Periodic, T ==
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4.2 Odd and Even functions

Properties:

Let f(t) be a real-valued function of a real variable. Then
. f(t)is aneven function if f(—t) = f(t).

The graph of an even function is symmetric about the
y-axis.

ii.  f(t)is an odd function if f(—t) = —f(t).

The graph of an odd function is symmetric about the
origin.
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Example 4.3

i.  f(t) = t?is an even function.

Property 1: f(—t) = (—t)? = t% = f(¢).

Property 2: The graph is symmetric about
y —axis. s b4

ii. f(t) =t3is an odd function.

Property 1: f(—t) = (—t)3 = —t3 = —f(?).

Property 2: The graph is symmetric about
the origin.




OPENCOURSEWARE

ocw.utem.edu.my

Example 4.4

Functions Property 1 Property 2

EVEN
f=f@®) Symmetry about y —axis
[t], t%,t*, t® cost,cosht

OoDD
L f(—=t) =—f(t) Symmetry about the origin
t,t>, t>, sint,sinht
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Example 4.5

Given a function;

11+t -1<t<0
f(t)_{l—t; 0<t<1

fE+2)=f(®)
I. Sketch the function over the interval [—3,3]

II. Hence, determine whether the function is an odd or an even
function or neither.

Solution;
i. ’ ()

ii. Since,

1-¢t;, 0<t<1
f(_t)_{1+t; 1<t<o /W
and the sketch is symmetry about
y —axis, therefore, the function is an
even function.




OPENCOURSEWARE

ocw.utem.edu.my

Exercise 4.2

1. Show that f(t) = cos 2t is an even function.

2. Determine whether the given function is even, odd or neither both of
them.

a) f(t)=et+et
b) f(t) =Vt +2
c) f(t) =t?sint
d) f(t) =t3cost
e) f(t) =tet
3. Sketch the following function,
f() = t? -1<t<1
fE+2)=71®)
over the interval [—3,3]. Hence, determine whether the function is an
even or an odd function.

Answers: 2. a) even b) even c) odd d) odd e) neither
3. even
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4.3 Fourier Series

« Fourier Series is a series representing real periodic functions as an
expansion in a series of sine and cosine.

 The Fourier Series method is used to determine the unknown
coefficients arise in solving PDE.

» Applications:

Electrical engineering, vibration analysis, optics, signal processing,
Image processing
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Definition — Fourier Series

Let f(t) be a periodic function defined in the interval [—L, L] with period T = 2L . If the
function f(t) is either continuous or has finite discontinuities at some points in the
interval, hence, the Fourier series for f(t) is given by

0 - nmnt . nmnt
f(t) = 7 ancos—+ "SmT

where the Fourier coefficients ay, a,,, bn are defined by

L
1
w=1 [r@ad
)
1 L
ZZ ff(t)cosnTntdt
)

L
1 - nmt
b,, =7 ff(t) sdet
“L
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« Working steps of Fourier Series

~ D 4 A ~ )
Step 2: Stepi 3:
Step 1: Calculate the Sggﬁtr';( :rte
Determine Fo_u rier coefficients
coefficients, .
parameter L e . b usin ag, Ay, by, INto
0> n g Fourier series
formula formula
" _J " _J "

« Some helpful identities for calculating Fourier coefficients.
sin0=0 ; cosO0=1
sin(—t) = —sint ; cos(—t) =cost
sinnt =0 ; cosnm=(—1)"
sin2nt =0 ; cos2nt =1
for n integers.
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Example 4.6

Given a function, f(t) = {(z _gffzg ft+4) =f().

I. Sketch the function over the interval [—6,6]. Determine whether the function
Is even, odd or neither.

il. Find the Fourier Series of the function.

Solution: | £(t)

I 1.5 -

The function is
neither even nor
odd function.

0.5 -
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Step 1: Based on the function, L = 2.

Step 2: Calculate the Fourier coefficients, ay, a,,, by,

t —dt = odt + t —dt
jf( )COS lJ cos 2 } Tabular method:

Differentiate Integrate
1 . nmt]’ -
sm
0

=5 + (Tlﬂf)z cos 2 (+)t cos%t
[ /m{' Y ] ()1 N
—S T + nm — nmwo 2
nm (nﬂ)z/)( (nm)? SRR S
)’ COST

(D" -1]

(mT)2
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2

ff(t)sm—dt— ledt+jtsm—dt

-2

[ cos Tt 4 e
= — CcoS sin — ifferentiate ntegrate
2| nm 2  (nm)? 2
i 0
(+)t sm—t
1 =Dt 4 =0 0 \
— E —co;aﬁt + )2 sinim — (-)1 ;_jcosnTm
2 (+)0 \—4 . nmt
— _( 1)11 — _T[ (_1)n+1 ()2 smT

« Step 3: Substitute Fourier coefficients ay, a,, b,, into Fourier series formula.

(00)

f(t)——o Ela cosn—nt+b sinn—nt
2 " L n L

n=1

- nnt 2 N nmt
;((m)z[( D" — 1] cos——+— (~1) 151n7>
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Solution to the Example 4.6

The function, f(t) can be written in series;

f(t)={‘§j oI s) rern=ro.

1 - 2 nrt 2 nrt
=—+4 -1 -1 —+— (1)1 gin—
2 z <(nn)2 [(=D) I cos 2 nn( )" sin 2 )

n=1

How the Fourier series will look like graphically?
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Example 4.6: Graphical Fourier Series for multiple n

Vi Vi \V
1 5 nmt nmt
f@) = 5T 2 <( )2 (D" —1] cos——+ —( 1+t smT)

n=1
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Example 4.6: Graphical Fourier Series for multiple n

Fourier Series; n = 10
f)

nrt

10
f(t)=% 2(( )2[( 1)"—1]cos%t+—( 1)"+151n7)

n:
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Example 4.6: Graphical Fourier Series for multiple n

Fourier Series; n = 25

nrt 2 nrt

25
f() = % + 2 < 2 [(=1)" — 1] cos— + — (—1)**?! sin—)
n=1

(nm)? 2 nm 2
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Example 4.6: Graphical Fourier Series for multiple n

Fourier Series; n = 50
f(t)

i

50
f(t)=% Z((nn)z [(— 1)"—1]cosn7nt+—( 1)"+1smn7nt>

n:
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Example 4.7
Find the Fourier Series of the following function;

; —1<t<0 .
0<r<q JET2 =)

)

Fo) = {‘12.

Solution:

———(
~
=
S
=

]

) : The function is
neither even nor
odd function.

~~
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Step 1: Based on the function and sketch, L = 1.

Step 2: Calculate the Fourier coefficients, ay, a,,, b,

1 1 0 1
ao = 7 ff(t)dt= ]—2dt+j1dt
-1 -1 0

1

jf(t)cos—dt— lj 2cosn1rtdt+Jcosn7rtdt

0

1
= [— —sin nnt + |—sin nnt]

nm ., |nm 0

=0 =0
= |- —si —sinan| =0
[ mT5111/Q4'n7r)+mrs nm
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0 1
1 - nmt _ _
b, =7 Jf(t)mant: f—251nnntdt+fsmnntdt
-1 -1 0
2 1° [-1 r
= |—cosnrt + |—cos nrt
nm I nm 0

= (D" 1 = (="

= [% (cos 0 — cos¢=nm)) — — (cosT — cos 0)]

_ 2 A1+ D™+ L (D™ +1) = Ll (1+ (=)™
nm nm nm

« Step 3: Substitute Fourier coefficients ay, a,, b,, into Fourier series formula.

(0]

f(t)——o Z[a cosn—nt+b sinn—nt
2 " L " L

n=1

co

1 3
fl) = —3 + (E (1+ (—1)"“)) sin nmt

n=1
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Example 4.7: Graphical Fourier Series for multiple n
: 1 f(t) //\/ \/\\

VAT ; v/ JASAY

fl) = —% + Z (% (1+ (=)™ >sin nit

n=1
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Example 4.7: Graphical Fourier Series for multiple n

ey ey AASSS

15
1 3 R
f(t) = _E-I_;(E(l-l_(_l) 1)) sin nit
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Example 4.7: Graphical Fourier Series for multiple n

Fourier Series, n = 50
f)

1

ae )
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Example 4.7: Graphical Fourier Series for multiple n

Fourier Series, n = 100
f)

1

100

f() = —% + z (% (1+ (—1)"“)) sin nmt
n=1




OPENCOURSEWARE

ocw.utem.edu.my

Exercise 4.3

Sketch and find the Fourier series of the following function;
f)=1-t% -1<t<1
f+2)=f()
Answers:
Step 1: Determine the parameter L: L = 1.

Step 2: Calculate the Fourier coefficients, ay, a,,, by,

An = f A = 4 (_1)n+1. bh. =0
0737 T (nm)? $on
Step 3: Substitute Fourier coefficients ay, a,,, b,, into the Fourier series

formula.

2 O 4
f(t) = 37T Z )2 (—1)™** cosnmt
n=1
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Exercise 4.4

1. Given a function
x;, —m<x=<0
f(x)_{o; 0<x<m’
flx+2m) = f(x)
a) Sketch the given function.
b) Determine the Fourier series of the function.

2. Find the Fourier series of the following functions

0; —><x<0

a) f(x) = 2 s flx+1)=f()
2 OS)CSE

b) Fo={,.7% GZiET e+ =f®

Answer:
1.b) f(x) = -3 +-%, [nTl,T(l + (=)™ cosnx + &
2.8 f(x)=1+ Z?{Ll%[(—l)”“ + 1] sin 2nmx
3 1) 1 (-pn+1
b) f(t) = i Z"“W [1+ (—=1D)™?1] cosnmt + —

n+L
Sin TLX]
n

sinnmt
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Thank You

Questions & Answer?




