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Learning Outcome

At the end of this chapter you should be able to:

1. Find the Inverse Laplace transform for a given function.

2. Use the linearity property of Inverse Laplace Transform Laplace 

Transform 

3. Use first shifting property in order to determine the Inverse 

Laplace  Transform for a given function

4. Use second shifting property in order to determine the Inverse 

Laplace  Transform for a given function

5. Find the inverse Laplace transform for a given function by using 

Convolution theorem
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3.3 INVERSE LAPLACE TRANSFORM

Notation for Laplace Transform is written by

ℒ{𝑓 𝑡 } = 𝐹(𝑠)

Thus, the inverse of Laplace transform is

ℒ−1{𝐹 𝑠 } = 𝑓(𝑡)
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𝑓 𝑡 𝐹 𝑠
ℒ

ℒ−𝟏



Example 3.23

Find the inverse Laplace transform of the following functions:

(a) 𝐹 𝑠 =
5

𝑠−3

(b) 𝐹 𝑠 =
1

𝑠2

(c) 𝐹 𝑠 =
1

𝑠3



Solution:

(a) 𝑓(𝑡) = ℒ−1{𝐹 𝑠 } = ℒ−1{
5

𝑠−3
} = 5𝑒3𝑡

(b) 𝑓(𝑡) = ℒ−1{
1

𝑠2
} = 𝑡

(c) 𝑓(𝑡) = ℒ−1{
1

𝑠3
} =

1

2
ℒ−1{

2

𝑠3
} =

1

2
𝑡2



3.3.1 LINEARITY PROPERTY OF INVERSE 

LAPLACE TRANSFORM

If ℒ−1{𝐹 𝑠 } = 𝑓(𝑡) and ℒ−1{𝐺 𝑠 } = 𝑔(𝑡) with  and  are constants, 

then

6

ℒ−1{𝛼𝐹 𝑠 + 𝛽𝐺(𝑠)} = 𝛼ℒ−1{𝐹 𝑠 } + 𝛽ℒ−1{𝐺(𝑠)}
= 𝛼𝑓 𝑡 + 𝛽𝑔(𝑡)



Example 3.24

Find the inverse Laplace transform of the following functions:

(a) 𝐹 𝑠 =
2

𝑠−3
+

5𝑠

𝑠2−3

(b) 𝐹 𝑠 =
2

𝑠4
−

1

𝑠2+4



Solution:

(a) 𝐹 𝑠 =
2

𝑠−3
+

5𝑠

𝑠2−3

𝑓(𝑡) = ℒ−1{𝐹 𝑠 } = ℒ−1{
2

𝑠−3
+

5𝑠

𝑠2−3
}

= 2ℒ−1{
1

𝑠−3
} + 5ℒ−1{

𝑠

𝑠2−3
} = 2𝑒3𝑡 + 5cosh 3𝑡

(b) 𝐹 𝑠 =
2

𝑠4
−

1

𝑠2+4

𝑓(𝑡) = ℒ−1{𝐹 𝑠 } = ℒ−1{
2

𝑠4
−

1

𝑠2+4
}

= 2
1

3!
ℒ−1{

3!

𝑠3+1
} −

1

2
ℒ−1{

2

𝑠2+22
}

=
1

3
𝑡3 −

1

2
sin 2𝑡



Exercise 3.8

Find the inverse Laplace transform for the following functions:

(a) 𝑌 𝑠 =
𝑠

𝑠2+9
+

2

𝑠2+16

(b) 𝑌 𝑠 =
6−𝑠

𝑠2+25

(c) 𝑌 𝑠 =
2

𝑠2
−

𝑠+2

𝑠2−9

Answer:

(a) 𝑦 𝑡 = cos3𝑡 +
1

2
sin 4𝑡; (b) 𝑦 𝑡 =

6

5
sin 5𝑡 − cos5𝑡 ;  (c) 𝑦 𝑡 = 2𝑡 − cosh3𝑡 −

2

3
sinh 3𝑡
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3.3.2 FIRST SHIFTING PROPERTY FOR INVERSE 

LAPLACE TRANSFORM

If ℒ−1{𝐺 𝑠 } = 𝑔(𝑡) with 𝑎 as a constant, then

ℒ−1{𝐺 𝑠 − 𝑎 } = 𝑒𝑎𝑡ℒ−1{𝐺 𝑠 } = 𝑒𝑎𝑡𝑔(𝑡)

or we can write as
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ℒ−1{𝐺 𝑠 − 𝑎 } = 𝑒𝑎𝑡𝑔(𝑡)}



Example 3.25

Find the inverse Laplace transform of

𝐹 𝑠 =
8

𝑠 − 2 3

Solution:

Compare with ℒ−1{𝐺 𝑠 − 𝑎 } = 𝑒𝑎𝑡𝑔(𝑡), we have 𝑎 = 2, 

𝐹 𝑠 = 𝐺 𝑠 − 2 =
8

𝑠 − 2 3

𝐺 𝑠 =
8

𝑠 3
→ 𝑔 𝑡 = ℒ−1

8

𝑠3
= 4𝑡2

Therefore, 

ℒ−1
8

𝑠 − 2 3
= 𝑒𝑎𝑡𝑔 𝑡 = 𝑒2𝑡 4𝑡2 = 4𝑡2𝑒2𝑡



Example 3.26

Find the inverse Laplace transform of

𝐹 𝑠 =
8

𝑠 − 4 2 + 1

Solution:

Compare with ℒ−1{𝐺 𝑠 − 𝑎 } = 𝑒𝑎𝑡𝑔(𝑡), we have 𝑎 = 4,

𝐹 𝑠 = 𝐺 𝑠 − 4 =
8

𝑠 − 4 2 + 1

𝐺 𝑠 =
8

𝑠2 + 1
→ 𝑔 𝑡 = 8ℒ−1

1

𝑠2 + 1
= 8 sin 𝑡

Thus, 

ℒ−1
8

𝑠 − 4 2 + 1
= 𝑒𝑎𝑡𝑔 𝑡 = 𝑒4𝑡 8 sin 𝑡 = 8𝑒2𝑡 sin 𝑡



Example 3.27

Find the inverse Laplace transform of

𝐹 𝑠 =
𝑠

𝑠 − 1 2 + 4

Solution:

Compare with ℒ−1{𝐺 𝑠 − 𝑎 } = 𝑒𝑎𝑡𝑔(𝑡), we have 𝑎 = 1,

𝐹 𝑠 = 𝐺 𝑠 − 1 =
𝑠

𝑠 − 1 2 + 4
=

𝒔 − 𝟏 + 1

𝑠 − 1 2 + 4

𝐺 𝑠 =
𝑠 + 1

𝑠2 + 4
=

𝑠

𝑠2 + 4
+

1

𝑠2 + 4

𝑔 𝑡 = ℒ−1
𝑠

𝑠2 + 22
+ ℒ−1

1

𝑠2 + 22
= cos 2𝑡 +

1

2
sin 2𝑡

Thus, 

ℒ−1
𝑠

𝑠 − 1 2 + 4
= 𝑒𝑡𝑔 𝑡 = 𝑒4𝑡 cos 2𝑡 +

1

2
sin 2𝑡



Exercise 3.9

Find the inverse Laplace transform below:

(a) ℒ−1
𝑠−1

𝑠+1 3

(b) ℒ−1
𝑠+2

𝑠2+4𝑠+5

(c) ℒ−1
2𝑠−3

𝑠+5 2+36

Answer:

(a) 𝑒−𝑡(𝑡 − 𝑡2) (b) 𝑒−2𝑡 cos 𝑡 (c) 𝑒−5𝑡 2 cos 6𝑡 −
13

6
sin 6𝑡



3.3.3 SECOND TRANSLATION PROPERTY FOR 

INVERSE LAPLACE TRANSFORM

Translation on the t-axis

If ℒ−1 𝐺(𝑠) = 𝑔(𝑡) and let 𝑎 be a constant, then 

where 𝑢(𝑡 − 𝑎) is a unit step function.
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ℒ−1 𝑒−𝑎𝑠𝐺(𝑠) = 𝑔 𝑡 − 𝑎 𝑢(𝑡 − 𝑎)



Example 3.28

Find the inverse Laplace of the given expression:

(a) 𝐹 𝑠 =
2𝑒−2𝑠

𝑠3

(b) 𝐹 𝑠 =
2𝑒−𝑠

𝑠2+9
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Solution:

(a) 𝐹 𝑠 =
2𝑒−2𝑠

𝑠3

Compare with 𝑒−𝑎𝑠𝐺(𝑠) from  ℒ−1 𝑒−𝑎𝑠𝐺(𝑠) = 𝑔 𝑡 − 𝑎 𝑢(𝑡 − 𝑎), 

we  have 

𝑎 = 2, 𝐺 𝑠 =
2

𝑠3
.

Then, 𝑔 𝑡 = ℒ−1
2

𝑠3
= 𝑡2 → 𝑔 𝑡 − 2 = 𝑡 − 2 2

Therefore, 𝑓 𝑡 = ℒ−1
2𝑒−2𝑠

𝑠3
= 𝑡 − 2 2𝑢(𝑡 − 2).



Solution:

(b) 𝐹 𝑠 =
2𝑒−𝑠

𝑠2+9

Compare with 𝑒−𝑎𝑠𝐺(𝑠) from  ℒ−1 𝑒−𝑎𝑠𝐺(𝑠) = 𝑔 𝑡 − 𝑎 𝑢(𝑡 − 𝑎), 

we have

𝑎 = 1, 𝐺 𝑠 =
2

𝑠2+9
.

Then, 𝑔 𝑡 = ℒ−1
2

𝑠2+32
=

2

3
sin 3𝑡 → 𝑔 𝑡 − 1 =

2

3
sin 3(𝑡 − 1)

Therefore, 𝑓 𝑡 = ℒ−1
2𝑒−𝑠

𝑠2+9
=

2

3
sin 3(𝑡 − 1)𝑢(𝑡 − 1).



Exercise 3.10

Find the inverse Laplace transform of the following expressions:

(a)
5𝑠𝑒−3𝑠

𝑠2+4

(b)
2𝑒−2𝑠

(𝑠−1)2+4

Answer:

(a) 5 cos 2(𝑡 − 3) 𝑢(𝑡 − 3) (b) 𝑒 𝑡−2 sin 2(𝑡 − 2) 𝑢(𝑡 − 2).



3.3.4 PARTIAL FRACTIONS DECOMPOSITION

The basic knowledge of partial fractions is very important as it can be used to 

solve the inverse Laplace transform.

Steps for writing in terms of  Partial Fraction

1 :  Factorize denominator of the fraction.

2 :  Express the fraction in corresponding form.

✓Linear factor

✓Quadratic factor

✓Repeated factors

3 : Determine the value of the constant on each of partial fraction by 

Method 1 :   Comparing the coefficient of 𝑥𝑛.

Method  2 :  Substitution of any values 𝑥.
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Example 3.29

Find the inverse Laplace transforms of the functions below by using 

partial fraction.

a) 𝐹 𝑠 =
1

𝑠(𝑠−2)

b) 𝐹 𝑠 =
2

𝑠(𝑠2−4)

c) 𝐹 𝑠 =
𝑠−4

𝑠3−𝑠2−2𝑠
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Solution (a):

Step 1: Rewrite the function in terms of partial fraction.

𝐹 𝑠 =
1

𝑠(𝑠 − 2)
=
𝐴

𝑠
+

𝐵

𝑠 − 2

𝐴 𝑠 − 2 + 𝐵𝑠 = 1

Step 2: Choose suitable values of 𝑠:

Let 𝑠 = 0, 𝐴 0 − 2 + 𝐵 0 = 1 → 𝐴 = −
1

2

Let 𝑠 = 2, 𝐴 2 − 2 + 𝐵 2 = 1 → 𝐵 =
1

2

𝐹 𝑠 =
−
1
2
𝑠

+

1
2

𝑠 − 2
=
1

2
−
1

𝑠
+

1

𝑠 − 2

Step 3: Find the inverse Laplace transform

𝑓 𝑡 = ℒ−1 𝐹 (𝑠) =
1

2
(−1 + 𝑒2𝑡)



Solution (b):

Step 1: Rewrite the function in terms of partial fraction:

𝐹 𝑠 =
2

𝑠(𝑠2 − 4)
=
𝐴

𝑠
+
𝐵𝑠 + 𝐶

𝑠2 − 4

𝐴 𝑠2 − 4 + 𝐵𝑠 + 𝐶 𝑠 = 2

Step 2: Choose suitable values of 𝑠:

Let 𝑠 = 0, 𝐴 0 − 4 + (0 + 𝐶) 0 = 2 → 𝐴 = −
1

2

Let 𝑠 = 2, 𝐴 4 − 4 + 2𝐵 + 𝐶 2 = 2 → 4𝐵 + 2𝐶 = 2

Let 𝑠 = −2, 𝐴 4 − 4 + −2𝐵 + 𝐶 −2 = 2 → 4𝐵 − 2𝐶 = 2

→ 𝐵 =
1

2
, 𝐶 = 0

𝐹 𝑠 =
−
1
2
𝑠

+

1
2
𝑠

𝑠2 − 4
=
1

2
−
1

𝑠
+

𝑠

𝑠2 − 4

Step 3: Find the inverse Laplace transform

𝑓 𝑡 = ℒ−1 𝐹 (𝑠) =
1

2
(−1 + cosh 2𝑡)



Solution (c):

𝐹 𝑠 =
𝑠 − 4

𝑠3 − 𝑠2 − 2𝑠
=

𝑠 − 4

𝑠(𝑠2 − 𝑠 − 2)
=

𝑠 − 4

𝑠(𝑠 + 1)(𝑠 − 2)

Step 1: Rewrite the function in terms of partial fraction.

𝐹 𝑠 =
𝑠 − 4

𝑠(𝑠 + 1)(𝑠 − 2)
=
𝐴

𝑠
+

𝐵

𝑠 + 1
+

𝐶

𝑠 − 2

𝐴 𝑠 + 1 𝑠 − 2 + 𝐵𝑠 𝑠 − 2 + 𝐶𝑠 𝑠 + 1 = 𝑠 − 4

Step 2: Choose suitable values of 𝑠:

Let 𝑠 = 0, 𝐴 0 + 1 0 − 2 + 𝐵 0 0 − 2 + 𝐶 0 0 + 1 = 0 − 4 → 𝐴 = 2

Let 𝑠 = −1, 𝐴 −1 + 1 −1 − 2 + 𝐵 −1 −1 − 2 + 𝐶 −1 −1 + 1 = −1 − 4

→ 𝐵 = −5/3

Let 𝑠 = 2, 𝐴 2 + 1 2 − 2 + 𝐵 2 2 − 2 + 𝐶 2 2 + 1 = 2 − 4

→ 𝐶 = −1/3

𝐹 𝑠 =
2

𝑠
+
−5/3

𝑠 + 1
+
−1/3

𝑠 − 2



Solution (c):

𝐹 𝑠 =
𝑠 − 4

𝑠3 − 𝑠2 − 2𝑠

=
2

𝑠
+
−5/3

𝑠 + 1
+
−1/3

𝑠 − 2

Step 3: Find the inverse Laplace transform

𝑓 𝑡 = ℒ−1 𝐹 (𝑠) = 2 −
5

3
𝑒−𝑡 −

1

3
𝑒2𝑡



Exercise 3.11

Find the inverse Laplace transform of the following expressions:

(a)
1

𝑠 𝑠−4

(b)
2

𝑠2+𝑠−6

(c)
2

𝑠2(𝑠+1)

Answer:

(a)
1

4
𝑒4𝑡 − 1 (b)

2

5
𝑒2𝑡 − 𝑒−3𝑡 (c) 2𝑡 − 2 + 2𝑒−𝑡



3.3.5 CONVOLUTION THEOREM

• This theorem will be used to find the inverse Laplace Transform for 

the function in the form of 𝐹 𝑠 𝐺(𝑠).

• The convolution of 𝑓(𝑡) and 𝑔(𝑡), denoted by 𝑓 ∗ 𝑔 is defined by

𝑓 𝑡 ∗ 𝑔 𝑡 = න

0

𝑡

𝑓 𝑢 𝑔(𝑡 − 𝑢)𝑑𝑢
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3.3.5 CONVOLUTION THEOREM

Theorem:

If ℒ−1 𝐹 (𝑠) = 𝑓(𝑡) and ℒ−1 𝐺(𝑠) = 𝑔(𝑡), then
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ℒ−𝟏 𝑭 𝒔 𝑮(𝒔) = 𝒇 𝒕 ∗ 𝒈 𝒕 = න

𝟎

𝒕

𝒇 𝒖 𝒈(𝒕 − 𝒖)𝒅𝒖



Example 3.30

Find the inverse Laplace Transform for  
1

𝑠(𝑠−2)
by using the convolution 

theorem.

Solution 1:

From the expression, 
1

𝑠(𝑠−2)
=

1

𝑠

1

𝑠−2
. 

Thus, we set

𝐹 𝑠 =
1

𝑠
and 𝐺 𝑠 =

1

𝑠−2
where the inverse Laplace transforms 

are given as:

𝑓 𝑡 = 1 and 𝑔 𝑡 = 𝑒2𝑡

→ 𝑓 𝑢 = 1 and 𝑔 𝑡 − 𝑢 = 𝑒2 𝑡−𝑢 = 𝑒2𝑡. 𝑒−2𝑢
29



Using the theorem ℒ−𝟏 𝑭 𝒔 𝑮(𝒔) = 𝒇 𝒕 ∗ 𝒈 𝒕 = 𝟎
𝒕
𝒇 𝒖 𝒈(𝒕 − 𝒖)𝒅𝒖,

ℒ−𝟏
1

𝑠(𝑠 − 2)
= න

𝟎

𝒕

(𝟏)(𝒆𝟐𝒕. 𝒆−𝟐𝒖) 𝒅𝒖

= 𝑒2𝑡 −
1

2
𝑒−2𝑢

0

𝑡

= 𝑒2𝑡 −
1

2
𝑒−2𝑡 +

1

2
𝑒0

= −
1

2
𝑒0 +

1

2
𝑒2𝑡 =

1

2
𝑒2𝑡 − 1



Solution 2:

From the expression, 
1

𝑠(𝑠−2)
=

1

𝑠

1

𝑠−2
. 

Thus, we set 

Using the theorem ℒ−𝟏 𝑭 𝒔 𝑮(𝒔) = 𝒇 𝒕 ∗ 𝒈 𝒕 = 𝟎
𝒕
𝒇 𝒖 𝒈(𝒕 − 𝒖)𝒅𝒖,

ℒ−𝟏
1

𝑠(𝑠 − 2)
= න

0

𝑡

𝑒2𝑢(1) 𝑑𝑢 =
1

2
𝑒2𝑢

0

𝑡

=
1

2
𝑒2𝑡 −

1

2
𝑒0 =

1

2
𝑒2𝑡 − 1

𝐹 𝑠 =
1

𝑠 − 2

𝑓 𝑡 = 𝑒2𝑡

𝑓 𝑢 = 𝑒2𝑢

𝐺 𝑠 =
1

𝑠

𝑔 𝑡 = 1

𝑔 𝑡 − 𝑢 = 1



Example 3.31

Find the inverse Laplace Transform for  
1

𝑠(𝑠2+4)
by using the convolution 

theorem.

Solution:

From the expression,
1

𝑠(𝑠2+4)
=

1

𝑠

1

𝑠2+4
.

Thus, we set 𝐺 𝑠 =
1

𝑠
and 𝐹 𝑠 =

1

𝑠2+4
where the inverse Laplace transforms 

are given as:

𝑓 𝑡 =
1

2
sin 2𝑡 and 𝑔 𝑡 = 1 → 𝑓 𝑢 =

1

2
sin 2𝑢 and 𝑔 𝑡 − 𝑢 = 1
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Using the theorem ℒ−𝟏 𝑭 𝒔 𝑮(𝒔) = 𝒇 𝒕 ∗ 𝒈 𝒕 = 𝟎
𝒕
𝒇 𝒖 𝒈(𝒕 − 𝒖)𝒅𝒖,

ℒ−𝟏
1

𝑠(𝑠2 + 4)
= න

0

𝑡

(
1

2
sin 2𝑢)(1) 𝑑𝑢

= −
1

4
cos 2𝑢

0

𝑡

= −
1

4
cos 2𝑡 +

1

4
cos 0 =

1

4
−
1

4
cos 2𝑡



Exercise 3.12

By using convolution theorem, find the inverse Laplace transform of 
the following expressions:

(a)
1

𝑠 𝑠−4

(b)
2

𝑠2(𝑠+1)

(c)
2

𝑠2 𝑠+1 2

Answer:

(a)
1

4
𝑒4𝑡 − 1 (b) 2𝑡 − 2 + 2𝑒−𝑡 (c) 2𝑡𝑒−𝑡 + 4𝑒−𝑡 + 2𝑡 − 4
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Thank You

Question & Answer


