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Learning Outcomes

At the end of this topic, you will be able to:

1. Find the Laplace transform for a given function.
2. Use the linearity property of Laplace Transform.

3. Use shifting property in order to determine the Laplace
Transform for a given function.
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3.0 INTRODUCTION

 Laplace transform is an integral transform which transforms a
function of a real variable, t domain(often time) to a function of a
complex variable, s domain (frequency).

* It has many applications in science and engineering.

« The Laplace transform is particularly useful in solving linear
ordinary differential equations such as those arising in the analysis
of electronic circuits.

@050



OPENCOURSEWARE

ocw.utem.edu.my

3.0 INTRODUCTION

Definition 3.1

The Laplace transform of a function is defined by

LD} = F(s) = j e~SLF(0) dt

0
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Example 3.1

Find the Laplace Transform of f(t) = a where a is a constant.

Solution:

F(s)= [ e Stf(t)dt = [ e L. adt

_ae‘Stoo__g —wo 07— _9rn _a
_[_S]O_ e — 0= —4[0 - 1] =*

Thus, we have

L{a}z%,s> 0
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Example 3.2

Find F(s) if f(t) = e% where a is a constant.

Solution:
F(s) = [ eStf(t)dt = [~ e St e dt

= : ) —(s—a)t OO
—(s—a)t dt —

f —-a)f

0

1
= — [e™® —el] = — [0 —1] =
s—a s—a s—a

Thus, we have L{e%'} = ﬁ,s > a
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Exercise 3.1

Using the definition of Laplace Transform, find F(s) If:

@) f(O) =t

1;,0<t<1

(b) £(8) = {O; 'S

1—e™%
s

Answer: (a) siz (b)
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Table 3.1 Elementary Laplace Transform

F(s) = L{f (1))
a

a; where a IS a constant

S
t"™; wheren =1,2,3, ... n!
n+l
et 1
s—a
sin at a
s? + a?
cos at S
s2 + a?
sinh at a
2 _ g2
cosh at S
2 _ g2
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3.1 PROPERTIES OF THE LAPLACE TRANSFORM

3.1.1 Linearity property of Laplace Transform.

Theorem 3.1
Let f(t), f1(t) and £, (t) be functions whose Laplace Transforms
exist for s > a and ¢ be a constant. Then fors > a ,

L{f1 (1) + f,(0)} = L{f1 (D} = L{f2 ()}
and

L{cf(O} = cL{f (D)}
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Example 3.3

Given a function f(t) = 2sin 3t — e*t. Find the Laplace

transform of f (t).

Solution:
F(s) = L{2sin 3t — e*!}
= L{2sin 3t} — L{e?*'}

3 1
=2(am) o5
s2432 s—4
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Example 3.4

Find the Laplace transform of the following functions:
(@) f(t) =3e 2t +1t3
(b) g(t) = 2cos 5t — sin 5t

(©) h(t) = (t—t2)
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Solution (a):
F(s) = L{3e 2t + t3})
= L{3e7 %t} + L{t3}

1 3!
=3(5) o
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Solution (b):
G(s) = L{2cos 5t — sin 5t}
= L{2cos 5t} — L{sin 5t}

=2(5im) =,
_ s2452 s2452

. 25—5
" s2425
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Solution (c):
H(s) = L{(t — t?)?}
= L£{t? — 2t3 + t%}
= L{t?} — 2L{t3} + L{t"}

2 3! 4!
S S S
2 12 24
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Exercise 3.2

Determine the Laplace transform of the following functions:
@) f(t) =t—t?>+1t3

(b) g(t) = (sin 2t)*

(€) h(t) = (e —e™)*

Answer:
1 2 6

@ & wty
(b)

(C) __24__l_+__£_
S s+2 s—=2

8
s3+16s

@050



OPENCOURSEWARE

ocw.utem.edu.my

3.1 PROPERTIES OF THE LAPLACE TRANSFORM

3.1.2 First Shifting Property

Theorem 3.2
The Laplace Transform of f(t) = e%g(t) is given by

L{e"g(t)} = G(s — a)

where G(s) = L{g(t)}.
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Example 3.5

Given a function f(t) = te3t. Find the Laplace transform of f(t).

Solution:

Using the first shifting property,
L{f ()} = L{te*'} = L{e¥g(D)} = G(s — a)

with a =3 and g(t) = t.

1

From g(t) = t, we will have G(s) = L{g(t)} = L{t} = 5

S

Thus,

1
‘@ @@@\ L{te3'} = G(s — 3) = G372
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Example 3.6

Find L{e?! sin 4t}.

Solution:

L{e?tsin4t} = L{e%g(t)} = G(s — a)
with a = 2 and g(t) = sin 4t.

4
s2+42°

From g(t) = sin4t, we will have G(s) = L{sin4t} =

Thus,
4

(s—2)2+16 52— 4s+ 20

L{e?tsin4t} =G(s —2) =
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Exercise 3.3

Using the first shifting property, determine the Laplace transform
of the following functions:

@ f@ = t2e~
(b) f(t) = etcosmt
(c) f(t) = —2e tsinht

Answer:

2 s—1 2
(8) Gray ) G © ~ G
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3.1 PROPERTIES OF THE LAPLACE TRANSFORM

3.1.3 Differentiation of a Transform

Theorem 3.3
If L{f(t)} = F(s), thenforn =1,2,3, ...

dn
LE ()} = (~D" - [F(5)]
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Example 3.7

Given that L{e%'} = é Using the formula

L f (0} = (D [F(9)]
find:

(@) L{te®}
(b) L{t2e%)
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n

L{it"f ()} = (D" [F(s)]

Solution:

@n=1; f(t) = e¥ > F(s) = —;

Litey = (D () = —n G -7

=(s—a)”*
1
(s—a)?’
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dn
L' (O} = ()" T [F(s)]

Solution:
(b)n = 2;f(t) = % = F(s) = —;
2 aty — (1232 (L) = 4 o -1
L{t7e®} = (-1 ds? (S—a)_ds2 (s —a)
d _
=-——(s-a)7*
_ 2
:Z(S—Cl) Bzm.

#Notes: We also can solve (a) and (b) using the first shifting property.
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Example 3.8

Find the Laplace transform of the following functions:

(@) f(t) =t?e*
(b) f(t) = tcos2t
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Solution:
(a) By using the solution from Example 3.7 (b) and with a = 3, we
will have

2
(s—3)3°

L{t?e3t) =
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dn
L' (O} = ()" T [F(s)]

Solution:
(b) L{t cos 2t} = — % (525+4)
=L s(s>+4) ]
= — {S [—1(52 + 4)_2.251 + (s2 + 4)_1}
252 1

 (s2+4)2 5244

_ 2s%—s%?-4  s%—4
(s244)2 (s244)2
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Example 3.9

Find L{tet cos 2t}.

Solution: (Method 1)

Applying first shifting properties,
L{te! cos 2t} = L{e%g(t)} = G(s — a)
with a = 1 and g(t) = t cos 2t.

Quotient rule
From g(t) = t cos 2t, we will have |

2|
G(S)=L{tCOSZt}=—i( > )=—%[S(52+4)_1]— s“—4

ds \s2+4 T (s2+4)2

(s—1)%2-4

Thus, L{f(0)} = G(s—1) =7 = =5
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Solution: (Method 2)

Apply the differentiation of transform

L{te! cos 2t} = — % [F(s)]

s—1
(s—1)2+4

d[ s—1 ] [(s —1?+4](1) — (s — 1)2(s — 1)

where f(t) = e’ cos 2t, and hence, F(s) =

ds|(s—1)2+4 ((s =12 + 4)2
_ [(s—1)?+4]-2(s-1)? _ —(s-1)%+4
((s—1)2+4)° ((s—1)2+4)°

(s—1)%-4
((s—1)2+4)°"

Thus, L{te! cos 2t} = —% [F(s)] =
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Exercise 3.4

Find the Laplace transform of the following functions:

(@) f(t) =tcosh4t
(b) y(t) = te tsin3t

Answer:

s2+16

(a) (s2-16)2
(b)

6(s+1)
((s+1)2+9)
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Thank You

Question & Answer




