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Learning Outcomes

At the end of this topic, you will be able to:

1. Find the Laplace transform for a given function.

2. Use the linearity property of Laplace Transform.

3. Use shifting property in order to determine the Laplace  

Transform for a given function.



3.0 INTRODUCTION 

• Laplace transform is an integral transform which transforms a

function of a real variable, 𝑡 domain(often time) to a function of a

complex variable, 𝑠 domain (frequency).

• It has many applications in science and engineering.

• The Laplace transform is particularly useful in solving linear

ordinary differential equations such as those arising in the analysis

of electronic circuits.



3.0 INTRODUCTION 

Definition 3.1

The Laplace transform of a function  is defined by 

ℒ{𝑓 𝑡 } = 𝐹 𝑠 = න
0

∞

ⅇ−𝑠𝑡𝑓 𝑡 ⅆ𝑡



Example 3.1

Find the Laplace Transform of 𝑓 𝑡 = 𝑎 where 𝑎 is a constant.

Solution:

𝐹 𝑠 = 0׬
∞
ⅇ−𝑠𝑡𝑓(𝑡) ⅆ𝑡 = 0׬

∞
ⅇ−𝑠𝑡 . 𝑎 ⅆ𝑡

=
𝑎ⅇ−𝑠𝑡

−𝑠 0

∞

= −
𝑎

𝑠
ⅇ−∞ − ⅇ0 = −

𝑎

𝑠
0 − 1 =

𝑎

𝑠

Thus, we have

ℒ 𝑎 =
𝑎

𝑠
, s > 0



Example 3.2

Find 𝐹(𝑠) if  𝑓 𝑡 = ⅇ𝑎𝑡 where 𝑎 is a constant.

Solution:

𝐹 𝑠 = 0׬
∞
ⅇ−𝑠𝑡𝑓(𝑡) ⅆ𝑡 = 0׬

∞
ⅇ−𝑠𝑡 . ⅇ𝑎𝑡 ⅆ𝑡

= න

0

∞

ⅇ− 𝑠−𝑎 𝑡 ⅆ𝑡 =
ⅇ− 𝑠−𝑎 𝑡

−(𝑠 − 𝑎)
0

∞

= −
1

𝑠 − 𝑎
ⅇ−∞ − ⅇ0 = −

1

𝑠 − 𝑎
0 − 1 =

1

𝑠 − 𝑎

Thus, we have  ℒ ⅇ𝑎𝑡 =
1

𝑠−𝑎
, 𝑠 > 𝑎



Exercise 3.1

Using the definition of Laplace Transform, find 𝐹(𝑠) if:

(a) 𝑓 𝑡 = 𝑡

(b) 𝑓 𝑡 = ቊ
1; 0 ≤ 𝑡 < 1
0; 𝑡 ≥ 1

Answer: (a) 
1

𝑠2
(b) 

1−ⅇ−𝑠

𝑠



Table 3.1 Elementary Laplace Transform

𝒇(𝒕) 𝐹 𝑠 = ℒ{𝑓 𝑡 }

𝑎; where 𝑎 is a constant 𝑎

𝑠

𝑡𝑛; where 𝑛 = 1,2,3, … 𝑛!

𝑠𝑛+1

ⅇ𝑎𝑡 1

𝑠 − 𝑎

sin 𝑎𝑡 𝑎

𝑠2 + 𝑎2

cos 𝑎𝑡 𝑠

𝑠2 + 𝑎2

sinh 𝑎𝑡 𝑎

𝑠2 − 𝑎2

cosh 𝑎𝑡 𝑠

𝑠2 − 𝑎2



3.1 PROPERTIES OF THE LAPLACE TRANSFORM

3.1.1 Linearity property of Laplace Transform. 

Theorem 3.1

Let 𝑓(𝑡), 𝑓1 𝑡 and 𝑓2 𝑡 be functions whose Laplace Transforms 

exist for 𝑠 > 𝑎 and 𝑐 be a constant. Then for 𝑠 > 𝑎 ,

ℒ{𝑓1 𝑡 ± 𝑓2 𝑡 } = ℒ{𝑓1 𝑡 } ± ℒ{𝑓2 𝑡 }

and

ℒ{𝑐𝑓 𝑡 } = 𝑐ℒ{𝑓(𝑡)}



Example 3.3

Given a function 𝑓 𝑡 = 2 sin 3𝑡 − ⅇ4𝑡. Find the Laplace 

transform of 𝑓(𝑡).

Solution: 

𝐹 𝑠 = ℒ{2 sin 3𝑡 − ⅇ4𝑡}

= ℒ 2 sin 3𝑡 − ℒ ⅇ4𝑡

= 2
3

𝑠2+32
−

1

𝑠−4

=
6

𝑠2+9
−

1

𝑠−4



Example 3.4

Find the Laplace transform of the following functions:

(a) 𝑓 𝑡 = 3ⅇ−2𝑡 + 𝑡3

(b) 𝑔(𝑡) = 2cos 5𝑡 − sin 5𝑡

(c) ℎ(𝑡) = 𝑡 − 𝑡2
2



Solution (a):

𝐹 𝑠 = ℒ{3ⅇ−2𝑡 + 𝑡3}

= ℒ 3ⅇ−2𝑡 + ℒ 𝑡3

= 3
1

𝑠−(−2)
+

3!

𝑠3+1

=
3

𝑠+2
+

6

𝑠4



Solution (b):

𝐺 𝑠 = ℒ{ 2cos 5𝑡 − sin 5𝑡}

= ℒ 2cos 5𝑡 − ℒ sin 5𝑡

= 2
𝑠

𝑠2+52
−

5

𝑠2+52

=
2𝑠−5

𝑠2+25



Solution (c):

𝐻 𝑠 = ℒ{ 𝑡 − 𝑡2 2}

= ℒ 𝑡2 − 2𝑡3 + 𝑡4

= ℒ 𝑡2 − 2ℒ 𝑡3 + ℒ 𝑡4

=
2

𝑠3
− 2

3!

𝑠4
+

4!

𝑠5

=
2

𝑠3
−

12

𝑠4
+

24

𝑠5



Exercise 3.2

Determine the Laplace transform of the following functions:

(a) 𝑓 𝑡 = 𝑡 − 𝑡2 + 𝑡3

(b) 𝑔 𝑡 = (sin 2𝑡)2

(c) ℎ 𝑡 = ⅇ𝑡 − ⅇ−𝑡 2

Answer:

(a)
1

𝑠2
−

2

𝑠3
+

6

𝑠4

(b)
8

𝑠3+16𝑠

(c) −
2

𝑠
+

1

𝑠+2
+

1

𝑠−2



3.1 PROPERTIES OF THE LAPLACE TRANSFORM

3.1.2 First Shifting Property

Theorem 3.2

The Laplace Transform of 𝑓 𝑡 = ⅇ𝑎𝑡𝑔(𝑡) is given by

where 𝐺 𝑠 = ℒ{𝑔(𝑡)}.

16

𝓛{𝒆𝒂𝒕𝒈(𝒕)} = 𝑮(𝒔 − 𝒂)



Example 3.5

Given a function 𝑓 𝑡 = 𝑡ⅇ3𝑡. Find the Laplace transform of 𝑓(𝑡).

Solution:

Using the first shifting property,

ℒ{𝑓(𝑡)} = ℒ{𝑡ⅇ3𝑡} = ℒ{ⅇ𝑎𝑡𝑔(𝑡)} = 𝐺(𝑠 − 𝑎)

with 𝑎 = 3 and 𝑔 𝑡 = 𝑡.

From 𝑔 𝑡 = 𝑡, we will have 𝐺 𝑠 = ℒ{𝑔(𝑡)} = ℒ{𝑡} =
1

𝑠2
.

Thus, 

ℒ{𝑡ⅇ3𝑡} = 𝐺(𝑠 − 3) =
1

𝑠 − 3 2
.



Example 3.6

Find ℒ{ⅇ2𝑡 sin 4𝑡}.

Solution:

ℒ{ⅇ2𝑡 sin 4𝑡} = ℒ{ⅇ𝑎𝑡𝑔(𝑡)} = 𝐺(𝑠 − 𝑎)

with 𝑎 = 2 and 𝑔 𝑡 = sin 4𝑡.

From 𝑔 𝑡 = sin 4𝑡, we will have 𝐺 𝑠 = ℒ{sin 4𝑡} =
4

𝑠2+42
.

Thus, 

ℒ{ⅇ2𝑡 sin 4𝑡} = 𝐺(𝑠 − 2) =
4

𝑠 − 2 2 + 16
=

4

𝑠2 − 4𝑠 + 20



Exercise 3.3

Using the first shifting property, determine the Laplace transform 
of the following functions:

(a) 𝑓 𝑡 = 𝑡2ⅇ−4𝑡

(b) 𝑓 𝑡 = ⅇ𝑡 cos 𝜋𝑡

(c) 𝑓 𝑡 = −2ⅇ−𝑡 sinh 𝑡

Answer:

(a) 
2

𝑠+4 3 (b)
𝑠−1

𝑠−1 2+𝜋2
(c) −

2

𝑠+1 2−1



3.1 PROPERTIES OF THE LAPLACE TRANSFORM

3.1.3 Differentiation of a Transform

Theorem 3.3

If ℒ{𝑓(𝑡)} = 𝐹(𝑠), then for 𝑛 = 1,2,3,…

𝓛{𝒕𝒏𝒇(𝒕)} = −𝟏 𝒏
𝒅𝒏

𝒅𝒔𝒏
[𝑭(𝒔)]



Example 3.7

Given that ℒ{ⅇ𝑎𝑡} =
1

𝑠−𝑎
. Using the formula 

ℒ{𝑡𝑛𝑓(𝑡)} = −1 𝑛 𝑑𝑛

𝑑𝑠𝑛
[𝐹(𝑠)], 

find:

(a) ℒ{𝑡ⅇ𝑎𝑡}

(b) ℒ{𝑡2ⅇ𝑎𝑡}



Solution:

(a) 𝑛 = 1; 𝑓 𝑡 = ⅇ𝑎𝑡 → 𝐹 𝑠 =
1

𝑠−𝑎
;

ℒ{𝑡ⅇ𝑎𝑡} = (−1)
𝑑

𝑑𝑠

1

𝑠−𝑎
= −

𝑑

𝑑𝑠
𝑠 − 𝑎 −1

= 𝑠 − 𝑎 −2

=
1

𝑠−𝑎 2.

𝓛{𝒕𝒏𝒇(𝒕)} = −𝟏 𝒏
𝒅𝒏

𝒅𝒔𝒏
[𝑭(𝒔)]



Solution:

(b) 𝑛 = 2; 𝑓 𝑡 = ⅇ𝑎𝑡 → 𝐹 𝑠 =
1

𝑠−𝑎
;

ℒ{𝑡2ⅇ𝑎𝑡} = −1 2 𝑑2

𝑑𝑠2
1

𝑠−𝑎
=

𝑑2

𝑑𝑠2
𝑠 − 𝑎 −1

= −
𝑑

𝑑𝑠
𝑠 − 𝑎 −2

= 2 𝑠 − 𝑎 −3 =
2

𝑠−𝑎 3 .

#Notes: We also can solve (a) and (b) using the first shifting property.

𝓛{𝒕𝒏𝒇(𝒕)} = −𝟏 𝒏
𝒅𝒏

𝒅𝒔𝒏
[𝑭(𝒔)]



Example 3.8

Find the Laplace transform of the following functions:

(a) 𝑓 𝑡 = 𝑡2ⅇ3𝑡

(b) 𝑓 𝑡 = 𝑡 cos 2𝑡



Solution:

(a) By using the solution from Example 3.7 (b) and with 𝑎 = 3, we 

will have 

ℒ{𝑡2ⅇ3𝑡} =
2

𝑠−3 3 .



Solution:

(b) ℒ{𝑡 cos 2𝑡} = −
𝑑

𝑑𝑠

𝑠

𝑠2+4

= −
𝑑

𝑑𝑠
[𝑠 𝑠2 + 4

−1
]

= − 𝑠 −1 𝑠2 + 4
−2
. 2𝑠 + 𝑠2 + 4

−1

=
2𝑠2

𝑠2+4 2 −
1

𝑠2+4

=
2𝑠2−𝑠2−4

𝑠2+4 2 =
𝑠2−4

𝑠2+4 2

𝓛{𝒕𝒏𝒇(𝒕)} = −𝟏 𝒏
𝒅𝒏

𝒅𝒔𝒏
[𝑭(𝒔)]



Example 3.9

Find ℒ{𝑡ⅇ𝑡 cos 2𝑡}.

Solution: (Method 1)

Applying first shifting properties, 

ℒ{𝑡ⅇ𝑡 cos 2𝑡} = ℒ{ⅇ𝑎𝑡𝑔(𝑡)} = 𝐺(𝑠 − 𝑎)

with 𝑎 = 1 and 𝑔 𝑡 = 𝑡 cos 2𝑡.

From 𝑔 𝑡 = 𝑡 cos 2𝑡, we will have 

𝐺 𝑠 = ℒ{𝑡 cos 2𝑡} = −
𝑑

𝑑𝑠

𝑠

𝑠2+4
= −

𝑑

𝑑𝑠
[𝑠 𝑠2 + 4

−1
] =

𝑠2−4

𝑠2+4 2.

Thus, ℒ{𝑓(𝑡)} = 𝐺(𝑠 − 1) =
𝑠−1 2−4

𝑠−1 2+4
2 .

Quotient rule



Solution: (Method 2)

Apply the differentiation of transform

ℒ{𝑡ⅇ𝑡 cos 2𝑡} = −
ⅆ

ⅆ𝑠
𝐹 𝑠

where 𝑓 𝑡 = ⅇ𝑡 cos 2𝑡, and hence, 𝐹 𝑠 =
𝑠−1

𝑠−1 2+4
.

ⅆ

ⅆ𝑠

𝑠 − 1

𝑠 − 1 2 + 4
=
[ 𝑠 − 1 2+4](1) − 𝑠 − 1 2(𝑠 − 1)

𝑠 − 1 2 + 4
2

=
[ 𝑠−1 2+4]−2 𝑠−1 2

𝑠−1 2+4
2 =

− 𝑠−1 2+4

𝑠−1 2+4
2

Thus, ℒ{𝑡ⅇ𝑡 cos 2𝑡} = −
𝑑

𝑑𝑠
𝐹 𝑠 =

𝑠−1 2−4

𝑠−1 2+4
2 .



Exercise 3.4

Find the Laplace transform of the following functions:

(a) 𝑓 𝑡 = 𝑡 cosh 4𝑡

(b) 𝑦 𝑡 = 𝑡ⅇ−𝑡 sin 3𝑡

Answer:

(a)
𝑠2+16

𝑠2−16 2

(b)
6(𝑠+1)

𝑠+1 2+9
2
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Thank You

Question & Answer


