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Lesson outcomes

Upon completion of this week lesson, students should be
able to:

. describe the basic concept for methods of
undetermined coefficients and variation of parameters

i.  find the solution for second order linear
nonhomogeneous equations
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CHAPTER 2

Second Order Linear Differential Equations

1 Solving homogeneous equations with constant coefficients

- real and distinct roots

- real and repeated roots

- complex conjugate roots

d  Solving nonhomogeneous equations with

- undetermined coefficients method

- variation of parameters method
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2.2 Solving Non-homogeneous Equations
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The general form of the nonhomogeneous equation is

d’y  dy

a—-+b—+cy=f(x

o2 TPt (X)
or ay”’+ by’+cy =1(X)

where a, b, ¢ are some constants and f (x) # 0.

A second order linear differential equation is
nonhomogeneous if f (X) in the equation above is a non-
zero function.
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The general solution of the nonhomogeeous equation is given
as

y(x) — yc(x) + yp(x)

where y.(X) is the general solution of the corresponding

homogeneous equation (it is also called the complementary

solution), while y,(x) is a particular solution (or known as a

particular integral).
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There are two common methods can be used for determining

the particular solution, i.e. the method of
= undetermined coefficients and

= variation of parameters.
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2.2.1 Solving Non-homogeneous Equations with

Undetermined Coefficients method
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The method of undetermined coefficients is an approach to find a
particular solution 1y, (x) for certain nonhomogeneous ordinary

differential equations. However, this method only works if /(x) is in

three basic forms or their combinations.




OPENCOURSEWARE

ocw.utem.edu.my

The method of undetermined coefficients is quite simple. First,
we need to look at f (x) and make a guess to the form of y,(x) by
leaving the coefficient(s) undetermined. Then put the guess into
the differential equation and check whether values of the
coefficients can be found. If the values for the coefficients can be
determined, then our guess is correct, else if the values for the

coefficients cannot be found, then our guess is incorrect.




OPENCOURSEWARE

Doy
YSIA MELAKA

ocw.utem.edu.my

Ax) V()

Pulx) = Apx® + Apax™! +.+ Aix + | Cox + Cpax™ +...+ Cix + Co

Ao

e™ ce”

cosfi or sinfx Cicosfx + Cosinfix
pu(x) ™ (Cx" + Cpax™ 4.+ Cix + Co) ™

cos fx (Cox + Cpax™1 +...+ Cix + Co)cosfix + (Dpx™ + Dy 1x™1

PnlX Sin ‘&{ +...+ Dix +D[})S]._[lﬁx

R cos fir e™ ( Cicosfix + Crsinf)

sin fx
» (x)_em-{mﬁﬁ" (Cox" + Coax™! +...4+ Crix +Co) €~ cosfx + (D" + Dypix™!
s fix +...+ Dix + Do) e“ sinfix




OPENCOURSEWARE

ocw.utem.edu.my

In general, there are two cases to be considered:
() no function in y,(x) has the same form as in y.(x)

()  there is function in y, (x) same with the term in y.(x)

For case (ii), if y,(x) has the same term with y.(x), then we

multiply y,(x) with x™, where n is the least positive integer, to

eliminate the term.
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Example 2.7

Find the general solution of

d’y

2 +4y =X"+2 (1)
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Solution

The characteristic equation of the equation is

m? +4=0
m? = —4 = 4i°
m=+2i

So
Y. (X) = Acos 2x + Bsin 2x.
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The particular integral is guessed as

Y (X) = CoX* +Cyx +Cy (2)
Next, find the first and second derivatives of y (x):

Yp(X) =2C,

(3)




Substitute (2) and (3) into the left hand side (LHS) of the

equation (1), hence
2C, +4(C,x* +Cx+C,)
= 2C, +4C,x* +4C,x +4C, )
=4C,x* +4C,x+(2C, +4C,)
Now compare the coefficients of X" in equation (4) with the right
hand side (RHS) of the equation (1):

4C,x* +4Cx+(2C, +4Cy) = X* +2
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Then we have

coefficient for x2:
1

4C2 =1 = C2 = Z
coefficient for x? :

4C,=0 = C,=0

coefficient for xO :
2C, +4C, =2

2(1j+4C0:2:> C0=1(2—2j=§
4 4\" 4) 8
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y(xX) =Y. +Y,

= Acos2X+ Bsin 2x+%x2+§
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Example 2.8

Find the general solution of

(5)
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Solution

The characteristic equation of the equation is

m?+m—-6=0
(m-2)(m+3)=0

m=2 m=-3

y.(X) = Ae” +Be™.
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The particular integral is guessed as
Yp(x)=Ce™

The , hence we
need a new particular integral, namely

Yo (X) = Cxe™ (6)

Find the first and second derivatives of y,(x) :

' _ —3X —3X
yp(x)=-3Cxe ™" +Ce -

yp (X) = 9Cxe™>* —3Ce™>* —3Ce™™* =9Cxe™* —6Ce™>"




Substitute (6) and (7) into the left hand side (LHS) of the

equation (5), hence

OCxe™* —6Ce™* —3Cxe ™ + Ce™* —6Cxe ™
=-5Ce ™™ (8)

Now compare the coefficients of e3* in equation (8) with the

right hand side (RHS) of the equation (5):
e X = -5Ce ™"

C=-=
5
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Yp (X) _ 1y

5
y(X) = Ye (X) + Yp(X)

— Ae?* + Be ¥ — Exe‘?’x
: .
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Exercise 2.4

Find the solution of

Answer: . 1 4
y(X) = Acos x+ Bsin X+Ee "
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Exercise 2.5

Find the solution of

2
d 2’+dy—2y=sinx.
dx® dx

Answer: , 1
y(X) = Ae™ + Be’ +Ee

3X
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Example 2.9

Find the particular solution for
d’y _,dy
dx’ dx

—Z 44y =X —Xx+2sin X (9)

where Y(0) =0, y'(0) =1.
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Solution

The characteristic equation of the equation is
m’—4m+4=0
(M-2)(m-2)=0
m=2

So Y.(X)=(A+Bx)e*.
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The particular integral is guessed as

yp(X)=C2X2+C1X+CO+C4 sin x + C, COS X (10)
Next, find the first and second derivatives of y (x):
y'p =2C,x+C, +C,cos x—C;sinx
(11)

y, =2C, —C,sinx—C,cos X
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Substitute (10) and (11) into the left hand side (LHS) of the

equation (9), hence

2C, —C,sinx—C,cosx—4(2C,x+C, +C, cosx—C,sin x)
+4(C32x2 +C,x+C, +C,sinx+C, cos x)

= 4C,x* +(-8C, +4C,)x+(2C, —4C, +4C,)

+C0SX(—C, —4C, +4C,) +sin X(-C, +4C, +4C,)
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Now compare the coefficients of X", cos X and sin X in
equation (12) with the right hand side (RHS) of the

equation (9):

4C,x° +(-8C, +4C,)x+(2C, —4C, +4C,)
+cosX(—C, —4C, +4C,) +sinx(—-C, +4C, +4C,)

= X% — X+ 2sin X
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Then we have

coefficient for x2:

4C,=1 = C, :%.

coefficient for x? :

-8C,+4C, =-1 = —8(%)+4C1=0:> Cl:%

coefficient for x° :

2C,-4C, +4C, =0

{2 42) mom antift) o)
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coefficient for cos X:

3C,—4C, =0 = C5:%C4.

coefficient for sin X:

16 25 6
3C, +4C; =2 = 3C4+§C4:?c;4:2:> C4:2—5

Then
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1, 1 1 6. 8
yp :ZX +ZX+§+2—58II’] X+2—5COSX

y(xX)=Y.+Y,

= (A+ Bx)e2X+1x2+£x+l+£sin x+£cosx
4 4 8 25 25
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Given y(0) =0,
0= Ae0+B-O-e0+1(O)2 +£(O)+l+£sin0+icoso
4 4 8 25 25
0= A+1+E
8 25
89
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Given y’(0) = 1,

y (x) = 2Ae?* + Be?* + 2Bxe* G lyr 25 cosx—Zsinx
2 4 25 25

1:2Ae0+BeO+ZB-O-e°+1(O)+£+£0030—£sin0
2 4 25 25
1:2A+B+£+£
4 25

1=9 -2 |p+ 2
200 100

B
5
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Hence

89 ox 7 o 1 o 1 1 6 . 8
y(X)=———e"" +=%xe"" + = X* +—=X+—=+—SIN X+ —COS X.
200 5 4 4 8 25 25
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Exercise 2.6

Solve
d’y ,dy

e dX+2y e (x+1)

where Y(0) =0, y'(0) =2.
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2.2.2 Solving Non-homogeneous Equations with
Variation of Parameters method
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The method of undetermined coefficient cannot be used if f (X)

has the either forms tan(x), cot(x), sec(x), cosec(x), In(x), etc. In
such cases, the method of variation of parameters can be used to

get the solution for the nonhomogeneous equations.
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Variation of Parameters method
2

For a nonhomogeneous equation a% + b% +cy = f(X)
X X
* where a, b, ¢ are some constants,
Step 1. Get the solution for the homogeneous equation, that
s, y,andy,
Step 2: Compute the Wronskian value,
yl y2 ’ /
W = ' A= YYo= YoV
Yi Y;
Step 3: Compute

_ [ Y.1(x) y, (%)
u——j ZaW dx and V:I 1aW dx
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Step 4: Find the particular integral y,(x) by using the formula

Yo(X) = Uy; + vy,

Step 5. The general solution of the equation is

y(X) = Yc(X) +yp(X)
= Ay, + By, + uy; +vy,
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Example 2.10

Solve the differential equation

y —4y +4y = xe?* +e?*,
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Solution

Step 1

The characteristic equation of the equation is
m’—4m+4=0
(mM-2)(m-2)=0
m=2

5 Y. (X) = (A+ Bx)e.

Then we have

y1 _ eZX’ y2 _ XeZX

y, =2e%, vy, =2xe” +e¥
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2X 2X

W:22X _— 2X:2xe“x+e4x—2xe‘“=e
e xe?* +e

4X
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Step 3
oy oy 2% e2x (XeZX _I_eZX)
xe“” (xe“" +e“") _
U= _.[ e4x dx v .[ e4X ax
4X 4x
e (x+1
—_f Xe (x+1)dx _J‘ (4X )dx
e4X e
—j X(X +1)dx NG
= ? + X
x> x°
T3 2
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Step 5
y(x)=y.+Y,

3 2 2
—(A+BX)e™ +| — 2 ey | 2y x |xe®
3 2 2
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Exercise 2.7

Find the solution of
y"+y =secx

by using the variation of parameters method.

Answer:

y(x) = Acos x + Bsin x + cos x In |cos x|+ xsin x
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< Are you able to

I. describe the basic concept for methods of
undetermined coefficients and variation of
parameters?

. find the solution for second order linear
nonhomogeneous equations now?
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Thank You

Questions & Answer?




