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LEARNING OBJECTIVES

1. Derive the equation of motion of
a single-degree-of-freedom system

2. Calculate the natural frequency

3. Calculate the damping factor and
natural frequency from response of
free vibration
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Damper element

Element that provides damping and absorbs energy of vibration.

Mathematical symbol:

|_

C

Damping constant [N.s/m]
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Translational Damper

Floating piston

Oil

— (1)

Force: F =c — Cj((t)

Work done: W = —/ CX(t)dX
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Rotational Damper

0(t)

O||, Ct

Torsion: T = Cy— = Cté(t)

0,
Work done: W = —/ ctH(t)dH
0
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Equivalent Damping Constant

L L
4 4

A
v
A
v

Write down the total work done from the dampers:

W = — / C1X.1dX1 — / C2X.2dX2 Xy = %Xl
t I

If X1isthe generalised coordinate, thus

W = —/Cledxl _/Cz(%X]_)d(%X]_) — —/ClX.lXm —/%CQX]_dX]_

_ 1 '
Translational equivalent _ _/ [Cl §C2] deXl
damping constant, Ceq
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Equivalent Damping Constant

[
4

Write down the total work done from the dampers:

: : X1 = (3L/4)9
W=— dxq — d
/C1X1 X1 /C2X2 X2 X = (L/4)(9

If § isthe generalised coordinate, thus

W:—/cl(%é)d(%e)—/cz( 6)d(L) = — /q(g“e)de /cz( 6)do
Torsional equivalent / { (9L2 - oo & )} 0d6

damping constant, Ceq
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Loaded, Displaced,
Unloaded Static equilibrium Vibrating

m
Static deflection: /\ — Tg (constant)

y=x+A
y =

Newton’s Law:

E:F—mmizmy

mg — ky = my
mg — k(x + A) = mx

—kx = mx

Equation of motion:

mx + kx =0




D’Alembert Principle

(1) The resultant of external forces acting on a rigid body is equal to the
resultant of inertia force at the centre of mass.

(2) The resultant of external moment acting on a rigid body is equal to the
resultant of inertia moment at the centre of rotation.

Fext F ext

F ext

(1)

(Z Fext)c

(2)

(Z Fin‘t)c

Inertia Force/Inertia Moment

(Z Mext)o

|
(Z Mint)o
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Watch the video: “D’Alembert Principle”

Scan this QR code

[=] 7z [m]
[=] LT

Or click/tap here.



https://www.youtube.com/watch?v=ZawiC--Uk5A

Derive the equation of motion using D'Alembert principle!

Use X1 as the generalised coordinate.

I
NG

[
4

A
v
A
v
A

y

C
Damping force ;

\‘ _ 3L Length of arm
External moment:  ( g Mext)o = 7 ) kxo [ = | «—— tothe center

of rotation, O

|

|
O
X

Inertia moment: (Z Mint)o

generalised coordinate

Using principle (2):

X1 +9cx; +4kxy =0

TR
(" %)
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Watch the video: “D’'Alembert Principle (Example Problem Part 1)"

Scan this QR code

Or click/tap here.


https://www.youtube.com/watch?v=XdN3cboK-vA

System Equivalent Analysis

Employ energy method to calculate the equivalent parameters.

Equation of Motion:

MeqX + CeqX + KegX = 0

|

v

generalised coordinate

i

/
JegO + Creqf + kreq =0
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Watch the video: “System Equivalent Analysis”

[m] 2 [m]
BN
[=] X3

Or click/tap here.



https://www.youtube.com/watch?v=vr3rJ3YbcuQ

Derive the equation of motion using system equivalent analysis!

Use Xj as the generalised coordinate.

[
4

I

e

Kinetic energy: T = smx_

Potential energy: U = %kxz2 —

240 _%<9 9L2>X1
. (4/() 5 \»meq
2\ g |
9
C).<1dX1 \keq

Work done: W = — /
m
Equation of motion: ( 9
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Watch the video: “System Equivalent Analysis (Example Problem Part 1)”

Scan this QR code

ot

Or click/tap here.


https://www.youtube.com/watch?v=PtZgZ5RpaHc
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Undamped System

\ACANAN
JUVVVVVY ™

amplitude

x(t) x(t) = Asin(wt)
Equation of motion: m)'i\—l—léx =0

—w?mAsin(wt) 4+ kAsin(wt) = 0

Natural frequency: W =1/ 5
m




Watch the video: “Response of Free Vibration and Natural Frequency”

Scan this QR code

Or click/tap here.


https://www.youtube.com/watch?v=nDr_ozIe5AU

Natural Frequency

**Regardless the generalised coordinate
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Calculate the natural frequency!

Use Xj as the generalised coordinate.

e

L L
4 4

A
v
A
v

A
v

. 1
Kineticenergy: T = 2mx.° + 1J0° = % (m 6J> X12

2 2 0 g/ 2
: 1,2 14K\ o M
Potential energy: U = §kX2 =5\ 5 |X
— L

Natural frequency:

Try with generalised coordinate, x;
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Damped System

Equation of motion:

mx +cx + kx =0

Can also be written as:

X 4+ 2CwaX + w2ix =0
x(t)

Two important parameters in damped free vibration:

Natural frequency Damping factor

P C— C B C
“’”:\E C 2mw,  2vkm




0 < (<1 :UNDERDAMPED, decaying oscillatory motion
( = : CRITICALLY DAMPED

( >1 : OVERDAMPED, non-oscillatory decaying motion
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x(t) = Ae”““nt cos(wyt + @)

Oscillation at frequency:

wd:wn\/l—CZ

Decay rate, depends on C
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Frequency is the same, but decaying faster with increasing damping factor, (

amplitude [cm]
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Press and
let go

Beam
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Accelerometer to measure
the vibration of the beam

From this measurement data,
we can extract information
about the damping and
natural frequency of

the beam.



Logarithmic Decrement

Natural frequency:

Yy ___
Y
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-~ }‘7 Damping factor:

L/

XN _
e Cwn tN

Amplitude

L 1 X0
(=5—In|(=
27N XN

The amplitude of the N-th peak
@
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Additional Resources

Interact with my animations:
http://www.azmaputra.com/animations/

AZMA
PUTRA

My white-board animation videos:
http://www.youtube.com/c/AzmaPutra-channel Yo u Tu he
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