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Lesson Outcome

Upon completion of this lesson, the student should
be able to:

1. Categorize the types of partial differential
equations.

2. Solve numerically Laplace equations.
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Linear Second Order Differential Equation

4

Analytical Methods

U

- Separation of
variables

- Integral
transform

- Characteristic
etc.

U

Exact solution
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Numerical Methods: Finite Differences

¢ 44

Parabolic Hyperbolic Elliptic
eqgn. egn. egn.

b 44

Approximated solution
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8.4 Elliptic Equation — Laplace’s equation

Consider the Laplace’s Equation:
0%u N 0%u
0x?  0y?

with boundary conditions

u(x,0)=f1(x,y), u(x,b)=f2(x,y), OSXSCI,
u(OJy):gl(ny)' u(aJy)ZQZ(ny)' Osysb

=0, 0<x<aq, 0<y<bh

By central-difference formulas,
(62u) N (azu) 0
_2 —2 —
dx j dy L

Ujy1,j = 2Uj 5+ Uj_q L M1 T 2Ujj+Ujjg
h? k? -

is approximated to

0

where h = Ax and k = Ay.
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8.4 Elliptic Equation — Laplace’s equation

lllustrative Example 1:

Find approximation solutions for Laplace’s Equation
07 62u_0 0<x<1 0<y<l1i
dx2  dyz =X =2 Y

with boundary conditions

u(x, 0) = x?, u(x, 1) = x% +1, 0<x<1
u(0,y) =y, u(@l,y)=1+y* 0<y<li

by using central-difference formula and Gauss elimination

method. Givenh =1/3 and k = 1/2.
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 1: Sketch the grid points.

Recall:
0<x<1, 0<y<l1

j y h=1/3andk =1/2
2 1e ® ® 9
1 1/2¢ ® ® ¢
0 _T - ® o——— X
0 1/3 2/3 1
0 1 2 3 [
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 2: Compute boundary values.

u(x, 0) = x?, u(x,1) = x* +1,
1(0,0) = 0 1(0,1) = 1

w(1/3,00 =1/9  u(1/3,1) = 10/9
w(2/3,0) =4/9  w(2/3,1) = 13/9

u(1,0) = 1 u(1,1) = 2
u(0,y) =y, u(1,y) =1+y?
1(0,0) = 0 u(1,0) = 1
u(0,1/2) =1/2  u(1,1/2) =5/4
1(0,1) = 1 u(1,1) = 2
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Recall:
h=1/3andk =1/2

0<x<1

0<y<1
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 3: Fill in the values into the grid.
j y
1 10/9 13/9 2
2 1 @ ® ¢ ®
1 05.1/2 .u1'1 .U,le .5/4
0 1/9 4/9 1
0 _T o o ® X
0 1/3 2/3 1
1 2 3 [
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 4: Obtain formula u; ; from difference formula.
By central-difference formulas,

0%u 0%u Recall:
xz) T\52) =0 [h=13adk=1s2
Lj L,J

Upjer = 2%t U5

is approximated to

Uiy, — 2U; 5 T U

n2 * K2 0
Uipr,j — 2Uj UL N Uij+1 — 2Ui5 U1 0
(1/3)? (1/2)?
9ui+1,j — 18ui,]’ + 9ui_1,j + 4ul-,j+1 — 8ui,]- + 4ui,j_1 =0
9 9 2 2

Uij = 5 Uit + g ti-1,j + 13 Y+ + 13 Hij-1
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 5: Compute equations for internal points u; ;
(Refer to grid in Step 3).
9 9 2 2
Uij = Sp it T 5o ti-1) ¥ 3 tij+ + 3t j-1
9 9 2 2 9 9 2 2
Ury = 5o Uzs + 2g o1 + 312 + T3 410 Uz1 = 5eUs + 5g ta + 13 Y22 + 13 42,0
9 9 1 2 10 2 1 9 5 9 2 13 2 4
9 13 9 677
"1 T g1 T3 " Tget T M2 T gpg
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 6: Form a linear system for internal points and solve it using
Gauss-Seidel or Gauss Elimination.

9 13

U4+ ——U = — [ 0 7 T 13 7
LL 2671 7 36 T um]_ 36
I 1 9 uz1l = [677
26 ‘11 21~ 936 56 1] 936
Augmented matrix form:
[ 1 —0.3462‘ 0.3611
—0.3462 1 0.7233
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 6: Form a linear system for internal points and solve it using Gauss-
Seidel or Gauss Elimination.

By using Gauss elimination,

[ 1 —0.3462 0.3611] 0-34627‘1+7‘z> [1 —0.3462 0.3611]
—0.3462 1 0.7233 0 0.8801 | 0.8483

By backward substitution:

0.8801u,, = 0.8483 u; 1 — 0.3462u,, = 0.3611
u2’1 = (0.9639 ul,l — 034‘62(09639) = (0.3611
u1,1 = (0.6948

u1,1] _ [O.6948
Uz 1 0.9639
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 7: Complete the grid.
j y
1 10/9 13/9 2
2 1 @ ® ¢ ®
L osdl/2 {06947 109638  ]5/4
0 1/9 4/9 1
0 —T o o— ® X
0 1/3 2/3 1
1 2 3 [

ocw.utem.edu.m




8.4 Elliptic Equation — Laplace’s equation

lllustrative Example 2:

Find approximation solutions for Laplace’s Equation
07 62u_0 0<x<1 0<y<l1i
dx2  dyz =X =2 Y

with boundary conditions

u(x, 0) = x?, u(x, 1) = x% +1, 0<x<1
u(0,y) =y, u(@l,y)=1+y* 0<y<li

by using central-difference formula and Gauss elimination

method. Givenh =1/2and k = 1/3.
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 1: Sketch the grid points. Recall:
" y "
J 1 0<x<1 0<y<1
3 1¢ ’ ?
h=1/2andk = 1/3
2 2/3e¢ ¢ ®
1 1/3¢ ¢ ®
0 —e ® ® > X
0 0.5 1
0 1 2 [
ocw.utem.edu.m




8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 2: Compute boundary values.

u(x, 0) = x?, u(x,1) = x* +1,
1(0,0) = 0 u(0,1) = 1
u(0.5,0) =1/4 u(0.5,1) =5/4
u(1,0) = 1 u(1,1) = 2
u(0,y) =y, u(1,y) =1+y?
u(0,0) =0 u(1,0) =1

u(0,1/3) =1/3  u(1,1/3) = 10/9
u(0,2/3) =2/3  u(1,2/3) = 13/9
u(0,1) = 1 u(1,1) = 2
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Recall:
h=1/2andk =1/3

0<x<1
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 3: Fill in the values into the grid.
J y
t1 5/4 2
3 1¢ * ®
u
) 2/3.2/3 1112 .13/9
1 u
1 1/34L +— $ 10/9
0 —¢ 0 ® 1/4 ® 1 > X
0 0.5 1
0 1 2 i
ocw.utem.edu.m




8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 4: Obtain formula u; ; from difference formula.
By central-difference formulas,

0%u 0%u Recall:
5cz) T 3y? =0 | h-1/2andk=1/3
L,j L,J

Upjer = 2%t U5

is approximated to

Uiy, — 2U; 5 T U

n2 * K2 0
Uipr,j — 2Uj UL N Uij+1 — 2Ui5 U1 0
(1/2)? (1/3)?
4ui+1,j — 8ui,]- + 4ui_1,j + 9ui,j+1 — 18ui,]- + 9ui,j_1 =0
2 2 9 9

Ui j = g Ui+, + 13 Yi-1J + g tij+1 + g tii-1
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 5: Compute equations for internal points u; ;
(Refer to grid in Step 3).
2 2 9 9
Uij = 73 %its) T g %i-1) T oeUijrr T 5o Ui j-1
2 2 9 9 2 2 9 9
Ury =gl +gUoa o Uiy + ol Utz = 73Uz T 73lo2 T ooli3 + o5y
2 100 2 1. 9 9 1 213 2 29 5 9
9 289 9 709
"1 T 56%2 T 936 " Tet T2 T g3g
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 6: Form a linear system for internal points and solve it using
Gauss-Seidel or Gauss Elimination.

9 289

U4+ ——U e [ O 1 12897
26 T 936 T um]_ 93¢
A 9 uz1l = 709
26 ‘11 12~ 936 56 1] 936
Augmented matrix form:
[ 1 —0.3462‘ 0.3611
—0.3462 1 0.7233
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 6: Form a linear system for internal points and solve it using Gauss-
Seidel or Gauss Elimination.

By using Gauss elimination,

[ 1 —0.3462 0.3088] 0-34627‘1+7‘z> [1 —0.3462 0.3088]
—0.3462 1 0.7575 0 0.8801 | 0.8644

By backward substitution:

0.8801u,; , = 0.8644 uy 1 — 0.3462u, , = 0.3088
ul,z — 09822 ul,l - 034‘62(09822) — 03088
u1,1 = 0.6488

u1,1] _ [O.6488
Ug,2 0.9822
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 7: Complete the grid.
J y
t1 5/4 2
3 1e ? |
2/3 0.9822 13/9
2 2/3e / * ® /
1 0.6488
1 1/3¢ /3 * ¢ 10/9
0 —¢ 0 ® 1/4 ® 1 > X
0 0.5 1
0 1 2 i
ocw.utem.edu.m




8.4 Elliptic Equation — Laplace’s equation

lllustrative Example 3:

Find approximation solutions for Laplace’s Equation
0%u N 0°u
dx2  dy?

0, 0<x<1, 0<y<l1

with boundary conditions
u(x,0) = 2x, u(x,1) = 2, 0<x<1
u(0,y) = 2y, u(l,y) =2, 0<y<l1

by using central-difference formula and Gauss elimination

method. Given h = 0.25 and k = 0.5.
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8.4 Elliptic Equation — Laplace’s equation

Solution: Recall:

Step 1: Sketch the grid points. 0<x<1 0<y<i1
j y h=0.25and k = 0.5
2 1e ¢ @ @ ®
1 05¢ ® ¢ 2 ®
0 o ® ® ®

ol 0.25 0.5 0.75 1 x
0 1 2 3 4 i
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8.4 Elliptic Equation — Laplace’s equation

Solution: Recall
Step 2: Compute boundary values. h=025andk = 0.5
u(x,0) = 2x, u(x,1) =2, 0<x<1
u(0,0) =0 u(0,1) =2

u(0.25,0) = 0.5 u(0.25,1) = 2

u(0.5,0) =1 u(0.5,1) =2

u(0.75,0) = 1.5 u(0.75,1) = 2

u(1,0) =2 u(l,1) =2

u(0,y) = 2y, u(l,y) = 2, 0<y<1
u(0,0) =0 u(1,0) =2

u(0,0.5) =1 u(1,0.5) =2

u(0,1) =2 u(l,1) =2
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8.4 Elliptic Equation — Laplace’s equation

=

Solution:
Step 3: Fill in the values into the grid.
j y
2 2 2 2 2
2 1e ® @ @ ®
1
1 05 e oul’l .u2,1 .u3,1 Y
0 0.5 1 1.5 2
0 _T ® ® ® ®
0 0.25 0.5 0.75 1
0 1 2 3 4 i
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 4: Obtain formula u; ; from difference formula.
By central-difference formulas,

0%u 0%u Recall:
0x2 T ayz =0 h=0.25and k = 0.5
L,j L,j

Upjer = 2%t U5

is approximated to

Uiy, — 2U; 5 T U

n2 * K2 0
Uipr,j — 2Uj UL N Uij+1 — 2Ui5 U1 0
(0.25)2 (0.5)2
16ui+1,j — 32ui,]~ + 16ui_1,]’ + 4ui’j+1 — 8ui’j ~+ 4ui,j_1 =0
2 2 1 1

Uij = glivr,j T ti-rj tglijrr T g tij-1

ocw.utem.edu.m
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 5: Compute equations for internal points u; ;
(Refer to grid in Step 3).
2 2 1 1
Uij = gWivrj T gli-1j + gl g Uij-1

2 2 1 1 2 2 1 1
u1,1 = guzll + EUO’I + Eul,z + Eullo Uz = §u4’1 + guz'l + Eu&z + Eu&O

2 2 1 1 2 2 1 1
Uy =guzr +£ (1) +75(2) +75(0.5) uzy = ¢ (2) +guzs +75(2) + 5 (15)

2

o’ ul,l — Euz‘l = 0.65 oo —gu,z'l + u3’1 = 1.15

2 2 1 1
Uz1 =tz + et + To 422 + To “20

2 2 1 1
Uz1 =gz + c U1 + 10 (2) + 10 (1)

2

ST gU tUzg — c 431 = 0.3

(0 OO0
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 6: Form a linear system for internal points and solve it using
Gauss-Seidel or Gauss Elimination.

2

ull__u21 2065
, N . [ —04 ”uu] lo 65]
—— A — —0.4 —0.4||Uz21)| =
5UL1 T U1 —gUsy = 0.3 —o 4 uz1] 1115
2
_guZ’l + u3’1 == 115

By using Gauss elimination,

U1 1.25
[U2,1] = [ 1.5 ]
Us 1 1.75

ocw.utem.edu.m
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8.4 Elliptic Equation — Laplace’s equation

Solution:

Step 6: Form a linear system for internal points and solve it using
Gauss-Seidel or Gauss Elimination.

By using Gauss elimination,

1 -04 0 o 65 oarier, —04 0 | 065
04 1 —04 o 0.84 —0.4| 0.56
0 —04 1 1 15 04 1 | 115

0.47627+73 [ —0.4 0.65 ]

>0 0.84 —0.4 0.56
0 0 0.8095 | 1.4167

Uq1 1.2500
s U1 | = 1.5000]

Uszq 1.7501

ocw.utem.edu.m
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8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 6: Form a linear system for internal points and solve it using
Gauss-Seidel or Gauss Elimination. Recall:
1 —-04 0 0.65
[O 084 —-04 0.56 ]
By backward substitution, 0 0 08095] 14167
0.8095u3, = 1.4167 Uy — 0.4u, 4 = 0.65
uz, = 1.7501 Uy, — 0.4(1.5) = 0.65
u; ; = 1.2500
0.84u; ; — 0.4u3z, = 0.56
0.84u, , — 0.4(1.7501) = 0.56 1] [1.2500
u,, = 1.5000 ~ [Y21] =11.5000
' Uz 1.7501

(0 OO0




8.4 Elliptic Equation — Laplace’s equation

Solution:
Step 7: Complete the grid.
j y

2 2 2 2 2
2 1 e ® @ @ ®
1 1.25 1.5 1.75
1 05e¢ ® ¢ ¢ o’
0 0.5 1 1.5 2
0 _T ® ® o ®
0 0.25 0.5 0.75 1
0 1 2 3 4
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8.4 Elliptic Equation — Laplace’s equation

Exercise 8.3:
Find approximation solutions for Laplace’s Equation
0%u N 0°u
dx2  dy?

0, 0<x<1, 0<y<l1

with boundary conditions
u(x,0) =0, u(x, 1) = x?, 0<x<1
u(0,y) =0, u(l,y) = y?, 0<y<1

by using central-difference formula and Gauss elimination

method. Given h = 0.5 and k = 0.25.
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