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Lesson Outcome

Upon completion of this lesson, the student should
be able to:

1. Categorize the types of partial differential
equations.

2. Solve numerically heat and wave equations.
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Linear Second Order Differential Equation
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Analytical Methods Numerical Methods: Finite Differences

o b1 0 U

- Separation of

variables
- Integral Parabolic Hyperbolic Elliptic
transform eqn. eqn. eqn.

- Characteristic

g b 44

Exact solution Approximated solution
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8.1 Introduction

A partial differential equation involves partial derivatives of an
unknown of 2 or more independent variables.

General form of linear second-order PDE:
Aa2 +Ba2 +C62 +Dau+Ea +Fu+G =0 (8.1
0x? dydx dy? ox dy v (8-1)

There are three types of PDE equations for Eqn (8.1):
1) Parabolic if B? —4AC =0
2) Hyperbolic if  B?—4AC >0
3) Elliptic if B?—4AC<0
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8.1.1 Classification of PDE

Example:

Classify the category of PDE 4@ + 2— + 3—y = 0.

Solution:
A=4B=0,C =2
B> —-4AC=0-4(4)(2)=-32<0
Hence, it is an elliptic equation.

Example 8.1:
Classify the category of PDE for the following equations.

1) BuUyy — Uyy +4uy, —6Uy +uy, =0

62
ayax+3ﬁ+6_+2u_0

2) —
3)  Uxx +4Uyy +4Uyy, +5u=0
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Solution:
1) Buyy — Uyy +4uyy, —6Uy +uy, =0
A=3,B=-1,C =4
B?—4AC=1-4(3)(4) =—-47<0
= Elliptic equation

0%u

dyox

0%u ou
2) — +3a—yz+6a+2u—0
A=0,B=-1,C=3
B2—4AC=1-4(0)(3)=1>0

. Hyperbolic equation

3)  Uxx +4Uyy +4Uyy, +5u=0
A=1,B=4C=4
B?—4AC=16—-4(1)(4) =0
. Parabolic equation
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8.1.2 Explicit Finite Difference Method

Domain of the problem is subdivided into a mesh of discrete points
for each of the independent variables

!

Derivatives are replaced by appropriate
difference quotients

!

For Elliptic equation:
Resulting linear system is solved by Gauss-Seidel
or Gauss Elimination

ocw.utem.edu.m
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8.1.3 Difference Formulas

Forward-Difference Formula:

Ui j+1 ~ Uiy (5u) Ui, — U

Ju
ot

)l,]

Backward-Difference Formula:

(au>
ot /. .
i,

Central-Difference Formula:

ui’j

X/, .
L

k

QD

k X

a_u _ Uij+1 — U j—1 a_u _ UYit1j — i1
at ). . 2k X). . 2h
L,j L]
0%u _ Uij+1 — Zul] T Ujj-1 0°u ul+1] 2Ujj + Ui-,
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8.2 Parabolic Equation — Heat Equation

Consider the Heat Equation:

ou_ Zazu 0<x< t>0
ot o9x2’ s

with boundary condition

u(0,t) = u(a,t) =0, t>0
and initial condition

u(x,0) = f(x), 0<x<a.

By forward-difference and central-difference formulas,
ou , [(0%u
—] —c‘|l=—] =0
ot ). . 0x? ).
i i

Uijhr —Uij 5 Uit1)j — 2UjjtUj—gj
k h?
where h = Ax and k = At.
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8.2 Parabolic Equation — Heat Equation

lllustrative Example 1:

Find approximation solutions for Heat Equation
ou 0°u
— =4 —
ot dx?
with boundary condition
u(0,t) =u(l1,t) =0, 0<t<O0.1
and initial condition

u(x,0) =xcos(n7x) 0<x<1.

0<x<1, t >0

by using forward-difference and central-difference formula.

Given h = 0.25 and k = 0.05.
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8.2 Parabolic Equation — Heat Equation

Solution: Recall-

Step 1: Sketch the grid points. 0<x<1 0<t<01
] y h = 0.25and k = 0.05
2 01e ¢ * * ?
1 0059 ’ ¢ T '
0 ® ® ® ® X

of 0.25 0.5 0.75 1
0 1 2 3 4 [
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8.2 Parabolic Equation — Heat Equation

Solution:
Step 2: Compute boundary and initial values.

u(x,0)=xcos(n—x), 0<x<1

2
1(0,0) = 0
1(0.25,0) = 0.2310
1(0.5,0) = 0.3536
1(0.75,0) = 0.2870

Recall:
h =0.25and k = 0.05

u(1,0) =0

u(0,t) = 0, u(1,)=0, 0<t<0.1
1(0,0) = 0 u(1,0) = 0

1(0,0.05) = 0 u(1,0.05) = 0

1(0,0.1) = 0 u(1,0.1) = 0
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8.2 Parabolic Equation — Heat Equation

Solution:
Step 3: Fill in the values into the grid.
j y
0 Uy 2 Uy 2 Uz 2 0
2 0.1¢ ® ¢ @ ®
0 u
1 0.05e oul’l — ou?”l ¢ 0
0 0.2310 0.3536 0.2870 0
0 _T ® ® ® ® X
0 0.25 0.5 0.75 1
0 1 2 3 4 i
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8.2 Parabolic Equation — Heat Equation

Solution:
Step 4: Obtain formula u; ; from difference formula.
By forward-difference and central-difference formulas,

a_u 4 az_u 0 Recall:
at | . . ox2/) h=025andk = 0.5
L] L]

Uijer ~Uij <ui+1,j —2u;; + ui—u‘) 0

is approximated to

k h?
Uij+1 ~ Uij (Wi — 2U 5 F Ui\ 0
0.05 (0.25)2
4(0.05)

Ujjrq1 — Ujj — 0.25)2 (Uit1,j —2U;j+Uj—q;) =0

Uije1 = Wi j +3.2(U41,7 — 2U; 5 +Uj—q5)

ocw.utem.edu.m
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8.2 Parabolic Equation — Heat Equation

Solution:
Step 5: Compute equations for internal points u; j

(Refer to grid in Step 3).

Uijr1r = Ui + 3.2(Ui1,j — 2045 + Ujoq,5)

Up 1 = Ugo + 3.2(Uz0 — 2Uyp + Ugy) Uy = Ugg +3.2(Uz1 — 2ug 1 +Ug 1)
uy, = 0.2310 + 3.2[0.3536 — 2(0.2310) + 0] U, = —0.1159 + 3.2[—0.2518 — 2(—0.1159) + 0]
ul,l = —0.1159 uLZ = —0.1799
Upyq = Uz + 3.2(Uz g — 2Up0 + Uy ) Upp = U1 +3.2(uzy — 2upq + Uy q)
Uy, = 0.3536 + 3.2[0.2870 — 2(0.3536) + 0.2310] Uz = —0.2518 + 3.2[-0.4183 — 2(-0.2518) — 0.1159]
Uy = —0.2518 U2 = —0.3497
Uzq = Uz + 3.2(Usp — 2U30 + Uy ) Uz = Uz + 3.2(Us1 — 2Uzq + Uz1)
usz, = 0.287 + 3.2[0 — 2(0.2870) + 0.3536] uz, = —0.4183 + 3.2[0 — 2(-0.4183) — 0.2518]
u3,1 = —0.4183 U,3,2 = 1.4531
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8.2 Parabolic Equation — Heat Equation

Solution:
Step 6: Fill in the values into the grid.
j y
0 —0.1799 —0.3497 1.4531 0
2 0.1e¢ ® ¢ @ ®
—0.1159 —0.2518 —0.4183
1 0.05¢ ® ® " o 0
0.2310 0.3536 0.2870 0
0 —T ® ® @ &
0 0.25 0.5 0.75 1
0 1 2 3 4
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8.2 Parabolic Equation — Heat Equation

lllustrative Example 2:

Find approximation solutions for Heat Equation

ou 0%u

at=ax2, 0<x<1, t >0

with boundary condition

u(0,t) =u(l1,t) =0, 0<t<04
and initial condition

u(x,0) = x%(x — 1), 0<x<1.

by using forward-difference and central-difference formula.

Given h =0.5and k = 0.1.
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Solution: Step 1: Sketch the grid points.

J Y
4 0.4 ¢ ? ? Recall:
0<x<1, 0<t<04
h=05and k =0.1
3 0.3 ¢ ¢ ®
2 0.2 ¢ ® ®
1 0.1 ¢ + ¢
0 ® ¢ > X
m 0.5 1
0 1 2 [
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8.2 Parabolic Equation — Heat Equation

Solution (Cont.):

Step 2: Compute boundary and initial values.

u(x,0) = x*(x—1), 0<x<1

1(0,0) = 0

1(0.5,0) = —0.125

u(1,0) =0

u(0,t) =0,
1(0,0) = 0
1(0,0.1) = 0
1(0,0.2) = 0
1(0,0.3) = 0
1(0,0.4) = 0

@050

Recall:
h=05andk =0.1

u(1,) =0, 0<t<0.4

u(1,0) = 0

u(1,0.1) = 0
u(1,0.2) =0
u(1,0.3) =0
u(1,0.4) =0




Solution (Cont.): Step 3: Fill in the values into the grid.

j Y
u
4 0.4 4 >~ o
0 u
3 03 ¢ ¢ L3 ¢ 0
0 u
2 0.2 ¢ —" $0
u
1 0.1 42 — s 0
0 0 |-0125 o
07 0.5 1
0 1 2 i
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8.2 Parabolic Equation — Heat Equation

Solution (Cont.):

Step 4: Obtain formula u; ; from difference formula.
By forward-difference and central-difference formulas,

ou
ot

is approximated to

k

_ 0°u — 0 Recall:
o \ox2). h=05andk = 0.1
i L]

Ujjp1 — Uij [ UWig1,j — 2Uij T U
— — O

Ui je1 — Ui <ui+1,j —2u;; + ui—u‘)

0.1

(0.1)

Uijr1 = Uij T gE)2 (Wit1,j — 2U4j +Uj—qj) =0

Ujj+1 = Ugj

@050

+ O.4(ui+1,j — Zui,j + ui_l,]-)
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8.2 Parabolic Equation — Heat Equation

Solution (Cont.):

Step 5: Compute equations for internal points U; j

(Refer to grid in Step 3).

Uijer = Ui j +0.4(Wipq 7 — 2u; ) +Uj_q5)

Uy = Upo+ 0.4(Uz0 — 2Uy o + Ugp)
—0.125 + 0.4[0 — 2(—0.125) + 0]
u1,1 = _0025

Uy =Upq + 0.4(Uzq —2uy 1 +Ugq)
Uy 5 = —0.025 + 0.4[0 — 2(—0.025) + 0]
ul,z = _0005

@050

Upz =Usp + 0.4(Uzp — 2Uy 5 + U )
Uy 5 = —0.005 + 0.4[0 — 2(—0.005) + 0]
U1,3 = _0001

Uy g = U3+ 0.4(Up3 — 2Uy 3+ Ug3)
Uy 4 = —0.001 + 0.4[0 — 2(—0.001) + 0]
Uy 4 = —0.0002
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Solution (Cont.): Step 6: Fill in the values into the grid.

j Y
0 —0.0002 0
4 04 ¢ ® ®
0 —0.001
3 0.3 ¢ ¢ ¢ 0
0 —0.005
2 0.2 ¢ * ?0
—0.025
1 0.1 .0 ® ® 0
0 0 .—0.125 .0 o
m 0.5 1

0 1 2 I
(0 VOO




8.2 Parabolic Equation — Heat Equation

Exercise 8.1:

Find approximation solutions for Heat Equation

ou 0%u

at=ax2, 0<x<1, t >0

with boundary condition
u(0,t) =u(1,t) =0, 0<t<0.02
and initial condition
u(x,0)=x(1-x) 0<x<1.

by using forward-difference and central-difference formula.

Givenh =1/5and k = 1/100.

@050

ocw.utem.edu.m




8.3 Hyperbolic Equation — Wave Equation
Consider the Wave Equation:

0%u 2 0%u 0<x< t>0
— =Cc"—, x < a,
ot2 d0x?

with boundary condition

u(0,t) = u(a,t) =0, t>0
and initial condition

u(x,0) = f(x), 0<x<a

ou
E(x,O)zg(x), 0<x<a

By central-difference formulas,
0°u , [(0%u
—] —c’|=—=] =0
ot? ). . 0x? /). .
L] L]

ijbr = 2Uij FUijo1 o Uitsj = 2Uij Ui
k2 h?
where h = Ax and k = At.

@lelEle

is approximated to

=0




8.3 Hyperbolic Equation — Wave Equation

lllustrative Example 1:

Find approximation solutions for Wave Equation
0°u 0°u
WZZLF' O0<x<1, t>0
with boundary condition
u(0,t) =u(1,t) =0, 0<t<1
and initial condition
u(x,0) = sin 2mx, 0<x<1

U 0)=4 O0<x<1
ot T =X=

by using central-difference formula. Given h = 0.5and k =

(0 VOO




8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 1: Sketch the grid points.
j t Recall:
0<x<1, 0<t<1
3 1e ® 9
h=05andk=1/3
2 2/3¢ * ®
1 1/3¢ ® ®
0 @ @ > X
BT 0.5 1
0 1 2 [
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8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 2: Compute boundary and initial values.

Recall:
h=05andk =1/3

u(x,0) = sin2mx, 0<x<1

u(0,0) =0

u(0.5,0) =0

u(1,0) =0

u(0,t) =0, u(1,t) =0, 0<t<1
u(0,0) =0 u(1,0) =0

1(0,0.3333) =0 u(1,0.3333) =0
u(0,0.6667) =0 u(1,0.6667) =0
u(0,1) =0 u(1,1) =0

(0 VOO




8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 3: Fill in the values into the grid.
] y
A u1’3 O
3 1e ® ®
0 Uq,2
2 2/3¢ ¢ 'Y,
0
1 1/3¢ oul’l o0
0 0 0 0
® o > X
BT 0.5 1

1 2 I

0
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8.3 Hyperbolic Equation — Wave Equation

Solution:

Step 4: Obtain formula u; ; from difference formula.

By central-difference formulas,

d0%u A d0%u _ 0
at? | . . ox2).
L] L]

is approximated to

Recall:
h=05andk =1/3

k2

Ujjp1 — 2U; 5 T U9 A <ui+1,j — 2u;j + Ui—1,j>

Ujjp1 — 2U;5 F U9 A <ui+1,j — 2u;j + ui—1,j>

(1/3)?
4(1/3)*

Ujjrq — 2Up; U jq — 052 (Uig1,j —2U;j+Uj—1 ) =0

Uijer = 2U 5 — Ui j—q + (16/9)(Ujgq,; — 2u;; + Uj—q,5)
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8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 4: Obtain formula u; ; from difference formula.

By central-difference formulas,

du du Ujj+1 — Ujj—1 Uiz — Uj—q
57 ®0) = | = ~ =
i,j=0

ot 2k 2(1/3)

is approximated to

U1 —Uj—1 = 8/3
Ui—1 = Uj1 — 8/3

(0 VOO
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8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 5: Compute equations for internal points u; j (Refer to grid in Step 3).

Uij1 = 2U;5 — Uy j—1 + (16/9) (U1, — 2u; 5 + Uj—q,5)

U = 2Uq 0 —Up—q +(16/9)(Uzp — 2Uq 0 + Ug)
U1 = 2(0) — (ug,1 —8/3) +(16/9)[0 — 2(0) + 0]
2uy, = 2.6667

Uy, = 1.3333

Upp =2Uy31 —Upo + (16/9)(Uzq — 22Uy 1 +Ug 1)
Uy, = 2(1.3333) — (0) + (16/9)[0 — 2(1.3333) + 0]
ul’z = —2.0740

Uy = 2Uy5 —Upq + (16/9)(Uz 2 — 2Uq 5 + Ugp )
Uy 5 = 2(—2.0740) — (1.3333) + (16/9)[0 — 2(—2.0740) + 0]

Uy, = 1.8929
(0 VOO




8.3 Hyperbolic Equation — Wave Equation

Solution:

Step 6: Fill in the values into the grid.

J
3

@050

y
to 1.8929 0
K. ® ®
0 —2.0740
2/3¢ ¢ ¢ 0
0 1.3333
1/3¢ ¢ ¢ 0
0 0 0
—T L L
0 0.5 1
0 1 2
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8.3 Hyperbolic Equation — Wave Equation

lllustrative Example 2:

Find approximation solutions for Wave Equation
0°u 0°u
W:()W' 0<x<1, t>0
with boundary condition
u(0,t) =u(1,t) =0, 0<t<1
and initial condition
u(x,0) =x(x—1), 0<x<1

U ) =1 O0<x<1
ot ) T =X=

by using central-difference formula. Given h = gand k = 0.5.

@050

ocw.utem.edu.m




8.3 Hyperbolic Equation — Wave Equation

Solution:

Recall:
Step 1: Sketch the grid points. 0<x<1, 0o<t<i1
j t h=1/3andk = 0.5
2 1 ® ® @ 9
1 059 ’ ?
O L @ ® X
ol 1/3 2/3 1
0 1 2 3 I
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8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 2: Compute boundary and initial values.

u(x,0) =x(x—1), 0<x<1
u(0,0) =0

1u(0.3333,0) = —0.2222
u(0.6667,0) = —0.2222

Recall:
h=1/3andk = 0.5

u(1,0) =0

u(0,t) =0, u(1,t) =0, 0<t<1
u(0,0) =0 u(1,0) =0

u(0,0.5) =0 u(1,0.5) =0

u(0,1) =0 u(1,1) =0
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8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 3: Fill in the values into the grid. | Boundary conditions are symmetry
_ atx = 0.5.
J y Hence, u; 1 = uyq and uy, = Uy,
0 u u
2 1e 01’2 .2 2 P ()
0 u
1 05¢ .ul,l — ¢ 0
0 —0.2222 —0.2222 0
0 —T ® o & > X
0 1/3 2/3 1
1 2 3 [
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8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 4: Obtain formula u; ; from difference formula.
By central-difference formulas,

0”u 0°u _ Recall:
W,__g W”_O h=1/3andk = 0.5
i,j i,j

Ujjp1 — 2U; 5 T U9 9 <ui+1,j — 2u;j + Ui—1,j>

is approximated to

k? h?
Ujj1 — 2Uj 5 T U jg oY+ T Zujj+Ui-1j) 0
(0.5)? (1/3)?
9(0.5)%

Ujjer = 2Uj + Ujjg — — 22U T Uj_,j) =0

(1/—3)2(%41,]'
ui,j+1 = Zui’j - ui,j_l + 20.25(ui+1’j — Zui,j + ui_l,j)

ocw.utem.edu.m
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8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 4: Obtain formula u; ; from difference formula.

By central-difference formulas,

du du Ujj+1 — Ujj—1 Uiz — Uj—q
E(xi; 0) =(= ~ = =1
i,j=0

ot 2k 2(0.5)

is approximated to

(0 VOO




8.3 Hyperbolic Equation — Wave Equation

Solution:
Step 5: Compute equations for internal points u; j (Refer to grid in Step 3).

Upjrr = 205 — Wi jo1 + 202504y, — 2u5 5 + Uy )

Upq = 2Uy9 —Up—q + 20.25(up g — 2Ug 9 + Ug o)

u; 1 = 2(—0.2222) — (uy; — 1) + 20.25[-0.2222 — 2(—0.2222) + 0]
2u; 1 = 5.0552

u; 1 = 2.5276

U1 = 2Up0 — Up—1 + 20.25(uUz o — 2Up0 + Ui 0)

Uyq = 2(0.2222) — (up; — 1) + 20.25[0 — 2(—0.2222) — 0.2222]
2u,; = 5.0552 Boundary conditions are symmetry
Uy, = 2.5276 atx = 0.5.

Hence, u; 1 = Upq and Uy, = Uy,

ul’z = 2u1,1 - uLO + 20.25('“,2,1 - 2u1’1 + uo’l)
Uy, = 2(2.5276) — (~0.2222) + 20.25[2.5276 — 2(2.5276) + 0]
ul’z == _459065

u2,2 = 2u2,1 - u’Z,O + 20.25('”,3,1 - 2u2’1 + uljl)
Uy, = 2(2.5276) — (—0.2222) + 20.25[0 — 2(2.5276) + 2.5276]

@986 ™




8.3 Hyperbolic Equation — Wave Equation

Solution:

Step 6: Fill in the values into the grid.

—459065 —45.9065
* ® o0
2.5276 2.5276
® ¢ ¢ 0
—0.2222 —0.2222 0
o o ®
1/3 2/3 1
1 2 3
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8.3 Hyperbolic Equation — Wave Equation

Exercise 8.2:

Find approximation solutions for Wave Equation
0°u  0%u
W = W' 0<x<1, t>0
with boundary condition
u(0,t) =u(1,t) =0, 0<t<0.1
and initial condition
u(x,0) = sinmx, 0<x<1

Ju
—(xO)—O 0<x<1

by using central-difference formula. Given h = 0.25 and k = 0.05.
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