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Lesson Outcome

Upon completion of this lesson, the student should
be able to:

1. Solve numerically first order linear differential
equations using Runge-Kutta Order 2 (RK2).

2. Solve numerically first order linear differential
equations using Runge-Kutta Order 4 (RK4).
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7.3 Runge-Kutta Method

A method of numerically integrating ODE by using a trial
step at the midpoint of an interval to cancel out lower-order
error terms.
Second Order Formula: (known as RK2 or Ralson’s Method)
1 2
Yit1 = Vi T [§k1 +§k2] h
where

ky = f(x, 1)

ky=f(x+2hy; + ks )
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7.3 Runge-Kutta Method

Forth Order Formula: (Known as RK4)

1
Yitv1 = Yi + gh(k1 + 2k, +2k; + k,); i =0,1,23,..

where
ke = f(x,yi)

ks =f(xi+§»}’i+k;—h)

h koh
ks = f (xi+3. 70+
ky = f(x; + hyi + ksh)
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7.3.1 Second Order Runge-Kutta Method (RK2)

The steps are similar with Heun’s method:

Line Rearrange: I?iscretizing: Compute
Structure y' = f(x,y) yi = f(xi yi) Yi+1
& compute
values of k

lllustrative Example 1:

Use the second order Runge-Kutta method to numerically
integrate
y' —y=—x% y(0) =0

from x = 0 to x = 2 with a step size of 0.5.
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7.3.1 Second Order Runge-Kutta Method (RK2)

Reminder:

lution:
Solution ) = Flx.y)

y' =f(x,y) =y —x*
0<x<2 h=05 v(0)=0

Construct the time line:

0
|
O RN R
Xo X, Xy X3 X,
| | 1 | |
0 0.5 1.0 1.5 2.0
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7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' =fl,y)=y—x*

0
|l
Yo V1 Y2 Y3 V4
)ICO .Xl'l .XI'Z -;("3 xl4-
1 |l | | |
0 0.5 1.0 1.5 2.0
Leti =0, 1 7
ks = (0, 30) = £(0,0) v = Yo+ [z ks + 5k
, ; =0+ £ (0) +2(-0.1406) | (0.5)
k,=f (xo + Zh'yo + Zklh) = —0.0469
= £(0.375,0)
= —0.1406
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7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' =fl,y)=y—x*

0 —0.0469
|l 1
Yo Y1 Y2 Y3 Y4
Xo X X X3 X4
1 |l | 1 |
0 0.5 1.0 1.5 2.0
Leti =1 1 2
’ - “k —k]h
ki = f(x1,y1) Y2 yl+[3 1+3 2
= £(0.5,—0.0469) = —0.0469
= —0.2969 + |2 (=02969) +2 (~0.9238)| (0.5)
3 3 = —0.4043
ke =f(x+Thy+2kah) =0

= £(0.875,—0.1582 )

= —0.9238
(0 OO0




7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)

y' =f(x,y) =y —x*

0 —0.0469 —0.40473
|| || ||
Yo Y1 Y2 3 Ya
)ICO _Xl'l .XI'Z -;CB xl4
I | | | |
0 0.5 1.0 1.5 2.0
Leti=2 L 2
ki = f(x2,y2) V3 y2+[3 1+3 :
= £(1,-0.4043) = —0.4043
= —1.4043 + E (—1.4043) + § (—2-8215)] (0.5)
3 3 — —1.5789
k2=f(x2 +Zh,}’2+2k1h) N .

= f(1.375,—0.9309)

= —2.8215
(0 OO0



7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' =fl,y)=y—x*

0 —0.0469 —0.4043 —-1.5789
|l 1 |l 1
Yo Y1 Y2 Y3 Ya
';CO 'Xl-l 'XI'Z ';("3 xl4
1 |l |l 1 |
0 0.5 1.0 1.5 2.0
Leti =3 1 2
; - “k —k]h
ki = f(x3,¥3) Ya =Yzt [3 1t 32
= £(1.5,—1.5789) = —1.5789
= —3.8289 + |2 (—3.8289) +2 (-6.5303)| (0.5)
3 3 = —4.3938
ko= f(xs+Zhys+3kh ) =h

= f(1.875,—3.0147 )

= —6.5303
(0 OO0




7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' =flx,y) =y —x?

0 —0.0469 —0.4043 —1.5789 —4.3938

|l |l 1 1 |l

Yo y.l }’Iz 3173 )’I4 B
Xo X X2 X3 X4

| | 1 | |l

0 0.5 1.0 1.5 2.0
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7.3.1 Second Order Runge-Kutta Method (RK

lllustrative Example 2:

Use the second order Runge-Kutta method to numerically
integrate
y' —cos2x —sin3y = 0, y(0) =1

fromx = 0 to x = 1 with a step size of 0.2.

(0 OO0




7.3.1 Second Order Runge-Kutta Method (RK2)

Reminder:

lution:
Solution ) = F(x.v)

y' = f(x,y) = cos2x + sin 3y
0<x<1 h=02 y(0)=1

Construct the time line:

1

1

AN R IR AN .
Xo X X, Xz Xy X
L | I T
0 0.2 0.4 0.6 0.8 1.0
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7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' = f(x,y) = cos 2x + sin 3y

1

1

Yo V1 ) Y3 Y Vs

X0 Xl']_ .Xl'z -;C3 xl4. XIS

1 1 | 1 I 1

0 0.2 0.4 0.6 0.8 1.0
Leti =0, 1 7

klzf(xO;YO):f(O;l) y1=y0+[_k1+_k2]h
— 1.1411 3 3

; ; — 1+ E(1.1411) +§(0.5919)] (0.2)
k, = f(xo +2hye +Zk1h) — 1.1550
= £(0.15,1.1712)
— 0.5919
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7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' = f(x,y) = cos 2x + sin 3y

1 1.1550
1 |l
Yo Vq Y2 Y3 V4 Vs
Xo X X, X3 X4 Xs
1 1 | |l 1 1
0 0.2 0.4 0.6 0.8 1.0
Leti =1, 1 2
ki = f(x1,y1) yz—y1+[§k1+§k2]h
= £(0.2,1.1550) = 1.1550
= 0.6033 + |3 (0.6033) +2(0.2044) | (0.2)
3 3
ko=f (v +7hy +7kh)  =12225

= £(0.35,1.2455)

‘@ G)@@I = 0.2044
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7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' = f(x,y) = cos 2x + sin 3y

1 1.1550 1.2225
1 |l |l
Yo V1 Vs Y3 Va4 Ys
Xo X X, X X4 Xs
1 1 | |l 1 1
0 0.2 0.4 0.6 0.8 1.0
Leti = 2, 1 2

ki = f(x2,¥2) y3—y2+[§k1+§k2]h
= £(0.4,1.2225) = 1.2225
= 0.1947 +[3(01947) +2(-0.1221)| (0.2)

3 3
ke =f (v +Zhy, +5kh ) =12192

= £(0.55,1.2517 )

= —0.1221
(0 OO0




7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' = f(x,y) = cos 2x + sin 3y

1 1.1550 1.2225 1.2192
1 | 1 |
Yo V1 Y2 Y3 Ya Vs
Xo X X, X X4 Xs
1 1 | 1 I 1
0 0.2 04 0.6 0.8 1.0
Leti = 3, 1 2
ki = f(x3,¥3) y4—y3+[§k1+§k2]h
= £(0.6,1.2192) ~ 1.2192
= —0.1311 + E (—0.1311) +2 (—0.3704)] (0.2)
3 3
ko= f(xs+Zhys+5kh) = 11611

= £(0.75,1.1995)

= —0.3704
(0 OO0




7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' = f(x,y) = cos 2x + sin 3y

1 1.1550 1.2225 1.2192 1.1611
1 | 1 |l I
Yo V1 Y2 Y3 2 Vs
Xo X X, X X4 Xs
1 1 | 1 I 1
0 0.2 04 0.6 0.8 1.0
Leti = 4, 1 2
ki = f(x4,Y4) y5—y4+[§k1+§k2]h
= £(0.8,1.1611) — 1.1661
= —0.3643 + E (—0.3643) +2 (—0.5003)] (0.2)
3 3
ko= f(xa+Zhy, +7kh) = 10751

= £(0.95,1.1065)

= —0.5003
(0 OO0




7.3.1 Second Order Runge-Kutta Method (RK

Solution: (cont.)
y' = f(x,y) = cos 2x + sin 3y

1 1.1550 1.2225 1.2192 1.1611 1.0751
| | ] | | |
0 ‘ 7 > v s
Xo X1 X2 X3 X4 Xs
] | [ | ] [
0 0.2 0.4 0.6 0.8 1.0
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7.3.1 Second Order Runge-Kutta Method (RK2)

Exercise 7.3:

Use the second order Runge-Kutta method to numerically

integrate

d
—y+y=sinx, y(0) =1
dx

from x = 0 to x = 3 with a step size of h = 1.
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7.3.1 Second Order Runge-Kutta Method (RK

Solution:
y' =f(x,y) = (sinx) —y
1 0.9544 0.9930 0.5994
1 1 1 1
Yo V1 Y2 Y3
Xo X, X2 x3
1 1 1 1
0 1 2 3
ki = — k; = —0.0837
k, = 0.4316 k, = —0.5486
k; = —0.1130
k, = 0.1143

(0 OO0




7.3.2 Forth Order Runge-Kutta Method (RK4)

The steps are similar with Heun’s method:

Line Rearrange: I?iscretizing: Compute
Structure y' = f(x,y) yi = f(xi yi) Yi+1
& compute
values of k

lllustrative Example 1:

Use the forth order Runge-Kutta method to numerically integrate

y' —y=x, y(0) =1

from x = 0 to x = 1 with a step size of 0.5.
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7.3.2 Forth Order Runge-Kutta Method (RK4)

Reminder:

lution:
Solution ) = F(x.v)

y =fxy)=x+y
0<x<1 h=05 vy0)=1

Construct the time line:
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7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)

Leti =0, vy =fx,y)=x+y
kl — f(xO'yO) 1
=f(0,1) |
=1
h kih Yo Y1 Y2
k2=f(xo+—,3’0+_) : ' ;
2 2 X0 X1 X9
= £(0.25,1.25) I | [
=15 0 0.5 1.0

o = 1 (o + 2.0+ 21)
3 = f|xo 2»3’0 5

= £(0.25,1.375) 1
1
ky = f(xg+hyo+ksh) =1+4=(0.5)(1 +2(1.5) + 2(1.625) + 2.3125)
= £(0.5,1.8125) = 1.7969
= 2.3125

(0 OO0




7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)

ke = f(x1,¥1)
= £(0.5,1.7969) 1 1.7969
= 2.2969 | |l

kp = ( i +k1h) 0 ! Y2

2 =[x 2;}’1 5 ;Co 351 Xlz
= f(0.75, 2.3711) I I I
=3.1211 0 0.5 1.0
h ko h

ks =f(a+3m+=2) k= fC+hys +hah)

= £(0.75,2.5772) =/ (1,34605)

1
Yo = V1 + gh(kl + Zkz + 2k3 + k4)
= 17969 + £ (0.5)(2.2969 + 2(3.1211) + 2(3.3272) + 4.4605)

(WO =3.4347
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7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)
y =fy)=x+y

1 1.7969 3.4347

|| 1 1
Yo Y1 Y2

I ! |
X0 X1 X2
1 | |
0 0.5 1.0

(0 OO0
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7.3.2 Forth Order Runge-Kutta Method (RK4)

lllustrative Example 2:

Use the forth order Runge-Kutta method to numerically integrate
y' 4+ 3x = cos4y, y(0) =0.3

fromx = 0 tox = 1 with a step size of 0.25.
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7.3.2 Forth Order Runge-Kutta Method (RK4)

S | t- : Reminder:
olution Y = e y)
y'=f(x,y) = —3x + cos 4y
0<x<1 h=0.25 vy(0)=0.3

Construct the time line:

0.3

|

o mn 2

.;CO xll xl'z J(;3 xl'4

| | 1 | |

0 0.25 0.5 0.75 1.0

(0 OO0




7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)

Leti = 0, y' =f(xy) = —=3x + cos 4y

ki = f(XO»}’o)
= £(0,0.3) 0.3
= 0.3624 |

k2=f(x0+g,y0+k;—h) Yo " Y2 )3 el
= £(0.125,0.3453) X0 X1 X2 X3 X4
= —0.1865 1 | || 1 ||

0 0.25 0.5 0.75 1.0
ks = ( i +k2h)
3= f %o 2»3’0 5

= £(0.125,0.2767 )

1
1
ko= O+ hyo +ksh) =03+ (0.25)(0.3624 + 2(—0.1865) +
— £(0.25,0.3181) 2(0.0725) + (—0.4560))
= —0.4560 = 0.2866

(0 OO0




7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)

Leti =1, y' =f(x,y) = —3x + cos 4y
ki = f(x1,y1)
= £(0.25,0.2866) 0.3  0.2866
= —0.3382 | |
h klh Yo V1 Y2 Y3 y4-
k2=f(X1+—;3’1+—) : : : : :
2 2 X X1 X X3 X4
= £(0.375,0.2443) I I I | |
= —0.5657 0 0.25 0.5 0.75 1.0
h k,h
k3:f(X1+E;Y1+T) ky = fQx1 +hys +k3h)

= £(0.375,0.2159)

—0.4753

= £(0.5,0.1678)
—0.7169

1
Yo = V1 + gh(kl + Zkz + 2k3 + k4)
= 0.2866 + £ (0.25)(—0.3382 + 2(—0.5657) + 2(—0.4753) + (~0.7169))

‘@ @@@] = 0.1559
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7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)

beti =1, y' =f(x,y)=—3x+ cos4y
kl — f(Xz, yZ)
= £(0.5,0.1559) 0.3 0.2866 0.1559
= —0.6882 I [
h kih Yo Y1
k2=f(x2+—,y2+—) | |
2 2 Xo X1
= £(0.625,0.0699) I [
= —0.9138 0 0.25
h k,h
k3=f(x2+5,y2+7> k,=f(x, +hy, +ksh)
= £(0.625,0.0417 ) = £(0.75,-0.0663 )

1
V3 = Y> + gh(kl + Zkz + 2k3 + k4)

){3 YVa
X3 X4
|l |l
0.75 1.0

= 0.1559 + %(0.25)(—0.6882 +2(—0.9138) + 2(—0.8889) + (—1.2850))

(0 OO = —0.0765



7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)

Leti =1, y' = f(x,y) = —3x + cos4y
ki = f(x3,¥3)
= (0.75,—0.0765) 0.3 0.2866 0.1559 —0.0765
= —1.2965 | | 1 |
h kih Yo V1 Y2 Y3 Va
k2=f(x3+—,y3+—) : | | : :
2 2 X X1 X X3 X4
= £(0.875,—0.2386) I I | | |
= —2.0469 0 0.25 0.5 0.75 1.0
h k,h
ks = f(xatg.0s+ =) ka= Q0 +hys + )
= £(0.875,—0.3324) = f(1.0,~0.6731)
53861 = —3.9008

1
V4 = Y3 + gh(kl + 2k2 + 2k3 + k4)
= —0.0765 + = (0.25)(~1.2965 + 2(~2.0469) + 2(~2.3861) + (~3.9008))

() DOO)= —0.6625
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7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution: (cont.)
y' = f(x,y) = —3x + cos 4y

0.3 0.2866 0.1559 —0.0765 —0.6625
1 1 |l |l 1
Yo V1 Y2 Y3 V4
|l |l 1 |l |l
0 0.25 0.5 0.75 1.0

(0 OO0




7.3.2 Forth Order Runge-Kutta Method (RK4)

Exercise 7.4:

Use the forth order Runge-Kutta method to numerically

integrate

d
—y+y=1—x2, y(0) = 0.5
dx

from x = 0 to x = 0.2 with a step size of h = 0.1.

(0 OO0




7.3.2 Forth Order Runge-Kutta Method (RK4)

Solution:

y =fx,y)=1-x*—y
0.5 0.5473 0.5881
1 1 1
Yo V1 )
950 9IC1 Xlz
1 1 1
0 0.1 0.2

ki =0.5 ki =0.4427

k, = 0.4725  k, = 0.4081
ks = 04739  k; = 0.4098
k, = 04426  k, = 03718

(0 OO0




