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Learning Outcomes

At the end of this topic, student should be able to:
1. Solve ordinary differential equation by using Euler’s Method.

2. Solve ordinary differential equation by using Heun’s Method.
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Solution of Ordinary Differential Equation

4 N

Analytical Methods Numerical Methods
- Separable
- Exact Euler’s Heun’s Runge-Kutta
- Homogeneous Method Method Method
- Linear - Order 2
- Bernoulli ﬂ ﬂ - Order 4
Exact solution Approximated solution
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7.1 Euler’s Method

v Most basic explicit method for solving ordinary differential
equation (ODE)
v The simplest Runge-Kutta Method

Formula:
Vi+1 = Yi + hf (x5, y;)

|@ ®®©\ Source: www.wikipedia.com



7.1 Euler’s Method

Draw a line structure and pull in the initial conditions
Yo Y1 Y2 Yn-1 Yn

v

Xo X1 X2 Xn—1 Xn

!

Rearrange the given ODE in the form of
y'=fxy)

!

Discretize the equation into nth terms:
yi’ = f(x;,y;); i=012,..n

!

Compute the next term by using formula
Yitr =Yi thf(x,y1); i=012,..n
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7.1 Euler’s Method

Example 1:
Use Euler’s method to numerically integrate

dy
dx

from x = 0 to x = 2 with a step size of 0.5.

+ vy = 3x3 — 7x? + 5z, y(0)
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7.1 Euler’s Method

SOl tion: Reminder:
ut dy y' = F(x,7)
a=f(x,y) =3x3—7x*+5x—y

0<x<2 h=05 v0) =1

Construct the time line:

1
I

Yo 841 Y2 Y3 V4
} i i i i
X0 X1 X2 X3 X4
|| I || |l |

0 0.5 1.0 1.5 2.0

Leti =0,
V1 = Yo + hf (x0,¥0)
=1+ 0.5f(0,1)
=1+ 0.5[3(0)3 — 7(0)% + 5(0) — 1]
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7.1 Euler’s Method

Solution: (cont.)

d
£=f(x,y) =3x3 —7x*+5x—y

Update the time line:

1 0.5
| |
Yo V1 Vo Y3 V4
1 | 1 1
X0 4 X, X3 X
| | |l | |
0 0.5 1.0 1.5 2.0

Leti =1,
V2 =y1+ hf(x1,51)
— 0.5 + 0.57(0.5,0.5)
— 0.5 + 0.5[3(0.5)3 — 7(0.5)2 + 5(0.5) — 0.5]

= 0.8125
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7.1 Euler’s Method

Solution: (cont.)

dy
— = f(x,y) = 3x3 — 7x% + 5x —
bl (x,y) y
Update the time line:

1 0.5  0.8125

I | I

Yo V1 V2 V3 Va

Xo X X, Xz X

I I I I I

0 0.5 1.0 1.5 2.0

Leti = 2,
V3 = Y2 + hf(x2,¥2)
— 0.8125 + 0.5£(1,0.8125)
— 0.8125 + 0.5[3(1)® — 7(1)2 + 5(1) — 0.8125]

= 0.9063
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7.1 Euler’s Method

Solution: (cont.)

dy
— = f(x,y) = 3x3 — 7x% + 5x —
bl (x,y) y
Update the time line:
1 0.5  0.8125 0.9063
I | I I
Yo V1 Y2 Y3 V4
X0 X X, Xz Xy
I I I | I
0 0.5 1.0 1.5 2.0

Leti = 3,

Vi = Y3 + hf(x3,¥3)
— 0.9063 + 0.5£(1.5,0.9063)

= 0.9063 + 0.5[3(1.5)3 — 7(1.5)2 + 5(1.5) — 0.9063]
= 1.3907
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7.1 Euler’s Method

Solution: (cont.)

Update the time line:

1 0.5 0.8125 0.9063 1.3907
|l | | |l |
Yo V1 Y2 Y3 Va

| I I | |

X X1 X X3 Xy

| | |l 1 |

0 0.5 1.0 1.5 2.0
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7.1 Euler’s Method

Example 2:
Use Euler’s method to solve the 1nitial value problem

dy t—y

dt ~ 2

on 0 <t <1with A=0.25. The initial condition at
t=01s y=1.
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7.1 Euler’s Method

Solution: Reminder:
_ y' =f(xy)
2o flty)==2 0<t<1,
h=20.25 vy(0)=1

Construct the time line:
1

||
Yo V1 V2 Y3 Va

I 1 I 1 I
0 0.25 0.50 0.75 1.0

Leti =0,

y1 = Yo + hf (to,¥0)
=14 0.25f(0,1)

= 14025 [(’;—1
—0.875
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7.1 Euler’s Method

Solution: (cont.)

dy t—y
T — t, = —_—
= = f(ty) =—

Update the time line:

1 0.875
Il |l
Yo V1 Vo Y3 V4
1 [ | ] | |
to tq %) t3 ()

| | I | I
0 0.25 05 075 1.0

Leti =1,
Y2 =y1 + hf(ty,y1)
— 0.875 + 0.25f(0.25, 0.875)

_.08754-025[0”5087ﬂ
= 0.7969

(OO0




7.1 Euler’s Method

Solution: (cont.)

dy y
—=f(t,y) =——
Update the time line:
1 0.875 0.7969
| | |l
Yo V1 Y2 Y3 Va4
;50 tl1 tlz £3 tl4
| | Il | Il
0 0.25 0.5 0.75 1.0
Leti = 2,

Y3 = Y2 + hf(tz,y7)
— 0.7969 + 0.25£(0.5,0.7969)
0.5-0. 7969]

_07969+025[

@IS0 -




7.1 Euler’s Method

Solution: (cont.)

dy y
—=f(t,y) =—F—
Update the time line:
1 0.875 0.7969 0.7598
Il |l Il |l
Yo V1 Y2 Y3 V4
;50 tl1 tlz £3 tl4

| | | | I
0 025 025 075 10

Leti = 3,

ya = y3 + hf(t3,¥3)
— 0.7598 + 0.25f(0.75,0.7598)

= 0.7598 + 0.25 [0 75-0. 7598]
= 0.7586
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7.1 Euler’s Method

Solution: (cont.)

Update the time line:

1 0.875 0.7969 0.7598 0.7586

|l 1 1 1 1
Yo V1 Y2 Y3 V4

Lo ty ts t3 Ly

| | | | |
0 0.25 0.5 0.75 1.0
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7.1 Euler’s Method

Exercise:

Use Euler’s method to numerically integrate

dy
— =3y2 —5x —1, 0) =0
7 =3V X y(0)

from x = 0 to x = 1 with a step size of 0.25.
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7.1 Euler’s Method

Answer:
d—y=f(x ) =3y —5x—1
dx 4 Y
0<x<1, h=025 vy(0)=0
Time line:

Reminder:
y'=f(xy)

0 —0.25 —0.7656 —1.2010 —1.3067
|l l I |l I
Yo 1 Y2 Y3 Va4
| | | l ]
| | 1 | |
X0 X1 X2 X3 X4
I I I Il Il
0 0.25 0.5 0.75 1.0
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7.2 Heun’s Method

v Improved/modified Euler’s Method

Formula

h :
yier = Vi + 5 [FO0y) + f(xirnyia)]  1=0123,..

where
Viiq =y; + hf (x;,y;) (predictor estimate)
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7.2 Heun’s Method

Line Structure

!

Rearrange: y' = f(x,7y)

!

Discretizing: v; = f(x;, yi)
& compute predictor estimate yioﬂ

!

Compute y;,4
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7.2 Heun’s Method

Example 1:
Use Heun’s method to numerically integrate
y' + 3y = e?, y(0) =1

from x = 0 to x = 2 with a step size of 0.5.
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7.2 Heun’s Method

Reminder:
y'=f(xy)

Solution:

y'=flxy)=-3y+e”
0<x<2 h=05 y0)=1

Construct the time line:

1
||
Yo Y1 Y2 Y3 Va4

.9;,'0 .Xl'l X> X3 X4
|l |l 1 |l |
0) 0.5 1.0 1.5 2.0

ocw.utem.edu.m
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7.2 Heun’s Method

Solution: (cont.)

y'=fl,y)=-3y+e”

1
1

Yo V1 V2 V3 Va
Xo X X, X3 x
I |l I |l |l
0 0.5 1.0 1.5 2.0
Leti =0,
f(x0,¥0) = f(0,1)
= —3(1) +e° =-2
y1 = Yo + hf (X0, %0 ) h o
=1+ 0.5£(0,1) Y1 =Yo T 2 [f(on’o) + f(x1»3’1)]
=0 — 1+ 07'5(—2 + 1.6487)
f(x1,v1) = £(0.5,0) = =3(0) + €5 — 09127
= 1.6487

@050
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7.2 Heun’s Method

Solution: (cont.)
y' =f(xy)=-3y+e”
1 09122

1 |
Yo 41 %) Y3 2!

X0 X1 X2 X3 X4

I | | |
0 05 10 15 20

Leti =1,

f(xy,y1) = f(0.5,0.9122)
= —3(0.9122) + %>

= —1.0879 ,

Y2 =y1+hf(xy,y1) — v+ —[f(x + Ve
—0.9122 + 0.5£(0,0.9122) Y2 =M1 Z(E];( 1 Y1) f( 2;)’2)]
— 0.3683 = 09122 + 7 (—1.0879 + 1.6134)

f(x2,y5) = £(1,0.3683) = 1.0436

= —3(0.3683) + e

@080 - =161




7.2 Heun’s Method

Solution: (cont.)
y' =f(xy)=-3y+e”
1 09122 1.0436

1 | |
Yo V1 Y2 Y3 2

X0 X1 X2 X3 X4

| | | | |
0 05 1.0 15 20

Leti = 2,

f(x2,y2) = f(1,1.0436)
= —3(1.0436) + e!

= —0.4125
Y3 =¥z + hf (x2,7) h o
= 1.0436+0.5 £(1,1.0436) ys =¥z +5 [f G2 2) + £ (x3,3))]
=0.8374 = 1.0436 + 22 (—0.4125 + 1.9695)
oy 2
f(x3,93) = £(1.5,0.8374) — 14329

= —3(0.8374) + el

OO =196




7.2 Heun’s Method

Solution: (cont.)
y'=fxy)=-3y+e”
1 0.9122 1.0436 1.4329

|l 1 |l |l
Yo V1 V2 Y3 V4

| | | | | : :
X0 X1 X2 X3 X4
|| || I I

|l
0 0.5 1.0 1.5 2.0
Leti = 3,

f(x3,v3) = f(1.5,1.4329)
= —3(1.4329) + e1®

~ 0.183
Vo = y3 +hf(x3,¥3) _ E o
~1.4329+05 f(1.5,1.4329) Y4+ =Vs 15 [f Gz, v3) + £ (x4, 7))
= 1.5244 = 1.4329 + 22 (0.183 + 2.8159)
f(x4,74) = £(2,1.5244) = 2.1826

= —3(1.5244) + e?

@O0 - =2519




7.2 Heun’s Method

Solution: (cont.)
y' =f(xy)=-3y+e”

1 0.9122 1.0436 1.4329 2.1826
1 || 1 || 1
Yo V1 Y2 Y3 Y4

| | | | |

X0 X1 X2 X3 X4

|| | 1 | ||

0 0.5 1.0 1.5 2.0
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7.2 Heun’s Method

Example 2:

Use Heun’s method to numerically integrate
dy t—y

dt 2

on 0 <t < 1with h=0.25. The initial condition at t=0is
y=1.
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7.2 Heun’s Method

Reminder:
y'=f(xy)

Solution:

dy t—y
I — t’ - —_—
y'=f(ty) 7 5
0<t<1 h=025 y(0)=1
Construct the time line:

1
||
Pon v w
te  t t, ts ty
|| || || | ||
0 025 05 075 1.0
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7.2 Heun’s Method

Solution: (cont.)

t—y
I _
2
1
||
Yo V1 V2 V3 Va
£o tl1 tlz 23 tl4
|| || I |l I
0 0.25 0.5 0.75 1

Leti =0,
f(to,yo) = ];(_(i;l)

_—  — h o
. ;lf(z B )0'5 Yi=Yots |f (to, y0) + f(t1, y1)]
= yo + hf (o,
RN 0_25f°(8f°1) = 1+=22[£(0,1) + £(0.25,0.875)]
= 0.875 = 0.8984
f(t1,y1) = £(0.25,0.875)

= —0.3125
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7.2 Heun’s Method
Solution: (cont.) y' =f(ty) = t_Ty

1 0.8984
1 |
Yo 41 )l’z Y3 2!

to t t, ts ty

1 |l |l | |l
Leti= 1. 0 025 05 075 1
f(t1,y1) = £(0.25,0.8984)

= —0.3242
Vo =y1+hf(t1,y1)
—0.8984 + 0.25£(0.25, 0.8984)
= 0.8174

f(tz,v,) = £(0.5,0.8174)

= 0.8984 + ~=[£(0.25,0.8984) + £(0.5,0.8174)]
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7.2 Heun’s Method
Solution: (cont.) y' =f(ty) = t_Ty

1 0.8984 0.8380

1 | |
Yo V1 Y2 Y3 2

te  t t, ty ty
|| || || || ||
0 025 05 075 1.0
Leti =2,
F(tsy,) = £(0.5,0.8380)

= —0.169

Vs =¥y + hf (t5,y2)
= 0.8380+0.25 £(0.5,0.8380 )
— 0.7958

f(ts,v3) = £(0.75,0.7958)
= —0.0229

@050
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Y3 =Yz + 5 [f(tzd’z) + f(t3;J’3)]
= 0.8380 + 2 [£(0.5,0.8380) + £(0.75,0.7958)]




7.2 Heun’s Method
t—y

Solution: (cont.) y' = f(t,y) = —=

1 0.8984 0.8380 0.8140

|l 1 |l |l
Yo V1 V2 Y3 V4

te & t, ts t

1 |l |l | |l

0) 0.25 0.5 0.75 1
Leti = 3,

= —0.032

Vs = y3 + hf(t3,3)
= 0.8140+0.25 f(0.75, 0.8140)

= 0.8060
f(ts,v.) = £(1,0.8060) h °
(ter4) = 0.097 Ya =1Y3 +§[f(t3,y3) +/(ta71)]

= 0.8140 + =2 [£(0.75,0.8140) + £(1,0.8060)]
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7.2 Heun’s Method

Solution: (cont.)
t—Yy

y,=f(t,y)=T

1 0.8984 0.8380 0.8140  0.8221
| | | | |

Yo V1 Y2 Y3 Y4
| | ] | |
Lo t1 ty t3 )
|| 1 1 1 ||
0 0.25 0.5 0.75 1
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7.2 Heun’s Method

Exercise:

Use Heun’s method to numerically integrate

dy
—~ — 2y = 3x, 0) =2
o 2y =3x y(0)

from x = 0 to x = 1 with a step size of 0.25.
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7.2 Heun’s Method

Answer:
y'=f(x,y) =3x+2y

2 3.3438 5.7617 9.9253 16.9255
1 1 | 1 1
}’lo )I’1 }l’z ){3 3{4

9ICo X1 X2 X3 X4

1 1 1 1 1

0 0.25 0.5 0.75 1

@050
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