
BEKG 2452  
NUMERICAL METHODS 

Interpolation 

Ser Lee Loha, Wei Sen Loia 

 
aFakulti Kejuruteraan Elektrik  

Universiti Teknikal Malaysia Melaka 



Lesson Outcome 

Upon completion of this lesson, the student should 
be able to: 

 

1. Determine polynomials using Newton’s 
interpolation and Lagrange interpolation. 

2. Estimate the value of a function for any 

intermediate value of the independent variable. 



Interpolation 
A method of  estimating the value of a function for any intermediate 

value of the independent variable 

Newton’s 
Interpolating 
Polynomials 

Lagrange 
Interpolating 
Polynomials 

Curve Fitting 
- Find the polynomial function that fits a given set of points 

Use the polynomial function to constructing a new data point  



4.1 Newton’s Interpolating Polynomials 
 

- Applicable for equally and unequally spaced 
data. 

 
- A straight line from Newton’s Interpolating 

Polynomial that passing through two points      
𝑥0, 𝑦0  and 𝑥1, 𝑦1  

 
𝑓 𝑥 = 𝑏0 + 𝑏1(𝑥 − 𝑥0) 

 



4.1 Newton’s Interpolating Polynomials 
 

- A parabola from Newton’s Interpolating 
Polynomial that passing through three points      
𝑥0, 𝑦0 , 𝑥1, 𝑦1  and 𝑥2, 𝑦2   

 

𝑓 𝑥 = 𝑏0 + 𝑏1 𝑥 − 𝑥0 + 𝑏2(𝑥 − 𝑥0)(𝑥 − 𝑥1) 
 

- General formula of Newton’s Interpolating 
Polynomial that passing through 𝑛 points  
𝑥0, 𝑦0 , 𝑥1, 𝑦1 , … , 𝑥𝑛−1, 𝑦𝑛−1   

 

= 𝑏0 + 𝑏1 𝑥 − 𝑥0 + 𝑏2 𝑥 − 𝑥0 𝑥 − 𝑥1 +⋯

+ 𝑏𝑛−1 𝑥 − 𝑥0 … 𝑥 − 𝑥𝑛−2  

𝑓 𝑥  



4.1 Newton’s Interpolating Polynomials 
 
Example: 
Construct the parabola that passing through 𝑥0, 𝑦0 , 
𝑥1, 𝑦1  and 𝑥2, 𝑦2 . 

 

From Newton’s Interpolation, the parabolic equation is 
𝑓 𝑥 = 𝑏0 + 𝑏1 𝑥 − 𝑥0 + 𝑏2(𝑥 − 𝑥0)(𝑥 − 𝑥1) 

 

Derivation of coefficient 𝒃𝟎, 𝒃𝟏, 𝒃𝟐 : 

Substitute 𝑥0, 𝑦0  into 𝑥 and 𝑦: 
 

𝑦0 = 𝑏0 + 𝑏1 𝑥0 − 𝑥0 + 𝑏2(𝑥0 − 𝑥0)(𝑥0 − 𝑥1) 

∴ 𝑏0 = 𝑦0 

0 0 



4.1 Newton’s Interpolating Polynomials 
 

Substitute 𝑥1, 𝑦1  into 𝑥 and 𝑦: 

𝑦1 = 𝑦0 + 𝑏1 𝑥1 − 𝑥0 + 𝑏2(𝑥1 − 𝑥0)(𝑥1 − 𝑥1) 

∴ 𝑏1 =
𝑦1 − 𝑦0
𝑥1 − 𝑥0

 

Substitute 𝑥2, 𝑦2  into 𝑥 and 𝑦: 

𝑦2 = 𝑦0 +
𝑦1 − 𝑦0
𝑥1 − 𝑥0

𝑥2 − 𝑥0 + 𝑏2(𝑥2 − 𝑥0)(𝑥2 − 𝑥1) 

∴ 𝑏2 =
𝑦2 − 𝑦0 −

𝑦1 − 𝑦0
𝑥1 − 𝑥0

𝑥2 − 𝑥0

 (𝑥2 − 𝑥0)(𝑥2 − 𝑥1) 
=

𝑦2 − 𝑦1
𝑥2 − 𝑥1

−
𝑦1 − 𝑦0
𝑥1 − 𝑥0

 (𝑥2 − 𝑥0)
 

0 



𝑖 𝑥𝑖 𝑓(𝑥𝑖) ∆𝑓𝑖  ∆2𝑓𝑖 ∆3𝑓𝑖 ∆4𝑓𝑖 

0 𝑥0 𝑦0 

∆𝑓0 =
𝑦1 − 𝑦0
𝑥1 − 𝑥0 

 

1 𝑥1 𝑦1 ∆2𝑓0 =
∆𝑓1 − ∆𝑓0
𝑥2 − 𝑥0

 

∆𝑓1 =
𝑦2 − 𝑦1
𝑥2 − 𝑥1 

 ∆3𝑓0 =
∆2𝑓1 − ∆

2𝑓0
𝑥3 − 𝑥0

 

2 𝑥2 𝑦2 ∆2𝑓1 =
∆𝑓2 − ∆𝑓1
𝑥3 − 𝑥1

 ∆4𝑓0 =
∆3𝑓1 − ∆

3𝑓0
𝑥4 − 𝑥0

 

∆𝑓2 =
𝑦3 − 𝑦2
𝑥3 − 𝑥2 

 ∆3𝑓1 =
∆2𝑓2 − ∆

2𝑓1
𝑥4 − 𝑥1

 

3 𝑥3 𝑦3 ∆2𝑓2 =
∆𝑓3 − ∆𝑓2
𝑥4 − 𝑥2

 

∆𝑓3 =
𝑦4 − 𝑦3
𝑥4 − 𝑥3 

 

4 𝑥4 𝑦4 

Note: Determination of 𝑏𝑖  depends of the order 

𝑏0 𝑏1 𝑏2 𝑏3 𝑏4 



4.1 Newton’s Interpolating Polynomials 
4.1.1 Linear Interpolation 
 

To connect two data points with the first order 
polynomial (straight line) 
 

Formula:  
𝑓(𝑥) = 𝑏0 + 𝑏1 𝑥 − 𝑥0  

 

Table: 

𝑖 𝑥𝑖 𝑓(𝑥𝑖) ∆𝑓𝑖 

0 𝑥0 𝑦0 

∆𝑓0 =
𝑦1 − 𝑦0
𝑥1 − 𝑥0 

 

1 𝑥1 𝑦1 



4.1 Newton’s Interpolating Polynomials 
4.1.1 Linear Interpolation 
 

Example 4.1:  
Estimate natural logarithm of 2 (ln 2) using linear 
interpolation given ln 1 = 0 and ln 3 = 1.0986. 

Solution: 1, 0 , 3, 1.0986 , 2, ?  

 
 
 
 

 
𝑓 𝑥 = 𝑏0 + 𝑏1 𝑥 − 𝑥0 = 0.5493(𝑥 − 1) 

 

∴ 𝒇 𝟐 = 𝟎. 𝟓𝟒𝟗𝟑 

𝑖 𝑥𝑖 𝑓(𝑥𝑖) ∆𝑓𝑖 

0 1 0.0000 

∆𝑓0 =
1.0986 − 0

3 − 1 
= 0.5493 

1 3 1.0986 

𝑏0 

𝑏1 

≈ 𝐥𝐧𝒙 



4.1 Newton’s Interpolating Polynomials 
4.1.2 Quadratic Interpolation 
 

To connect three data points with the second 
order polynomial (parabola) 
 

Formula:  
𝑓 𝑥 = 𝑏0 + 𝑏1 𝑥 − 𝑥0 + 𝑏2(𝑥 − 𝑥0)(𝑥 − 𝑥1) 

 

Table: 𝑖 𝑥𝑖 𝑓(𝑥𝑖) ∆𝑓𝑖  ∆2𝑓𝑖 

0 𝑥0 𝑦0 

∆𝑓0 =
𝑦1 − 𝑦0
𝑥1 − 𝑥0 

 

1 𝑥1 𝑦1 ∆2𝑓0 =
∆𝑓1 − ∆𝑓0
𝑥2 − 𝑥0

 

∆𝑓1 =
𝑦2 − 𝑦1
𝑥2 − 𝑥1 

 

2 𝑥2 𝑦2 



4.1.2 Quadratic Interpolation 
 

Example 4.2:  
Estimate 𝑓(1.7) using quadratic interpolation given 
0, 1 , 2, −3 , 4,−8 . 

 

Solution: 
 

 
 
 
 

 
 
𝑓 𝑥 = 𝑏0 + 𝑏1 𝑥 − 𝑥0 + 𝑏2(𝑥 − 𝑥0)(𝑥 − 𝑥1) 
          = 1 − 2𝑥 − 0.125𝑥(𝑥 − 2) 
 

𝑖 𝑥𝑖 𝑓(𝑥𝑖) ∆𝑓𝑖  ∆2𝑓𝑖 

0 0 1 

−3 − 1

2 − 0
= −2 

1 2 −3 −2.5 − (−2)

4 − 0
= −0.125 

−8 − (−3)

4 − 2
= −2.5 

2 4 −8 

∴ 𝑓 1.7 = −2.3363 

𝑏1 

𝑏0 

𝑏2 



4.1 Newton’s Interpolating Polynomials 
4.1.3 Cubic Interpolation 
 

To connect four data points with the third order 
polynomial (cubic polynomial) 
 

Formula:  
𝑓 𝑥 = 𝑏0 + 𝑏1 𝑥 − 𝑥0 + 𝑏2 𝑥 − 𝑥0 𝑥 − 𝑥1 + 𝑏3(𝑥 − 𝑥0)(𝑥 − 𝑥1)(𝑥 − 𝑥2) 

 

Table: 
𝑖 𝑥𝑖 𝑓(𝑥𝑖) ∆𝑓𝑖 ∆2𝑓𝑖 ∆3𝑓𝑖 

0 𝑥0 𝑦0 

∆𝑓0 =
𝑦1 − 𝑦0
𝑥1 − 𝑥0 

 

1 𝑥1 𝑦1 ∆2𝑓0 =
∆𝑓1 − ∆𝑓0
𝑥2 − 𝑥0

 

∆𝑓1 =
𝑦2 − 𝑦1
𝑥2 − 𝑥1 

 ∆3𝑓0 =
∆2𝑓1 − ∆

2𝑓0
𝑥3 − 𝑥0

 

2 𝑥2 𝑦2 ∆2𝑓1 =
∆𝑓2 − ∆𝑓1
𝑥3 − 𝑥1

 

∆𝑓2 =
𝑦3 − 𝑦2
𝑥3 − 𝑥2 

 

3 𝑥3 𝑦3 



Example 4.3:  
Estimate 𝑓(5.3) using cubic interpolation given 
1, 1 , 4, 9 , 7, 13 , 10, 20 . 

 

Solution: 
 
 

 
 
 
 

 
 
𝑓 𝑥 = 1 + 2.6667 𝑥 − 1 − 0.2222 𝑥 − 1 𝑥 − 4
+ 0.0432(𝑥 − 1)(𝑥 − 4)(𝑥 − 7) 

∴ 𝑓 5.3 = 10.8142 

𝑖 𝑥𝑖 𝑓(𝑥𝑖) ∆𝑓𝑖 ∆2𝑓𝑖 ∆3𝑓𝑖 

0 1 1 

2.6667 

1 4 9 −0.2222 

1.3333 0.0432 

2 7 13 0.1667 

2.3333 

3 10 20 

𝑏1 

𝑏0 

𝑏2 

𝑏3 



Exercise:  
 

Given the following data 
 

 
 
 

1) By using Newton’s Interpolating polynomial of 

order 2, estimate 𝑓(0.6). 

2) By using Newton’s Interpolation, find the 

𝑃3(𝑥) and then use it to estimate 𝑓(2.7). 

[Ans: 9.28; -5.1156] 

 
 

𝑖 0 1 2 3 
𝑥𝑖 0 1 2 3 
𝑓(𝑥𝑖  ) 10 8 2 −9 



4.2 Lagrange Interpolating Polynomials 
 

- Applicable for equally spaced or not equally 
spaced data. 

 
- A straight line from Lagrange Interpolating 

Polynomial that passing through two points      
𝑥0, 𝑦0  and 𝑥1, 𝑦1  

 

𝑓 𝑥 =
𝑥 − 𝑥1
𝑥0 − 𝑥1

𝑓 𝑥0 +
𝑥 − 𝑥0
𝑥1 − 𝑥0

𝑓 𝑥1  

 



4.2 Lagrange Interpolating Polynomials 
 

- A parabola from Lagrange Interpolating 

Polynomial that passing through three points      

𝑥0, 𝑦0 , 𝑥1, 𝑦1  and 𝑥2, 𝑦2   
 

=
𝑥 − 𝑥1 𝑥 − 𝑥2
𝑥0 − 𝑥1 𝑥0 − 𝑥2

𝑓 𝑥0

+
𝑥 − 𝑥0 𝑥 − 𝑥2
𝑥1 − 𝑥0 𝑥1 − 𝑥2

𝑓 𝑥1

+
𝑥 − 𝑥0 𝑥 − 𝑥1
𝑥2 − 𝑥0 𝑥2 − 𝑥1

𝑓 𝑥2  

𝑓(𝑥) 



4.2 Lagrange Interpolating Polynomials 
 

General formula of Lagrange Interpolating Polynomial that 
passing through 𝑛 points  𝑥0, 𝑦0 , 𝑥1, 𝑦1 , … , 𝑥𝑛−1, 𝑦𝑛−1 : 

 

𝑓𝑛 𝑥 = 𝐿𝑖 𝑥 𝑓(𝑥𝑖)

𝑛

𝑖=0

= 𝐿0 𝑥 𝑓 𝑥0 +⋯+ 𝐿𝑛 𝑥 𝑓(𝑥𝑛) 

where   

𝐿𝑖 𝑥 =  
𝑥 − 𝑥𝑗

𝑥𝑖 − 𝑥𝑗

𝑛

𝑗=0,𝑗≠𝑖

 

=
𝑥 − 𝑥0 𝑥 − 𝑥1
𝑥𝑖 − 𝑥0 𝑥𝑖 − 𝑥1

…
𝑥 − 𝑥𝑖−1 𝑥 − 𝑥𝑖+1
𝑥𝑖 − 𝑥𝑖−1 𝑥𝑖 − 𝑥𝑖+1

…
𝑥 − 𝑥𝑛
𝑥𝑖 − 𝑥𝑛

 

n is order of interpolation 



4.2 Lagrange Interpolating Polynomials 
 

Lagrange Interpolation Coefficient: 

𝐿𝑖 𝑥 =  
𝑥 − 𝑥𝑗

𝑥𝑖 − 𝑥𝑗

𝑛

𝑗=0,𝑗≠𝑖

 

 

is a polynomial with degree n which satisfies 

𝐿𝑖 𝑥𝑗 =  
0, 𝑖 ≠ 𝑗
1, 𝑖 = 𝑗

 

and 

 𝐿𝑖 𝑥𝑗

𝑛

𝑖=0

= 1 



4.2 Lagrange Interpolating Polynomials 
4.2.1 Linear Interpolation 
 

To connect two data points with the first order 
polynomial (straight line) 
 

Formula:  

𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1  
where 

𝐿0 𝑥 =
𝑥 − 𝑥1
𝑥0 − 𝑥1

 
 

𝐿1 𝑥 =
𝑥 − 𝑥0
𝑥1 − 𝑥0

 



Example 4.4:  
Use Lagrange Interpolating Polynomial of degree 1 to 
estimate 𝑓(4.7) given 𝑓 4.3 = 0.1678 and 𝑓 4.9 =
0.2451 . 
 
Solution: 

𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1  
where 

𝐿0 𝑥 =
𝑥 − 𝑥1
𝑥0 − 𝑥1

=
𝑥 − 4.9

4.3 − 4.9
 

𝐿1 𝑥 =
𝑥 − 𝑥0
𝑥1 − 𝑥0

=
𝑥 − 4.3

4.9 − 4.3
 

 



Solution: (cont.) 
 

𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1  

𝑓 𝑥 =
𝑥 − 4.9

4.3 − 4.9
0.1678 +

𝑥 − 4.3

4.9 − 4.3
0.2451  

𝑓 4.7 =
4.7 − 4.9

4.3 − 4.9
0.1678 +

4.7 − 4.3

4.9 − 4.3
0.2451

= 0.2193 

 

Recall: 
𝑓 4.3 = 0.1678 
𝑓 4.9 = 0.2451 



4.2 Lagrange Interpolating Polynomials 
4.2.2 Quadratic Interpolation 
 

To connect three data points with the second 
order polynomial (parabola) 
 

Formula:  
𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1 + 𝐿2 𝑥 𝑓 𝑥2  

where 

𝐿0 𝑥 =
𝑥 − 𝑥1 𝑥 − 𝑥2
𝑥0 − 𝑥1 𝑥0 − 𝑥2

 

𝐿1 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥2
𝑥1 − 𝑥0 𝑥1 − 𝑥2

 

𝐿2 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥1
𝑥2 − 𝑥0 𝑥2 − 𝑥1

 



Example 4.5:  
Use Lagrange Interpolating Polynomial of degree 2 to 
estimate 𝑓(−3.8) given 𝑓 −10.3 = 1.0823, 𝑓 −5.1 =
4.7798 and 𝑓 −1.5 = 9.1514. 
 
Solution: 
𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1 + 𝐿2 𝑥 𝑓 𝑥2  

where 

𝐿0 𝑥 =
𝑥 − 𝑥1 𝑥 − 𝑥2
𝑥0 − 𝑥1 𝑥0 − 𝑥2

=
𝑥 + 5.1 𝑥 + 1.5

−10.3 + 5.1 −10.3 + 1.5
 

𝐿1 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥2
𝑥1 − 𝑥0 𝑥1 − 𝑥2

=
𝑥 + 10.3 𝑥 + 1.5

−5.1 + 10.3 −5.1 + 1.5
 

𝐿2 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥1
𝑥2 − 𝑥0 𝑥2 − 𝑥1

=
𝑥 + 10.3 𝑥 + 5.1

−1.5 + 10.3 −1.5 + 5.1
 



Solution: (cont.) 
 

 

 

 

 

𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1 + 𝐿2 𝑥 𝑓 𝑥2  
 

𝐿0 𝑥 =
𝑥 − 𝑥1 𝑥 − 𝑥2
𝑥0 − 𝑥1 𝑥0 − 𝑥2

=
𝑥 + 5.1 𝑥 + 1.5

−10.3 + 5.1 −10.3 + 1.5
=
𝑥 + 5.1 𝑥 + 1.5

45.76
 

𝐿1 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥2
𝑥1 − 𝑥0 𝑥1 − 𝑥2

=
𝑥 + 10.3 𝑥 + 1.5

−5.1 + 10.3 −5.1 + 1.5
= −
𝑥 + 10.3 𝑥 + 1.5

18.72
 

𝐿2 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥1
𝑥2 − 𝑥0 𝑥2 − 𝑥1

=
𝑥 + 10.3 𝑥 + 5.1

−1.5 + 10.3 −1.5 + 5.1
=
𝑥 + 10.3 𝑥 + 5.1

31.68
 

 

Recall: 
𝑓 −10.3 = 1.0823 
𝑓 −5.1 = 4.7798 
𝑓 −1.5 = 9.1514 



Solution: (cont.) 
 

𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1 + 𝐿2 𝑥 𝑓 𝑥2  

          =
𝑥+5.1 𝑥+1.5

45.76
1.0823 −

𝑥+10.3 𝑥+1.5

18.72
4.7798  

               +
𝑥+10.3 𝑥+5.1

31.68
9.1514  

 

∴ 𝑓 −3.8 =
−3.8+5.1 −3.8+1.5

45.76
1.0823   

             −
−3.8+10.3 −3.8+1.5

18.72
4.7798   

                        +
−3.8+10.3 −3.8+5.1

31.68
9.1514  

                    = 6.1874 



Exercise:  
 

Given the following data 
 

 
 
 

By using Lagrange Interpolating polynomial of 

order 2, estimate 𝑓(1.8). 

[Ans: 6.24] 

𝑖 0 1 2 
𝑥𝑖 −1 1 3 
𝑓(𝑥𝑖  ) 11 8 3 



4.2 Lagrange Interpolating Polynomials 
4.2.3 Cubic Interpolation 
 

To connect four data points with the third order 
polynomial (cubic polynomial) 
 

Formula:  
𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1 + 𝐿2 𝑥 𝑓 𝑥2 + 𝐿3 𝑥 𝑓 𝑥3  

where 

𝐿0 𝑥 =
𝑥 − 𝑥1 𝑥 − 𝑥2 𝑥 − 𝑥3
𝑥0 − 𝑥1 𝑥0 − 𝑥2 𝑥0 − 𝑥3

 

𝐿1 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥2 𝑥 − 𝑥3
𝑥1 − 𝑥0 𝑥1 − 𝑥2 𝑥1 − 𝑥3

 

𝐿2 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥1 𝑥 − 𝑥3
𝑥2 − 𝑥0 𝑥2 − 𝑥1 𝑥2 − 𝑥3

 

𝐿3 𝑥 =
𝑥 − 𝑥0 𝑥 − 𝑥1 𝑥 − 𝑥2
𝑥3 − 𝑥0 𝑥3 − 𝑥1 𝑥3 − 𝑥2

 



Example 4.6:  
 

Construct the Lagrange Interpolation polynomial 
of degree 3 with the data set given below: 
 

 
 
 

𝑖 0 1 2 𝟑 
𝑥𝑖 −1 0 1 2 
𝑓(𝑥𝑖  ) 1 1 1 −5 



Solution: 
 

𝑓 𝑥 = 𝐿0 𝑥 𝑓 𝑥0 + 𝐿1 𝑥 𝑓 𝑥1 + 𝐿2 𝑥 𝑓 𝑥2 + 𝐿3 𝑥 𝑓 𝑥3  

       =
𝑥−0 𝑥−1 (𝑥−2)

−1−0 −1−1 (−1−2)
1 +

𝑥+1 𝑥−1 (𝑥−2)

0+1 0−1 (0−2)
1  

           +
𝑥+1 𝑥−0 (𝑥−2)

1+1 1−0 (1−2)
1  +

𝑥+1 𝑥−0 𝑥−1

2+1 2−0 (2−1)
−5  

                = −
𝑥

6
𝑥 − 1 𝑥 − 2 +

1

2
𝑥 + 1 𝑥 − 1 (𝑥 − 2) 

           −
𝑥

2
𝑥 + 1 𝑥 − 2 −

5𝑥

6
𝑥 + 1 𝑥 − 1  

 

∴ 𝑓 𝑥 = 1 + 𝑥 − 𝑥3 



Exercise: 
 
Find the Lagrange approximation polynomial of 

degree 3 for the function 𝑓 𝑥 =
𝑥2−𝑒𝑥+ln 𝑥

𝑥+sin 𝑥
.  

Use the 𝑥0 = 1, 𝑥1 = 3, 𝑥2 = 4 and 𝑥3 = 7.  
Then estimate 𝑓 5 . 
 

[Ans: -73.2355] 


