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LEARNING OUTCOMES

At the end of this topic, students should be able to:
» Differentiate the function by using chain rule

» Differentiate the logarithmic functions

» Differentiate the exponential functions
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. . o ==  THECHAINRULE?? —

> When dealing with composite functions such as y =+/1-2x?, the power rule
of differentiation alone is not sufficient because composite function by
their nature of being “functions of other function”, tend to be complicated.
This is where the Chain Rule could be useful.

> Let

F(x)= f(g(x)) then F'(x)= f*(g(x)-(g(x)

dx
» In other words, we would need to differentiate the outside function f and
multiply the result with the derivative of the inside function g'(x).
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Differentiate y = 1—2x?

ocw.utem.edu.m



_SOLUTION 1

y =4/1-2x° =(1-2x° .
y (1-2x¢)

Let u=1-2x%then y= u% From here we can get du_ —4x and ay _ Eu_% _
| | dx du 2 2-Ju
What we need here is not j—i or j—z although they will prove useful shortly.
We really need % This is where the Chain Rule steps.
X
dy dy du
dx du’ dx
= (- 4%)
2-/u
2X

N 1—2x7?
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Chain Rule in Other Way

> Is there a shorter way of solving the composite function and still use
the Chain Rule.
» By using question from Example 1 then the solution is

2 X
1
:%(1—2x2)_5(—4x)
2X The Chain Rule dy dy du has been
= — o dx du dx
—2X

retained throughout this solution.
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Differentiate y =3/1—x*+x® by using Chain Rule.
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SOLUTION 2

1

y=31-x*+x% = (1—x2 +x3)§
1

Letu=1-x*+xtheny =u?. The derivative of this functions are

2
d—u=—2x+3x2, a1,
dx du
By using Chain Rule
2
dy _ dy au —lu_g(—2x+3x2)
dx du dx
2 2
_ (—2x+3x )(1_)(2 +x3)_5
3
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SOLUTION 2

A shorter version of the Chain Rule is recommended and is as follows

1

y=31-x +x° :(1—x2+x3)§
Then,

% :%(1—x2 + x3)_§ ix(l—x2 +x3)
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By using Chain Rule, find the derivative of f(x)= (1_—)()

1+ X
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_SQLUTION 3

A shorter version of the Chain Rule applied to this question
1-x\
f(x)=| ——2
(X) (ﬁﬁ—Xj

-4 wlin)

_ ( 1+ x)-1)-(1- x)(l)} Applied the quotient rule to
1+ X

(1+x) differentiate this part.

d
i (ij (1;i)2}

@+x)
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» The Chain Rule is applicable to all functions including trigonometric

Chain Rule in Trigonometric Functions

functions.

» A quick summary of trigonometric functions would be appropriate at

this moment.

N/
0’0

0

4

0

L0

(@ OS0)

d .
&(sm X) = COS X

d .
&(cos X)=—sin x

%(tan X) = sec’ X

4 (sec x)=sec xtan x

dx
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Find the derivative of the following functions
a) y=CscX
b) y=4tan(x’

C) y= 0033(72\/; )
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_SQLUTION 4

1
a) Let y=cscx=—-—
SN X

=(sinx)™
then

% = —1(sin x)‘z.%(sin X)

1
= ————.COSX
sin? x
1 cosX
sin X sin X
— —CSc X cot X
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1
2.Jtan(x?) dx

_5x¢ sec?(x°)

2\/tanix5 |
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_SOLUTION 4

C) y= 0053(7:\/; )

du dy :
L — hen v = cos®u, Therefor = nd =L = 2u(=
et u=rx+x,theny erefore — 2\/;ad . =3c0s u(-sinu)
hence,
dy _dy du
dx du dx
= —-3cos’usinu
(Mj
=—COS 72'\/_ Slnﬂ'\/_
-3 il o)
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éiffereﬁtfation of Logarithmic Q
» o0 O Functions

_

The most useful logarithm is the natural logarithm, that is logarithm to the
base exponential often denoted by

y=Inx or y=Ilog, x for x>0

It log, x=1y, then x=¢’

Since y=Ilog, x correspond to x=¢’, then == X —eY 1=¢Y. Therefore dy _ 1 E
dy dx e’ X

For y=log, x=Inx, then i(In X)=

1
dx X
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Differentiate y = In(1—2x5) by using Chain Rule.

(WSO



_SOLUTION 5

Let u=1-2x> then y =Inu. Therefore du _ —~10x* and dy _ E.

dx du u
By using Chain Rule:
dy dy du
dx du dx
1
= = |-10x"
L 1o0x)
~ —10x*
C1-2x°
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Find the derivative of y = In(l—cos2 x).
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_SOLUTION 6

Letu=1-cos® x, theny =Inu . Therefore U _ 5cos x(—sin x) and & 1
dx du u
By using Chain Rule:
dy dy du
dx du dx
=1(2cos Xsin x)
u
~ 2C0S XSIn X
1—cos” X
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_SQLUTION &

You can shortest the step as follows:

y = In(l—cos2 x)
dy 1 d
dx 1-cos®x dx
1
~ 1-cos®x
~2cosxsin X
- 1-cos® X

(1-cos? x)

(- 2cos x(-sin x))

(WSO



Find the derivative of the following functions:

~ In(Zx—Sj
a) y= x‘—1
(x+1)2(x—4)
(5x+3)’s

b) y=

SelEle



_SOLUTION 7

a) Differentiation y using quotient rule would be a tedious affair. It would be
much easier if we use the law of logarithm as follows:

y=I (ZX 5) In(2x—5)—In(x? -1)

X_

dy 1 1
dx_2x—5(2) xz—l(zx)

2 X
2Xx—5 x*-1

(WSO



SQLUTIONT_

(x+1)2(x —4)

b) To differentiate this function y =

base exponential) of both sides.

Cveln (x +1)2(x—4)
Iy—I{ (5x+3)% }

3 3) 2
In y_EIn(x+1)+§In(x—4)—§ln(5x+3)
1dy_ 3 5 2(5)

ydx 2(x+1) 2(x—4) 3(5x+3)
dy_{ 3 . 5 10 }

dx 7| 2(x+1) " 2(x—4) 3(5x+3)

(5x+3)’

, we taking logarithm (to

dy:(x+1)%(x—4)%{ 3 ., 5
dx (5x+3)% 2(

(@ OS0)

x+1) 2(x—4) 3(5x+ 3)}
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'éﬁiﬁereﬁtﬁtion of Exponential
e © O Functions

=

Generally exponential function can be written as y=a* where a is a positive
constant. The number a is called the base of the exponential function. There
is a particularly unique base with the value a=2.718 . This base a~?2.718 is

given the symbole by mathematicians and the exponential function can simply
be written asy =¢*.
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Derivative of Exponential Functions

» Let y=e¢e*and to differentiate this function requires only two simple steps.
¢ First step, copy the given function y=¢"

** Second step, cover up the base e and differentiate the exponent (or
power) with respect to x. Now multiply your answer to step 1 with
your answer to step two and you would obtain the derivative of y =¢".

» To summaries the steps are:
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EXAMPLE 8

Find the derivative of the following functions:
a) y=e
b) y=e"+e*

C) y::e‘”xcosGsz)
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SOLUTION 8

a)

(@ OS0)

Jx

y:e b) y=e_ +€
dy » d ﬂ:e‘xi(—x)w
= _e¥ = (Ux -
dx dX( ) dx dx

o =g (-1

:e\/;[_x ZJ :_e—x
2
24/
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SOLUTION 8

C) y=e" cos(zx?)

% = e‘“.% (cos(yzxz))+ COS(ﬂXZ)% (e_ﬂx)

—e ™ (— 27zxsin(7rx2 ))+ COS(iZX2 X— nxe‘”)

=-27xe " sin(7zx2 )— rxe " COS(”XZ)

OS50



TRY IT YOURSELF 1

Differentiate the following function by using Chain Rule, dy _ dy du

dx du dx’

9

a) y= (1—7Z'X2)
b) 'y =(5x—1)(3x* - 2x* + x+1)

C) y=cotx
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Solution

a) % = —187Z'X(1— 7zX2)8

b) % = (5x -1\ (3x° — 2% + x+1)[4(5x—1)(3x3 —2x2 + x+1f (9x% — 4x +1)+15]

C) ay _ —CSC? X
dx
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TRY IT YOURSELF 2

Differentiate the following function.

a) y=%In2x

b) y Xtan X

SecX

(P
~
<<

I

D

e " cos4Xx

d Vv

~ (3x+1)e™
X+1
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Solution

a) Y - - 2
dX  3x(In2x)s

b) dy _ xta”(tan X £ 1n xsec? xj
dx X

SecX

C) ﬂ = Sec X tan xe
dx

d) % = —4e **sin 4x — 2e " ** cos 4X
X

e) dy:((3x+l)ezx]( 3 2_1)

_I_
dx X+1 3x+1 X+1
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