=UM  OpENCOURSEWARE

BEKG 2452
NUMERICAL METHODS
Solution of Linear Systems
(LU Decomposition)

Ser Lee Loh?, Wei Sen Loi?

aFakulti Kejuruteraan Elektrik
Universiti Teknikal Malaysia Melaka

ocw.utem.edu.my




Lesson Outcome

Upon completion of this lesson, the student should
be able to:

1. Decompose a matrix into a product of an upper
and lower triangular matrices using LU
Decomposition to solve a linear system.

2. Apply row reduction method to decompose a
matrix.
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3.2 LU Decomposition

Given a linear system,
AXx=Db
$

Decompose A = LU
$
(LU)x=Db
$
L(Ux)=Db
$
letUx=y, ~Ly=Db
$
solve Ly = b fory

(forward substitution)

solve Ux =y for x
(backward substitution)
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3.2 LU Decomposition

An nXn nonsingular matrix can be decomposed into
a lower triangular matrix (L) and an upper triangular

matrix (U) as follows:

(11
a1
a3q
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3.2.1 Steps of LU Decomposition
Step 1: Construct L and U

LU =A
1 0 O7[U%11 U2 Up3 ai1 A12 Q413
llm 1 0] [ 0 uy, uzs] = [a21 a2 azs]
37 I3 L0 0 usz3 dz1 dzz 0azz

Multiply L and U:

Uq1 Uq2 Ui3 'a11| |a12 | a3
lp1ugy LUy + Uy, l1uUq3 + Up3 = A1 Qyp QA3
[31u117  l3quq1p + 32Uy I31Uq3 + [32Up3 + Uss d3z1 A3z 0A33

Compare each of the entries to obtain the values foruand /. (i.e. u;; = a44)
(Sequence: Uyq, Uq2, Uy3z, L21, 131, Uz2, l32, Up3, Uss)
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3.2.1 Steps of LU Decomposition
Step 2: Solve Ly = b for y by using forward substitution

AX=D
When A = LU,
L(UX)=Db
Let Ux =,
Ly=Db

V1
Y2
Y3

by
by

1 0O O
lzm 1 0]
37 l3; 1
y1 = by

l1¥1 + ¥, = by
l31y1 + 32y, + y3 = b3
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3.2.1 Steps of LU Decomposition
Step 3: Solve Ux =y for X by using backward substitution

Ux =y

1 Ui Uz
uzz u23

Backward

substitution
U33X3 = Y3

UpyrXy + UyzX3 = Yy

Up1X] + UppXy T U3X3 =Yg
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Example 3.7:

Solve the following linear system by using
LU decomposition.
2X1 +3xy — x5 = 2
4x, +4xy, —x3 = —1
—2Xx1 —3x, +4x3; =1

Solution:

Transform the linear system into matrix form:

2 3 —11[* 2
4 4 =1 |*2|=1-1
—2 =3 4 11xX3 1
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Solution (cont.):
Step 1: Construct L and U

LU = A
1 0 O07ruU11 Uz Up3 2 3 -1
llz1 1 0“ 0 up uzs] = [ 4 4 —1]
l37 I3, 1110 0 usz3 —2 -3 4
Multiply L and U:
Uq1 Uq2 Uq3 2 3 -1
[lz1u11 lr1uq7 + Upy lr1uq3 + Ups = l 4 4 —1]
l31Uy1  l3qUgp + l3oup  l31Ug3 + [35Us3 + Usg -2 -3 4
Compare each of the entries to obtain the values for u and /.
1 0 O 2 3 -1
L=]|2 1 O U=|0 -2 1
-1 0 1 0O O 3
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Solution (cont.):

Step 2: Solve Ly = b for y by using forward substitution

Ax = b,
when A = LU, (LU)x=b = L(UX)=Db.
Let UX =y, we have

Ly=Db
1T 0 O[] 2
2 1 0| = [—1]
—1 0 11Lys. 1
By forward substitution:

yi=2, 2y1ty,=-1, —-y;+y;=1, V1 2
22)+y,=-1, —(2)+y; =1, ~|V2l =|-5
Y2 = =5 y; =3 V3 3
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Solution (cont.):
Step 3: Solve Ux =y for X by using backward substitution

Ux =y

s 2kl

By Backward substitution:
3x3 =3, —2x,+x3=-5 2x;+3x,—Xx3 =2
x3=1 —-2x,+((1)=-5 2x;,+3(3)—(1)=2
X, =3 X, = —3

B
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Alternate way to decompose A into LU

Row reduction:
Example 3.8:

1 2 3

—211+71>
4= [; ] 37‘1+r3 [ . ——7‘2+7‘3 l() el =v
3 —1 —10 0 0 =4

+ -5

ol g
3 6/5 1
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Alternate way to decompose A into LU

Row reduction:
Example 3.9:

(1) -2 —2 =31 ol
3|1 -9 0 —9|3n+n
A= LN

—1| 2 4 7

c oo R
o
N
NN

-3) -6 26 2. 12 20 -7
=1 =~ —3
(1 -2 -2 —3] (1 -2 -2 -=3]
—4r+1, |0 —3 6 0 |23t |0 —3 6 0
: =3 =U
0 0 Z] 4 0 0 2 4
=2 =1
1 0 0 O]
- 3 1 0 O
-1 0 1 0
-3 4 -2 1.
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Example 3.10:

Solve the following linear system by using LU
decomposition.
x4+ 2x, +3x3 =9

2xy —x, +x3 =28
3x4 — X3 =3

Solution:

Transform the linear system into matrix form:

1 2 3 1[*1 9
2 —1 1 ||*2|=|8
3 0 —111*x3 3
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Solution (cont.):
Step 1: Construct L and U

LU = A
1 0 O07[uU11 U2 Uss 1 2 3
llm 1 0“ 0 uy u23] = lZ -1 1 ]
l37 I3 1110 0 usz3 3 0 -1
Multiply L and U:
Uq1 Uq2 Uq3 1 2 3
llz1u11 15 + Upy lr1uq3 + Ups = lZ -1 1 ]
39Uy 31Uy + l3ouUp  I3qUg3 + [35Us3 + Usg 3 0 -1
Compare each of the entries to obtain the values for u and /.
1 0 0 1 2 3
L =12 1 0 U=]|0 -5 —5]
3 6/5 1 0 0 —4
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Solution (cont.):
Step 2: Solve Ly = b for y by using forward substitution

- e

Ax = b,
whenA=LU, (LU)x=b = LUXx)=Db
Let UXx =,
Ly=Db
1
[2
3 6/5 1

By forward substitution:

s
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Solution (cont.):
Step 3: Solve Ux =y for X by using backward substitution

EERE

By Backward substitution:
X1 2
sSX2l =1 —1
X3 3
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Example 3.11:

Solve the following linear system by using LU
decomposition.

1.012x, — 2.132x, + 3.104x, = 1.984
—2.132%, + 4.096x, — 7.013x; = —5.049
3.104x, — 7.013x, + 0.014x; = —3.895

Solution:
Transform the linear system into matrix form:

1.012 —-2.132 3.104 ][*1 1.984
—2.132 4.096 —7.013||*2| =|—5.049
3.104 —-7.013 0.014 11*x3 —3.895
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Solution (cont.):

1 0 0
L =[-2.1067 1 0

3.0672 11978 1

U= 0 —0.3955 —-0.4738

0 0 —8.9391

1.012 —2.132 3.104 ]

By forward substitution:

V1 1.984
Y21 =1-0.8693
Y3 —

8.9391

B
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By backward substitution:
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Hands-on:
Solve the following linear system by using LU

decomposition.
4x1 =3 + x5 — X3
—Xx1 =2—7xp — 3Xx3
x1 =1—3xy, —5x3

Answer:
(X1 ] ( 0.9767 T
X2l =1 0.5698
| X3 |—0.33721
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