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5.1 Derivation of Equations of Motion

5.2 Matrix Operation

LEARNING OBJECTIVES

1. Derive the equation of motion

2. Calculate the natural frequencies and  
    mode shape functions
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System with one or two degrees of freedom is still relatively easy for analysis.

Two degrees of freedom system:

• Two equations of motion

• Two natural frequencies

• Two modes of vibration

• Two resonances

(Discrete system)



A more complex system with infinite degrees of freedom:
Finite Element Analysis

(Continuous system)



Degree of Freedom (DOF):

“Minimum number of independent coordinates to specify  
the motion of a system”



How many DOFs?

A. B.



DERIVATION OF EQUATION OF MOTION

5.1



Newton’s Law

x1(t) x2(t)

k1 k2 k3

m1 m2

Derive the equations of motion from the following system.



1. For mass m1

x1(t)

k1 k2

m1

x2(t)

k1

x1(t)
Fixed

x1(t)

m1

k2

x1(t) x2(t)

m1ẍ1

F1
<latexit sha1_base64="RiV6OSp7YkiPFVDpqfKlNidNFZM=">AAACLXicbZDLSsNAFIYnXmu9X3ZugkVwVRIVdCUFQVxWtFpoQjmZnNTBmUmYmSgh9BHc6mP4NC4EcetrOL0Iav1h4OM/58zh/FHGmTae9+ZMTc/Mzs1XFqqLS8srq2vrG9c6zRXFFk15qtoRaORMYssww7GdKQQRcbyJ7k4H9Zt7VJql8soUGYYCepIljIKx1uVZ1++u1by6N5Q7Cf4YamSsZnfd2QrilOYCpaEctO74XmbCEpRhlGO/GiiU+EBTIUDGZZCAYLyIMYGcm34Z6OSbq0GuMQN6Bz3sWJQgUIfl8Kq+u2ud2E1SZZ807tD9OVGC0LoQke0UYG7139rA/K/WyU1yHJZMZrlBSUeLkpy7JnUHEbkxU0gNLywAVcxe5dJbUECNDfLXT1SEpU6Gi6o2R/9vapNwvV/3D+rexWGtcTJOtEK2yQ7ZIz45Ig1yTpqkRSjpkUfyRJ6dF+fVeXc+Rq1Tznhmk/yS8/kFb+6otA==</latexit>

F1
<latexit sha1_base64="RiV6OSp7YkiPFVDpqfKlNidNFZM=">AAACLXicbZDLSsNAFIYnXmu9X3ZugkVwVRIVdCUFQVxWtFpoQjmZnNTBmUmYmSgh9BHc6mP4NC4EcetrOL0Iav1h4OM/58zh/FHGmTae9+ZMTc/Mzs1XFqqLS8srq2vrG9c6zRXFFk15qtoRaORMYssww7GdKQQRcbyJ7k4H9Zt7VJql8soUGYYCepIljIKx1uVZ1++u1by6N5Q7Cf4YamSsZnfd2QrilOYCpaEctO74XmbCEpRhlGO/GiiU+EBTIUDGZZCAYLyIMYGcm34Z6OSbq0GuMQN6Bz3sWJQgUIfl8Kq+u2ud2E1SZZ807tD9OVGC0LoQke0UYG7139rA/K/WyU1yHJZMZrlBSUeLkpy7JnUHEbkxU0gNLywAVcxe5dJbUECNDfLXT1SEpU6Gi6o2R/9vapNwvV/3D+rexWGtcTJOtEK2yQ7ZIz45Ig1yTpqkRSjpkUfyRJ6dF+fVeXc+Rq1Tznhmk/yS8/kFb+6otA==</latexit>

F2
<latexit sha1_base64="61lZjk6o3T+ezKzLf40qJBhJcuw=">AAACLXicbZDLSsNAFIYn9Vbr/bJzEyyCq5KooCspCOKyorWFJpSTyUkdnJmEmYlSQh/BrT6GT+NCELe+htOLYNUfBj7+c84czh9lnGnjeW9OaWZ2bn6hvFhZWl5ZXVvf2LzRaa4oNmnKU9WOQCNnEpuGGY7tTCGIiGMrujsb1lv3qDRL5bXpZxgK6EmWMArGWlfn3YPuetWreSO5f8GfQJVM1OhuONtBnNJcoDSUg9Yd38tMWIAyjHIcVAKFEh9oKgTIuAgSEIz3Y0wg52ZQBDr55kqQa8yA3kEPOxYlCNRhMbpq4O5ZJ3aTVNknjTtyf04UILTui8h2CjC3+ndtaP5X6+QmOQkLJrPcoKTjRUnOXZO6w4jcmCmkhvctAFXMXuXSW1BAjQ1y6icqwkIno0UVm6P/O7W/cHNQ8w9r3uVRtX46SbRMdsgu2Sc+OSZ1ckEapEko6ZFH8kSenRfn1Xl3PsatJWcys0Wm5Hx+AXG1qLU=</latexit>

F2
<latexit sha1_base64="61lZjk6o3T+ezKzLf40qJBhJcuw=">AAACLXicbZDLSsNAFIYn9Vbr/bJzEyyCq5KooCspCOKyorWFJpSTyUkdnJmEmYlSQh/BrT6GT+NCELe+htOLYNUfBj7+c84czh9lnGnjeW9OaWZ2bn6hvFhZWl5ZXVvf2LzRaa4oNmnKU9WOQCNnEpuGGY7tTCGIiGMrujsb1lv3qDRL5bXpZxgK6EmWMArGWlfn3YPuetWreSO5f8GfQJVM1OhuONtBnNJcoDSUg9Yd38tMWIAyjHIcVAKFEh9oKgTIuAgSEIz3Y0wg52ZQBDr55kqQa8yA3kEPOxYlCNRhMbpq4O5ZJ3aTVNknjTtyf04UILTui8h2CjC3+ndtaP5X6+QmOQkLJrPcoKTjRUnOXZO6w4jcmCmkhvctAFXMXuXSW1BAjQ1y6icqwkIno0UVm6P/O7W/cHNQ8w9r3uVRtX46SbRMdsgu2Sc+OSZ1ckEapEko6ZFH8kSenRfn1Xl3PsatJWcys0Wm5Hx+AXG1qLU=</latexit>

F2
<latexit sha1_base64="61lZjk6o3T+ezKzLf40qJBhJcuw=">AAACLXicbZDLSsNAFIYn9Vbr/bJzEyyCq5KooCspCOKyorWFJpSTyUkdnJmEmYlSQh/BrT6GT+NCELe+htOLYNUfBj7+c84czh9lnGnjeW9OaWZ2bn6hvFhZWl5ZXVvf2LzRaa4oNmnKU9WOQCNnEpuGGY7tTCGIiGMrujsb1lv3qDRL5bXpZxgK6EmWMArGWlfn3YPuetWreSO5f8GfQJVM1OhuONtBnNJcoDSUg9Yd38tMWIAyjHIcVAKFEh9oKgTIuAgSEIz3Y0wg52ZQBDr55kqQa8yA3kEPOxYlCNRhMbpq4O5ZJ3aTVNknjTtyf04UILTui8h2CjC3+ndtaP5X6+QmOQkLJrPcoKTjRUnOXZO6w4jcmCmkhvctAFXMXuXSW1BAjQ1y6icqwkIno0UVm6P/O7W/cHNQ8w9r3uVRtX46SbRMdsgu2Sc+OSZ1ckEapEko6ZFH8kSenRfn1Xl3PsatJWcys0Wm5Hx+AXG1qLU=</latexit>

F2 = k2(x2 � x1)
<latexit sha1_base64="l0oLNvxbyfkGITY+ETmshBpYsN0="></latexit>

Reaction forces at the mass

F1 = k1(x1 � 0) = k1x1
<latexit sha1_base64="oh4TVcJtLFBmRV2IsONd1kcBfx0="></latexit>



The Newton 2nd Law (at mass        )

X
F = m1ẍ1

m1ẍ1 + (k1 + k2)x1 � k2x2 = 0

After rearrangement, we obtain the 1st EOM:

m1

F2F1 m1

m1ẍ1

�F1 + F2 = m1ẍ1
<latexit sha1_base64="KPfTjNZ6jShcuWE7yFpnrCAAEdM="></latexit>

�k1x1 + k2(x2 � x1) = m1ẍ1
<latexit sha1_base64="rVUKONpRfZ6arFYRwnTlApfmCrs="></latexit>



2. For mass 

x1(t)

k2

x2(t)

x1(t)

Fixed

x2(t)

m2

m2

x2(t)x2(t)

m2ẍ2

m2

k2 k3

k3

F2 = k2(x2 � x1)

F2
<latexit sha1_base64="61lZjk6o3T+ezKzLf40qJBhJcuw=">AAACLXicbZDLSsNAFIYn9Vbr/bJzEyyCq5KooCspCOKyorWFJpSTyUkdnJmEmYlSQh/BrT6GT+NCELe+htOLYNUfBj7+c84czh9lnGnjeW9OaWZ2bn6hvFhZWl5ZXVvf2LzRaa4oNmnKU9WOQCNnEpuGGY7tTCGIiGMrujsb1lv3qDRL5bXpZxgK6EmWMArGWlfn3YPuetWreSO5f8GfQJVM1OhuONtBnNJcoDSUg9Yd38tMWIAyjHIcVAKFEh9oKgTIuAgSEIz3Y0wg52ZQBDr55kqQa8yA3kEPOxYlCNRhMbpq4O5ZJ3aTVNknjTtyf04UILTui8h2CjC3+ndtaP5X6+QmOQkLJrPcoKTjRUnOXZO6w4jcmCmkhvctAFXMXuXSW1BAjQ1y6icqwkIno0UVm6P/O7W/cHNQ8w9r3uVRtX46SbRMdsgu2Sc+OSZ1ckEapEko6ZFH8kSenRfn1Xl3PsatJWcys0Wm5Hx+AXG1qLU=</latexit>

F2
<latexit sha1_base64="61lZjk6o3T+ezKzLf40qJBhJcuw=">AAACLXicbZDLSsNAFIYn9Vbr/bJzEyyCq5KooCspCOKyorWFJpSTyUkdnJmEmYlSQh/BrT6GT+NCELe+htOLYNUfBj7+c84czh9lnGnjeW9OaWZ2bn6hvFhZWl5ZXVvf2LzRaa4oNmnKU9WOQCNnEpuGGY7tTCGIiGMrujsb1lv3qDRL5bXpZxgK6EmWMArGWlfn3YPuetWreSO5f8GfQJVM1OhuONtBnNJcoDSUg9Yd38tMWIAyjHIcVAKFEh9oKgTIuAgSEIz3Y0wg52ZQBDr55kqQa8yA3kEPOxYlCNRhMbpq4O5ZJ3aTVNknjTtyf04UILTui8h2CjC3+ndtaP5X6+QmOQkLJrPcoKTjRUnOXZO6w4jcmCmkhvctAFXMXuXSW1BAjQ1y6icqwkIno0UVm6P/O7W/cHNQ8w9r3uVRtX46SbRMdsgu2Sc+OSZ1ckEapEko6ZFH8kSenRfn1Xl3PsatJWcys0Wm5Hx+AXG1qLU=</latexit>

F2
<latexit sha1_base64="61lZjk6o3T+ezKzLf40qJBhJcuw=">AAACLXicbZDLSsNAFIYn9Vbr/bJzEyyCq5KooCspCOKyorWFJpSTyUkdnJmEmYlSQh/BrT6GT+NCELe+htOLYNUfBj7+c84czh9lnGnjeW9OaWZ2bn6hvFhZWl5ZXVvf2LzRaa4oNmnKU9WOQCNnEpuGGY7tTCGIiGMrujsb1lv3qDRL5bXpZxgK6EmWMArGWlfn3YPuetWreSO5f8GfQJVM1OhuONtBnNJcoDSUg9Yd38tMWIAyjHIcVAKFEh9oKgTIuAgSEIz3Y0wg52ZQBDr55kqQa8yA3kEPOxYlCNRhMbpq4O5ZJ3aTVNknjTtyf04UILTui8h2CjC3+ndtaP5X6+QmOQkLJrPcoKTjRUnOXZO6w4jcmCmkhvctAFXMXuXSW1BAjQ1y6icqwkIno0UVm6P/O7W/cHNQ8w9r3uVRtX46SbRMdsgu2Sc+OSZ1ckEapEko6ZFH8kSenRfn1Xl3PsatJWcys0Wm5Hx+AXG1qLU=</latexit>

F3 = k3(0� x2) = �k3x2
<latexit sha1_base64="dnH1yFYIKievhpUBrDEKHidrfBc="></latexit>

F3
<latexit sha1_base64="1UpI2F5csuKGNobIWA8YY5crnoo=">AAACLXicbZDLSsNAFIYn9VbrrV52boJFcFUSK+hKBEFcVrRVaEI5mZzUoTOTMDNRSugjuNXH8GlcCOLW13B6Ebz9MPDxn3PmcP4o40wbz3t1SjOzc/ML5cXK0vLK6lp1faOt01xRbNGUp+omAo2cSWwZZjjeZApBRByvo/7pqH59h0qzVF6ZQYahgJ5kCaNgrHV51m10qzWv7o3l/gV/CjUyVbO77mwFcUpzgdJQDlp3fC8zYQHKMMpxWAkUSrynqRAg4yJIQDA+iDGBnJthEejkiytBrjED2ocedixKEKjDYnzV0N21TuwmqbJPGnfsfp8oQGg9EJHtFGBu9e/ayPyv1slNchQWTGa5QUkni5KcuyZ1RxG5MVNIDR9YAKqYvcqlt6CAGhvkj5+oCAudjBdVbI7+79T+Qnu/7jfq3sVB7eR4mmiZbJMdskd8ckhOyDlpkhahpEceyCN5cp6dF+fNeZ+0lpzpzCb5IefjE3N8qLY=</latexit>

F3
<latexit sha1_base64="1UpI2F5csuKGNobIWA8YY5crnoo=">AAACLXicbZDLSsNAFIYn9VbrrV52boJFcFUSK+hKBEFcVrRVaEI5mZzUoTOTMDNRSugjuNXH8GlcCOLW13B6Ebz9MPDxn3PmcP4o40wbz3t1SjOzc/ML5cXK0vLK6lp1faOt01xRbNGUp+omAo2cSWwZZjjeZApBRByvo/7pqH59h0qzVF6ZQYahgJ5kCaNgrHV51m10qzWv7o3l/gV/CjUyVbO77mwFcUpzgdJQDlp3fC8zYQHKMMpxWAkUSrynqRAg4yJIQDA+iDGBnJthEejkiytBrjED2ocedixKEKjDYnzV0N21TuwmqbJPGnfsfp8oQGg9EJHtFGBu9e/ayPyv1slNchQWTGa5QUkni5KcuyZ1RxG5MVNIDR9YAKqYvcqlt6CAGhvkj5+oCAudjBdVbI7+79T+Qnu/7jfq3sVB7eR4mmiZbJMdskd8ckhOyDlpkhahpEceyCN5cp6dF+fNeZ+0lpzpzCb5IefjE3N8qLY=</latexit>



The Newton 2nd Law (at mass        )

After rearrangement, we obtain the 2nd EOM:

X
F = m2ẍ2

m2

�k2(x2 � x1)� k3x2 = m2ẍ2

m2ẍ2 � k2x1 + (k2 + k3)x2 = 0

m2ẍ2

m2 F3F2�F2 + F3 = m2ẍ2
<latexit sha1_base64="2evf03K/Y7cxeKXmciyJ0+6swEg="></latexit>



x1(t) x2(t)

k1 k2 k3

m1 m2

2-DOF system:

Two equations of motion:

m1ẍ1 + (k1 + k2)x1 � k2x2 = 0

m2ẍ2 � k2x1 + (k2 + k3)x2 = 0



Watch the video: “MDOF Deriving the Equation of Motion (A quick way)”

Or click/tap here.

Scan this QR code

https://www.youtube.com/watch?v=u5mVhSC5-zE&t=15s


Lagrange’s Equation

d

dt

✓
@T

@ẋi

◆
� @T

@xi
+

@V

@xi
= 0

Independent coordinates

Kinetic energy

Potential energy

Joseph-Louis de Lagrange
(1736-1813)

i = 1, 2, · · ·

x :
T :

V :

;



x1(t) x2(t)

k1 k2 k3

m1 m2

Derive the equations of motion using the Lagrange’s equation.

Total Kinetic Energy:

Total Potential Energy:

V = 1
2k1x

2
1 + 1

2k2(x1 � x2)
2 + 1

2k3x
2
2

T = 1
2m1ẋ

2
1 + 1

2m2ẋ
2
2



For coordinate x1 :

From Lagrange’s equation:

m1ẍ1 + (k1 + k2)x1 � k2x2 = 0

For coordinate :x2

@T

@x1
= 0

@T

@x2
= 0

@V

@x1
= k1x1 + k2(x1 � x2)

@V

@x2
= k2(x1 � x2)(�1) + k3x2

From Lagrange’s equation:

m2ẍ2 + (k2 + k3)x2 � k2x1 = 0

d

dt

✓
@T

@ẋ1

◆
=

d

dt
(m1ẋ1) = m1ẍ1

d

dt

✓
@T

@ẋ1

◆
=

d

dt
(m2ẋ2) = m2ẍ2



MATRIX OPERATION

5.2



Two equations of motion:

m1ẍ1 + (k1 + k2)x1 � k2x2 = 0

m2ẍ2 � k2x1 + (k2 + k3)x2 = 0


m1 0
0 m2

�⇢
ẍ1
ẍ2

�
+


k1 + k2 �k2
�k2 k2 + k3

�⇢
x1
x2

�
= 0

Matrix form




m1 0
0 m2

�⇢
ẍ1
ẍ2

�
+


k1 + k2 �k2
�k2 k2 + k3

�⇢
x1
x2

�
= 0

Mëx +Kex = 0

General form:  For      degree-of-freedom system

Mass matrix

Column vector

Stiffness matrix
n ⇥ n

n ⇥ n

n ⇥ 1

n

M Këx ex



Mëx +Kex = 0

For harmonic motion: ex = eXe j!t

⇥
K� !2M

⇤ eX = 0

yields:

To obtain the solution:

Determinant 

det
�⇥
K� !2M

⇤�
= 0

Cannot be ZERO 
(vibration exists)



Only TRUE for certain values of ! ,  namely the EIGENVALUES, which are the
natural frequencies of the system.

!i for

For       degrees of freedom

det
�⇥
K� !2M

⇤�
= 0

n

i = 1, 2, 3, · · · , n



Example 5.1

x1(t) x2(t)

1 21

21

Equations of motion (in matrix):


1 0
0 2

�⇢
ẍ1
ẍ2

�
+


2 �1
�1 3

�⇢
x1
x2

�
= 0

M K



By substituting ex = eXe j!t

⇥
K� !2M

⇤ eX = 0

Solution: det
⇥
K� !2M

⇤
= 0

det

✓
2� !2 �1
�1 3� 2!2

�◆
= 0

det

✓
2 �1
�1 3

�
� !2


1 0
0 2

�◆
= 0

(   )



+

�

2!4 � 7!2 + 5 = 0

(2� !2)(3� 2!2)� 1 = 0

det

✓
2� !2 �1
�1 3� 2!2

�◆
= 0

If !s = !2 , then

2!2
s � 7!s + 5 = 0

(2!s � 5)(!s � 1) = 0

!s =
5
2 !s = 1and

! = 1! =
q

5
2

and

The system has the 1st natural frequency at

and the 2nd natural frequency at 

!1 = 1 rad/s

!2 =
q

5
2 rad/s



MODE SHAPE

5.3



“HOW does the system vibrate at each natural frequency?”

MODE SHAPE



Back to (   ) to find relationship between the coordinates:


2� !2 �1
�1 3� 2!2

�⇢
X1

X2

�
= 0

We can use any equation of motion from the two EoM:

(2� !2)X1 � X2 = 0

For !1 = 1 rad/s : (2� !2)X1 � X2 = 0

(2� 1)X1 � X2 = 0

X1 = X2

For : (2� !2)X1 � X2 = 0!2 =
q

5
2 rad/s

(2� 5
2 )X1 � X2 = 0

� 1
2X1 = X2



The relative amplitude at each natural frequency:

At !1 = 1 rad/s : X1 = X2

At :!2 =
q

5
2 rad/s � 1

2X1 = X2

If X1 = 1 , then X2 = 1

Normalised mode shape function: e�1 =

⇢
1
1

�

If X1 = 1 , then X2 = � 1
2

e�2 =

⇢
1

�0.5

�
Normalised mode shape function:



It explains the behaviour of vibration of the system

1st mode (at 1st natural frequency)

x1(t) x2(t)

e�1 =

⇢
1
1

�
: move with the same amplitude and in-phase.m1 and m2



2nd mode(at 2nd natural frequency)

x1(t) x2(t)

: move in opposite direction (out-of-phase)m1 and m2
e�2 =

⇢
1

�0.5

�

with amplitude of m1 two times the amplitude of m2



Continuous structures have infinite number of modes

2nd mode 3rd mode 4th mode1st mode

Rectangular plate with pinned edges

Animation by Dr. Dan Russell, Pen State Univ.



Membrane of a drum

Animation by Dr. Dan Russell, Pen State Univ.



Fixed-free beam

Fixed Free

2nd mode 3rd mode1st mode

Animation by Dr. Dan Russell, Pen State Univ.



MODAL MATRIX

B = [e�1
e�2]

B =


1 1
1 �0.5

�

are also called the EIGENVECTORSe�1
e�2and



General free vibration is a superposition of modal components whose amplitudes 
are determined by initial conditions. 

We can express the response in terms of modal matrix:

ex(t) = Beu(t)

B = [e�1
e�2

e�3 · · · e�N ]

eu(t) = [U1 U2 U3 · · · UN ]
T e j!t



Example: Simply supported beam

x = 0 x = L

x
y

m = 1 m = 2 m = 3

�(x) = sin
⇣m⇡x

L

⌘
Mode shape: Determine the 

shape of vibration

Animation by Dr. Dan Russell, Pen State Univ.



�(x) = sin
⇣m⇡x

L

⌘

y(x) = �(x)U

Mode shape: Determine the 
shape of vibration

Total vibration Actual modal amplitude

Scaling factor

x = 0 x = L

x
y

m = 1

m = 2



My website:

Additional Resources

http://www.azmaputra.com

My white-board animation videos:
http://www.youtube.com/c/AzmaPutra-channel 
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