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Lesson Outcome

Upon completion of this lesson, the student should
be able to:

1. Solve a linear system by using Gauss Seidel.

2. Compute the dominant eigenvalue and the

corresponding eigenvector by using Power
Method.
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Solution of Linear Systems, Ax =

Gauss
Elimination

J

LU
Decomposition

J
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-Row Reduction
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with/without
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-A=LU
- Apply forward
and backward
substitution

U

- Strictly diagonal
dominant matrix
- Run iteration

U
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May be Exact or Approximated solution
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3.3 Gauss Seidel
Strictly Diagonal Dominant Matrix

- The magnitude of diagonal entry in a row is
larger than the sum of the magnitudes of all the
other entries in that row:

|a | > Z?’ik‘akj‘ fork =1,2,...,N)

o 6] > 2] + 13|
f ;4

> =91 > [—1] + |4

1 £9—4

13 0 £ 1-71> 18I+ 10)
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3.3 Gauss Seidel

Basic Idea:

eI

Solve unknown variable of a linear system iteratively by using
previously computed results as soon as they are available.

Flow:

A11X1 + aq3X, + aq3x3 = by
Ay1X1 + Ap3Xy + Ay3x3 = b,
a3,X1 + A3pX; + dz3X3 = b3

Linear System

Stop iteration when

(known as infinity norm)

- x®-0)]
— 1n<1[a<)7(1{ l(k) i(k_l)‘} < €&

@980

Strictly diagonal dominant
matrix arrangement

e

Form the iterative sequence

(k+1) _(k+1) _(k+1)
(x1 Xy X3 )

Initial guess: (x1 ,xéo), x30))
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3.3.1 Gauss Seidel Iterative Sequence
From AX = b (A is a strictly diagonal dominant matrix),

a11X1 + aq2X%, + a3x3 = by
A1X1 + QX + Ap3X3 = by
(31X1 + A3yXx, + Az3x3 = bs

g

1
X§k+1) (b1 alzxg ) a13x5(, ))

1
k+1 k+1 k
2( ) (bz a2] x]( ) a23x3( ))

Y

1
k+1 k+1 k+1
5(, ) s (b3 aglx:g ) a32X§ ))
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Example 3.12:

Solve the following linear system by using
Gauss Seidel.
12x1 +3x5 —x3 =15
2xX1 — x5 + 10x3 = 30
x1 + 8x, + x3 = 20

Start the initial guess with x(®) = 0 and stop the
iteration when Hx(k) — X(k_l)”oo < 0.001
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Solution:
Check for strictly diagonal dominant:

@+3x —x3 =15 @x+3x X3 = 15 -
2x1 ‘3_30 ‘ x; 4(8) 22+x33_ 20

X1 +x3—20 x; — 2z +(10)5 = 30

Iterative Sequence:

1
xfkﬂ) % (15 3x§k) + x(k))

1
(k+1) _ (k+1) (k)
X5 8(20 — X3 ) “

1
(k+1) (k+1) (k+1)
X3 =10 (30 2x; + x, ) “
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Solution:

o B WON - O

1.2500
0.9128
0.9983
1.0005
1.0000

2.3438
2.0129
1.9979
1.9999
2.0000

2.9844
3.0187
3.0001
2.9999
3.0000

ik
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ma {|x
1<isn

5,
0 0 0

2.9844
0.0343
0.0855
0.0022
0.0005
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Example 3.13:

Solve the following linear system by using Gauss Seidel.
1) 0.3x;1 —0.2x, +10x3 = 71.4

3x; —0.1x, —0.2x3 =7.85

0.1x;1 + 7x, — 0.3x3 = —19.3

2) —X1 + Xy +7X3 = —6
4‘X1—XZ —X3:3
—2x1+6X5 +x3 =9

Start the initial guess with x(%) = 0 and stop the iteration when
[x¢ —x®=D|| < 0.0005
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Solution: Q1

Check for strictly diagonal dominant:
3X1 — O.le — O.ZX3 = 7.85

0.1X1 + 7XZ — O.3X3 = —19.3
O.3X1 — O.ZXZ + 1OX3 =714

lterative Sequence:

1
= (7 85 + 0.1x; + 0.2x5" )
1
(k+1) 7( _0 1x£k+1) + 0.3x (k))
1
x{HD —0(71 4 - 032" + 0.2x{*V)
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Solution: Q1

x|
1<isn

oM

)

TR
0 0 0 0

A W

2.6167
2.9906
3.0000
3.0000

-2.7945  7.0056
-2.4996  7.0003
-2.5000 7.000

-2.5000 7.0000

FH
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0.3739
0.0094
0.0000



Solution: Q2

Check for strictly diagonal dominant:
4x1 —x, —x3 =3
—2Xx1 + 6X5 +x3 =9
—X1 + X, +7x3 = —6

lterative Sequence:

1
xikﬂ) =7 (3 + xgk) + xék))

1
xgkﬂ) =z (9 + 2x£k+1) — xék))

1
(k+1) (k+1) (k+1)
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Solution: Q2

max {x
1<isn

(= UTeM

(k) _ (k 1)}

l

O O

o B WON - O

0.7500
0.9375
0.9933
0.9995
1.0000

1.7500
1.9792
1.9988
2.0000
2.0000

bl
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-1.0000
-1.0060
-1.0008
-1.0000
-1.0000

1.7500
0.2292
0.0558
0.0062
0.0005
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3.4 Solving for Eigenvalues and Eigenvectors

How to find the eigenvalues and eigenvectors?
- By Power method

Why we need eigenvalues and eigenvectors?

- Eigenvalues are used to study differential
equations and continuous dynamical
systems.

- They provide critical information in engineering
design.

- Dominant eigenvalues are of primary interest in
many physical applications.
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3.4 Solving for Eigenvalues and Eigenvectors

An eigenvector of an nXn matrix 4 is a nonzero

vector v such that Av = Av for some scalar A.

Nontrivial solution:
At least one of the

entries IS nonzero

V €
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0

0.

A scalar A is called an eigenvalue of A if there is a
nontrivial solution v of Av = Av

Trivial solution:
All entries are zero



3.4 Solving for Eigenvalues and Eigenvectors

Example of eigenvalue and eigenvector from Av = Av

Gvena=[! Sv=[8]1=-
[ R e B P

Hence, v = [_65] is an eigenvector of A corresponding

to an eigenvalue A = —4.
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3.4.1 Power Method (with scaling)

Let A4, A5, ... 4,, be the eigenvalues of an nXn matrix A.
A1 is known as a strictly dominant eigenvalue of A if

A1l > 42| 2 |A3] = - = |24]
Strictly larger
(Eg Al — 3,&2 — /13 = 2 Or/11 — —5,/12 — 2,).3 — 1)

The eigenvectors corresponding to A; are called
dominant eigenvectors of A.
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3.4.1 Power Method (with scaling)

Example 3.14:

Apply the power method to 4 = [i ;] with vy =

[(1)] Estimate the dominant eigenvalue and a

corresponding eigenvector of A accurate to within
e = 0.0002.
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3.4.1 Power Method (with scaling)

Step 1: Select an initial vector vy whose largest entry is 1.
Then compute Avy,.

Let vy = [1]

= 06

Step 2: Let m,;, be an entry in Av,, which gives the highest
absolute value.

m0=5
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3.4.1 Power Method (with scaling)

1

Step 3: Compute Vi, 11 = (—) Avy, and error.

@080

mk

e (mio) Ao = l5 B] = 10?4]

Ivi = Volleo = 1

AN

Ivi = volleo = ||[

= max{|1

~[ll, = 1oéll,

|06} =1
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3.4.1 Power Method (with scaling)

Step 4: Compute Avy .1 and repeat Step 1-4.

avi=[7 Jlloal=ligl =

1 -
V2 = 511?8- = [o.zlzs]'
lvy — vq]loc = 0.175

(9 OS0



3.4.1 Power Method (with scaling)

Av, = E g] [0.2125] - Z:zléts) M = 7125
1 .
Vs 7125 [Z}ég] = [o.z%):ss]’
IV — V2]l = 0.0215
Avy = E 2] [O.Z%)?)S] = [71'?410775 M3 =70175

1 7.0175]=[ 1 ]
7.01751 1.407 1~ 10.2005

(OO0
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3.4.1 Power Method (with scaling)

Avy = E g] [o.zéosl - [7i9400215 o M= 70025
_ 1 7o00257_7 1
Y5 = 70025 1.401] B [o.zoo1]
lve — V4|l = 0.0004
Avg = [i ;] [o.zi)m] = H:Zggg M5 = 70005
_ 1 r700057_7 1
Vs = 70005 L1.4002) = L0.2000]

lve — ve|lo = 0.0001
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3.4.1 Power Method (with scaling)

AVe = E ;] [o.zgool - [17.4000000 - Me =7.0000

Step 5: {m,.} approaches the dominant eigenvalue,
{v,.} approaches a corresponding eigenvector.

Dominant eigenvalue = mg = 7

Dominant eigenvector = vg = [O 2%)00]

Note: If |1, /1| close to 1, then the power method
converges slowly
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3.4.1 Power Method (with scaling)

Example 3.15:
-1 -6 0
Apply the power methodto A = | 2 7 0
1 2 -1
1
with vy = | 1]|. Estimate the dominant eigenvalue
1.

and a corresponding eigenvector of A accurate to
within € = 0.005.
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Solution:

-1 -6 07[1] [-7
Avo=|2 7 o||1]= 9 ,
1 2 -1ll1

1[7]_[07778
V]_:_ 9

2 | 2222
”Vl - Vol — 7778
-1 —6 07778 —5.2222
Avi =12 7 54444 ,m; = 5.4444
1 2 02222
l 52222] l 09592]
v, = 5.4444
5.4444 01837

”VZ V1||oo = 0.1814
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Solution:
-1 —6 —0. 9592 —5.0408
Av, =2 7 5.0816 |, m, = 5.0816
1 2 0. 1837 0.8571
l 5. 0408] [ 0.9920]
Vi = 5.0816 1
>0816] 571 0.1687

-1 —6 0.9920 5.008
AV3=I2 7 H ] l5016]m3=5.016

1 2 0. 1687 0.8393
5. 008] [ 0. 9984]
v, = 5.016 1
5016 0.8393 0.1673

lv, — v3|lec = 0.0064
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Solution:
—1 -6
AV4, = 2 7
1 2
Vg =
_1 _
AVS =

~09984) _[-5.0016
5.0032 |,m, = 5.0032
01673 | 08343
l 50016] [ 09997]
5.0032 1
>0032] 03431 | 0.1668

lvs — v4l||eo = 0.0013
—0. 9997 —5.0003
5.0006

—1 0. 1668

] me = 5.0006
0.8335

Dominant eigenvalue = mc = 5.0006

Dominant eigenvector = vg = [ 1

@080

—0.9997]

0.1668

ocw.utem.edu.m



